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Abstract

This is the proof document of the IsarMathLib project version 1.3.0.
IsarMathLib is a library of formalized mathematics for Isabelle 2005
(ZF logic).
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1 Foll.thy

theory Foll imports Trancl

begin

1.1 Mission statement

Until we come up with something better let’s just say that writing formal-
ized proofs protects from Alzheimer’s disease better than solving crossword
puzzles.

1.2 Release notes

This release continues the process of importing Metamath’s [4] set.mm
database into IsarMathLib, adding about 440 facts and 200 translated proofs.
We also add a construction of a model of complex numbers from a complete
ordered field.

1.3 Overview of the project

The theory files Foll, ZF1, Nat_ZF, funcl, func_ZF, EquivClassl, Finitel,
Finite_ZF, Order_ZF contain some background material that is needed for
the remaining theories.

The Topology_ZF series covers basics of general topology: interior, closure,
boundary, compact sets, separation axioms and continuous functions.
Group_ZF, Group_ZF_1, and Group_ZF_2 provide basic facts of the group the-
ory. Group_ZF_3 considers the notion of almost homomorphisms that is
nedeed for the real numbers construction in Real_ZF.

Ring_ZF defines rings. Ring ZF_1 covers the properties of rings that are
specific to the real numbers construction in Real_ZF.

Int_ZF theory considers the integers as a monoid (multiplication) and an
abelian ordered group (addition). In Int_ZF_1 we show that integers form
a commutative ring. Int_ZF_2 contains some facts about slopes (almost
homomorphisms on integers) needed for real numbers construction, used in
Real _ZF_1.

Field_ZF and OrderedField_ZF contain basic facts about (you guessed it)
fields and ordered fields.

The Real_ZF and Real_ZF_1 theories contain the construction of real numbers
based on the paper [2] by R. D. Arthan (not Cauchy sequences, not Dedekind
sections). The heavy lifting is done mostly in Group_zF_3, Ring_ZF_1 Int_ZF_2.
Real_ZF contains the part of the construction that can be done starting
from generic abelian groups (rather than additive group of integers). This



allows to show that real numbers form a ring. Real_ZF_1 continues the con-
struction using properties specific to the integers showing that real numbers
constructed this way form a complete ordered field.

In Complex_ZF we construct complex numbers starting from a complete or-
dered field (a model of real numbers). We also define the notation for writing
about complex numbers and prove that the structure of complex numbers
constructed there satisfies the axioms of complex numbers used in Meta-
math.

The MMI_prelude defines the mmisar0 context in which most theorems trans-
lated from Metamath are proven. It also contains a chapter explaining how
the translation works.

In the Metamath_interface theory we prove a theorem that the mmisarO
context is valid (can be used) in the complex0 context. All theories us-
ing the translated results will import the Metamath_interface theory. The
Metamath_sampler theory provides some examples of using the translated
theorems in the complex0 context.

The theories MMI_logic_and_sets, MMI_Complex.thy and MMI_Complex_1 con-
tain the theorems imported from the Metamath’s set.mm database. As
the translated proofs are rather verbose these theories are not printed in
this proof document. The full list of translated facts can be found in
the known_theorems.txt file included in the IsarMathLib distribution. The
MMI_examples provides some theorems imported from Metamath that are
printed in this proof document as examples of how translated proofs looks
like.

1.4 Notions and lemmas in FOL

This section contains mostly shortcuts and workarounds that allow to use
more readable coding style.

The next lemma serves as a workaround to problems with applying the
definition of transitivity (of a relation) in our coding style (any attempt to do
something like using trans_def results up Isabelle in an infinite loop). We
reluctantly use (unfold trans_def) after the proof keyword to workaround
this.

lemma Foll_L2: assumes
Al: Vxyz (x,y) Er Ay, z) €r — (x, 2) €T
shows trans(r)
proof (unfold trans_def)
from A1 show
Vxyz (x,y)€r —(y,z)e€r — (x, z) €Er
using imp_conj by blast
qed



Another workaround for the problem of Isabelle simplifier looping when the
transitivity definition is used.

lemma Foll_L3: assumes Al: trans(r) and A2: <a,b> € r A <b,c> € r
shows <a,c> € r
proof -
from A1 have Vxyz. (x,y) €r — (y, 2z) €r — (x, z) €T
by (unfold trans_def)
with A2 show thesis using imp_conj by fast
qed

There is a problem with application of the definition of asymetry for rela-
tions. The next lemma is a workaround.

lemma Foll_L4:
assumes Al: antisym(r) and A2: <a,b> € r <b,a> € r
shows a=b
proof -
from Al have V x y. <x,y> € r — <y,x> € r — x=y
by (unfold antisym_def)
with A2 show a=b using imp_conj by fast
qed

The definition below implements a common idiom that states that (perhaps
under some assumptions) exactly one of give three statements is true.

constdefs
Exactly_1_of_3_holds(p,q,r) =
(pVaqvr) A (p — =g A -r) AN (g — —p A r) A (r — —p A Q)

The next lemma allows to prove statements of the form Exactly_1_of_3_holds
(p,q,1).

lemma Foll_L5:
assumes pVqVr
and p — —q A —r
and ¢ — —p A —r
and r — —-p A —q
shows Exactly_1_of_3_holds (p,q,r)
proof -
from prems have
(pVgqvr) A (p — g A -r) AN (@ — p A 1) A (r — —p A Q)
by blast
then show Exactly_1_of_3_holds (p,q,r)
by (unfold Exactly_1_of_3_holds_def)
qed

If exactly one of p, ¢, holds and p is not true, then ¢ or 7.

lemma Foll_L6:
assumes Al: —p and A2: Exactly_1_of_3_holds (p,q,r)
shows qVr



proof -
from A2 have
(pvavr) A (p — =g A =) A (@ — —p A 1) A (r — —p A Q)
by (unfold Exactly_1_of_3_holds_def)
then have pVqvr by blast
with A1 show qVr by simp
qed

If exactly one of p, ¢,r holds and ¢ is true, then r can not be true.

lemma Foll L7:
assumes Al: q and A2: Exactly_1_of_3_holds (p,q,r)
shows —r
proof -
from A2 have
(pVgqvr) A (p — g A -r) AN (@ — p A 1) A (r — —p A Q)
by (unfold Exactly_1_of_3_holds_def)
with Al show —r by blast
qed

The next lemma demonstrates an elegant form of the Exactly_1_of_3_holds
(p,q,r) predicate. More on that at www.solcon.nl/mklooster/calc/calc-
tri.html .

lemma Foll_L8:
shows Exactly_1_of_3_holds (p,q,r) «— (p+——q«—r) A —(pAgATr)
proof
assume Exactly_1_of_3_holds (p,q,r)
then have
(pVgqvr) A (p — g A r) AN (@ — p A r) A (r — —p A Q)
by (unfold Exactly_1_of_3_holds_def)
thus (p——q+—1r) A —(pAgAr) by blast
next assume (p——q«—r) A = (pAgATr)
then have
(pvaVr) A (p — =g A -r) A (@ — —p A 1) A (r — —p A =Q)
by auto
thus Exactly_1_of_3_holds (p,q,r)
using Exactly_1_of_3_holds_def by (unfold Exactly_1_of_3_holds_def)
qed

A property of the Exactly_1_of_3_holds predicate.

lemma Foll_L8A: assumes Al: Exactly_1_of_3_holds (p,q,r)

shows p «—— —-(q V 1)
proof -

from A1 have (pvqvr) A (p — g A -r) A (@ — —p A r) A (r —
-p A —q)

by (unfold Exactly_1_of_3_holds_def)

then show p «— —(q V r) by blast

qed

Exclusive or definition. There is one also defined in the standard Isabelle,



denoted xor, but it relates to boolean values, which are sets. Here we define
a logical functor.

constdefs
Xor (infixl Xor 66)
p Xor g = (pva) A =(p A @

The ”exclusive or” is the same as negation of equivalence.

lemma Foll_L9: shows p Xor q «— —(p——q)
using Xor_def by auto

Equivalence relations are symmetric.

lemma equiv_is_sym: assumes Al: equiv(X,r) and A2: (x,y) € r
shows (y,x) € r
proof -
from Al have sym(r) using equiv_def by simp
then have Vx y. (x,y) € r — (y,x) € r
by (unfold sym_def)
with A2 show (y,x) € r by blast
qed

This lemma is needed to be used as a rule in some very complicated cases.

lemma five_more_conj: assumes Axs Axl Ax2 Ax3 Ax4 Ax5
shows Axl A Ax2 A Ax3 A Ax4 A Ax56 A Axs using prems by simp

end

10



2 ZFl.thy

theory ZF1 imports pair
begin

2.1 Lemmas in Zermelo-Fraenkel set theory

Here we put lemmas from the set theory that we could not find in the
standard Isabelle distribution.

If all sets of a nonempty collection are the same, then its union is the same.

lemma ZF1_1_L1: assumes C#0 and VyeC. b(y) = A
shows (|JyeC. b(y)) = A using prems by blast

The union af all values of a constant meta-function belongs to the same set
as the constant.

lemma ZF1_1_12: assumes A1:C#0 and A2: Vxe€C. b(x) € A
and A3: Vx y. x€C A yeC — b(x) = b(y)
shows (|JxeC. b(x))€A
proof -
from A1 obtain x where D1:x€C by auto
with A3 have VyeC. b(y) = b(x) by blast
with A1 have (|JyeC. b(y)) = b(x)
using ZF1_1_L1 by simp
with D1 A2 show thesis by simp
qed

A purely technical lemma that shows what it means that something belongs
to a subset of cartesian product defined by separation. Seems there is no
way to avoid that ugly lambda notation.

lemma ZF1_1_L3: assumes Al: x€X y€Y and A2: z = a(x,y)
shows z € {a(x,y).(x,y) € XxY}

proof
from A2 show z = (\ (x,y). a(x, y))(<x,y>) by simp
from A1 show <x,y> € XxY by simp

qed

If two meta-functions are the same on a cartesian product, then the subsets
defined by them are the same. I am surprised blast can not handle this.

lemma ZF1_1_L4: assumes Al: VxeX.VyeY. a(x,y) = b(x,y)
shows {a(x,y). (x,y) € XxY} = {b(x,y). (x,y) € XxY}
proof
show {a(x, y). (x,y) € X x Y} C {b(x, y). (x,y) € X x Y}
proof
fix z assume z € {a(x, y) . (x,y) € X x Y}
then obtain x y where T1: z = a(x,y) x€X yeY
by auto

11



with A1 have z = b(x,y) x€X ye€Y by simp
then show z € {b(x,y).(x,y) € XxY}
using ZF1_1_L3 by simp
qed
show {b(x, y). (x,y) € X x Y} C {a(x, y). (x,y) € X x Y}
proof
fix z assume z € {b(x, y). (x,y) € X x Y}
then obtain x y where T1: z = b(x,y) x€X yeY
by auto
with A1 have z = a(x,y) x€X y€Y by simp
then show z € {a(x,y).(x,y) € XxY}
using ZF1_1_L3 by simp
qed
qed

If two meta-functions are the same on a cartesian product, then the subsets
defined by them are the same. I am surprised blast can not handle this.
This is similar to ZF1_1_L4, except that the set definition varies over peXxyY
rather than <x,y>€xXxY.

lemma ZF1_1_L4A: assumes Al: VxeX.VyeY. a(<x,y>) = b(x,y)
shows {a(p). p € XxY} = {b(x,y). (x,y) € XxY}
proof
{ fix z assume z € {a(p). pEXxY}
then obtain p where D1: z=a(p) pcXxY by auto
let x = fst(p) let y = snd(p)
from A1 D1 have z € {b(x,y). (x,y) € XxY} by auto
} then show {a(p). p € XxY} C {b(x,y). (x,y) € XxY} by blast
next
{ fix z assume z € {b(x,y). (x,y) € XxY}
then obtain x y where D1: (x,y) € XXY z=b(x,y) by auto
let p = <x,y>
from A1 D1 have peXxY z = a(p) by auto
then have z € {a(p). p € XxY} by auto
} then show {b(x,y). (x,y) € XxY} C {a(p). p € XxY} by blast
qed

If two meta-functions are the same on a set, then they define the same set
by separation.

lemma ZF1_1_L4B: assumes Vx€X. a(x) = b(x)
shows {a(x). x€X} = {b(x). x€X}
using prems by simp
A set defined by a constant meta-function is a singleton.
lemma ZF1_1_L5: assumes X#0 and Vx€X. b(x) = ¢
shows {b(x). x€X} = {c} using prems by blast

Most of the time, auto does this job, but there are strange cases when the
next lemma is needed.

12



lemma subset_with_property: assumes Y = {x€X. b(x)}
shows Y C X
using prems by auto

We can choose an element from a nonempty set.

lemma nonempty_has_element: assumes X#0 shows Jx. x€X
using prems by auto

For two collections S, T of sets we define the product collection as the col-
lections of cartesian products A x B, where A€ S,B e T.

constdefs
ProductCollection(T,S) = (JUET.{UxV. Ves}

The untion of the product collection of collections S, T* is the cartesian
product of |JS and T

lemma ZF1_1_L6: shows |J ProductCollection(S,T) = |JS x YT
using ProductCollection_def by auto

An intersection of subsets is a subset.

lemma ZF1_1_L7: assumes Al: I#0 and A2: VieI. P(i) C X
shows ( (i€Il. P(i) ) C X
proof -
from A1 obtain i, where ig € I by auto
with A2 have ( ((i€I. P(i) ) C P(ip) and P(ip) C X
by auto
thus ( (i€I. P(i) ) C X by auto
qed

end

13



3 Nat_ZF.thy

theory Nat_ZF imports Nat
begin

This theory contains lemmas that are missing from the standard Isabelle’s
Nat.thy file.

3.1 Induction

The induction lemmas in the standard Isabelle’s Nat.thy file like for example
nat_induct require the induction step to be a higher order statement (the
one that uses the = sign). I found it difficult to apply from Isar, which
is perhaps more of an indication of my Isar skills than anything else. Any-
way, here we provide a first order version that is easier to reference in Isar
declarative style proofs.

The induction step for the first order induction.

lemma Nat_ZF_1_L1: assumes xcnat P(x)
and Vkenat. P(k) —P(succ(k))
shows P(succ(x)) using prems by simp

The actual first order induction on natural numbers.

lemma Nat_ZF_1_L2:
assumes Al: n€nat and A2: P(0) and A3: Vkénat. P(k)—P(succ(k))
shows P(n)
proof -
from A1 A2 have n€nat P(0) by auto
then show P(n) using Nat_ZF_1_L1 by (rule nat_induct)
qged

A nonzero natural number has a predecessor.

lemma Nat_ZF_1_L3: assumes Al: n€nat and A2: n#0
shows dke€nat. n = succ(k)
proof -
from A1 have n € {0} U {succ(k). k&nat}
using nat_unfold by simp
with A2 show thesis by simp
qed

end

14



4 funcl.thy

theory funcl imports func Foll ZF1
begin

We define the notion of function that preserves a collection here. Given two
collection of sets a function preserves the collections if the inverse image
of sets in one collection belongs to the second one. This notion does not
have a name in romantic math. It is used to define continuous functions
in Topology_ZF_2 theory. We define it here so that we can use it for other
purposes, like defining measurable functions. Recall that £-(A) means the
inverse image of the set A.

constdefs
PresColl(f,S,T) = V A€eT. f-(A)€S

4.1 Properties of functions, function spaces and (inverse) im-
ages.

If a function maps A into another set, then A is the domain of the function.

lemma funci_1_L1: assumes f:A—C shows domain(f) = A
using prems domain_of_fun by simp

A first-order version of Pi_type.

lemma funcl_1_L1A: assumes Al: f:X—Y and A2: VxeX. f(x) € Z
shows f:X—Z
proof -
{ fix x assume x€X
with A2 have f£(x) € Z by simp }
with Al show f:X—Z by (rule Pi_type)
qed

There is a value for each argument.

lemma funci_1_L2: assumes Al: f:X—Y xeX
shows JyeY. <x,y> € £
proof-
from A1 have f(x) € Y using apply_type by simp
moreover from Al have <x,f(x)>€ f using apply_Pair by simp
ultimately show thesis by auto
qed

Inverse image of any set is contained in the domain.

lemma func1_1_L3: assumes Al: f:X—Y shows f-(D) C X
proof-
have Vx. xef-(D) — x€domain(f)
using vimage_iff domain_iff by auto
with A1 have Vx. (x € £-(D)) — (x€X) using funcl_1_L1 by simp

15



then show thesis by auto
qed

The inverse image of the range is the domain.

lemma funci_1_L4: assumes f:X—Y shows f-(Y) = X
using prems funcl_1_L3 funcl_1_L2 vimage_iff by blast

The arguments belongs to the domain and values to the range.

lemma funci_1_L5:
assumes Al: <x,y> € f and A2: f:X—Y
shows x€X A yeY
proof
from A1 A2 show x€X using apply_iff by simp
with A2 have f(x)€ Y using apply_type by simp
with A1 A2 show ye€Y using apply_iff by simp
qed

The (argument, value) pair belongs to the graph of the function.

lemma funci_1_L5A:
assumes Al: f:X—Y x€X y = £(x)
shows <x,y> € f y € range(f)
proof -
from A1 show <x,y> € f using apply_Pair by simp
then show y € range(f) using rangel by simp
qed

The range of function thet maps X into Y is contained in Y.

lemma func1l_1_L5B:
assumes Al:f:X—Y shows range(f) C Y
proof
fix y assume y € range(f)
then obtain x where <x,y> € £
using range_def converse_def domain_def by auto
with Al show ye€Y using funcl_1_L5 by blast
qed

The image of any set is contained in the range.

lemma funcl_1_L6: assumes Al: f:X—Y
shows f(B) C range(f) f(B) C Y
proof -
show f(B) C range(f) using image_iff rangel by auto
with Al show f(B) C Y using funcl_1_L5B by blast
qed

The inverse image of any set is contained in the domain.

lemma funci_1_L6A: assumes Al: f:X—Y shows f-(A)CX
proof
fix x
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assume A2: x€f-(A) then obtain y where <x,y> € f
using vimage_iff by auto
with Al show x€X using funcl_1_L5 by fast
qed

Inverse image of a greater set is greater.

lemma funci_1_L7: assumes ACB and function(f)
shows f-(A)C f-(B) using prems function_vimage_Diff by auto

Image of a greater set is greater.

lemma func1_1_L8: assumes Al: ACB shows f(A)C f(B)
using prems image_Un by auto

A set is contained in the the inverse image of its image. There is similar
theorem in equalities.thy (function_image_vimage) which shows that the
image of inverse image of a set is contained in the set.

lemma funci_1_L9: assumes Al: f:X—Y and A2: ACX
shows A C f-(£f(A))

proof -
from A1 A2 have Vxe€A. <x,f(x)> € f wusing apply_Pair by auto
then show thesis using image_iff by auto

qed

A technical lemma needed to make the func1_1_L11 proof more clear.

lemma func1_1_L10:
assumes Al: £ C XxY and A2: J!y. (y€Y & <x,y> € f)
shows Jly. <x,y> € f
proof
from A2 show Jy. (x, y) € £ by auto
fix y n assume <x,y> € f and <x,n> € £
with A1 A2 show y=n by auto
qed

If f C X xY and for every o € X there is exactly one y € Y such that
(z,y) € f then f maps X to Y.

lemma funci_1_L11:
assumes f C XxY and VxeX. d!ly. ye¥ & <x,y> € £
shows f: X—Y using prems funcl_1_L10 Pi_iff_old by simp

A set defined by a lambda-type expression is a fuction. There is a similar
lemma in func.thy, but I had problems with lamda expressions syntax so
I could not apply it. This lemma is a workaround this. Besides, lambda
expressions are not readable.

lemma funci_1_L11A: assumes Al: VxeX. b(x)eY
shows {<x,y> € XxY. b(x) = y} : XY

proof -
let £ = {<x,y> € XxXY. b(x) = y}
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have f C XxY by auto
moreover have VxeX. Jly. yeY & <x,y> € £
proof
fix x assume A2: x€X
show Jly. yeY A (x, y) € {(x,y) € XxY . b(x) = y}
proof
def y = b(x)
with A2 Al show
dy. yeY & (x, y) € {(x,y) € XY . b(x) = y}
by simp
next
fix y y1
assume yeY A (x, y) € {(x,y) € XxY . b(x) = y}
and y1eY A (x, y1) € {(x,y) € XxY . b(x) = y}
then show y = y1 by simp
qed
qed
ultimately show {<x,y> € XxY. b(x) = y} : X—>Y
using funcl_1_L11 by simp
qed

The next lemma will replace func1_1_L11A one day.

lemma ZF_fun_from_total: assumes Al: VxeX. b(x)€Y
shows {(x,b(x)). x€X} : X—Y
proof -
let £ = {(x,b(x)). x€X}
{ fix x assume A2: x€X
have J!y. yeY A (x, y) € £
proof
def y = b(x)
with A1 A2 show Jy. yeY A (x, y) € £
by simp
next fix y yl assume yeY A (x, y) € £
and yley A (x, yl) € f
then show y = y1 by simp
qed
} then have VxeX. Jly. yeY A <x,y> € £
by simp
moreover from A1l have f C XxY by auto
ultimately show thesis using funci_1_L11
by simp
qed

The value of a function defined by a meta-function is this meta-function.

lemma func1_1_L11B:
assumes Al: f:X—Y xeX
and A2: f = {<x,y> € XXY. b(x) = y}
shows f(x) = b(x)

proof -
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from A1 have <x,f(x)> € f using apply_iff by simp
with A2 show thesis by simp
qed

The next lemma will replace func1_1_L11B one day.

lemma ZF_fun_from_tot_val:
assumes Al: f:X—Y x€&X
and A2: f = {(x,b(x)). xeX}
shows f(x) = b(x)
proof -
from A1 have <x,f(x)> € f using apply_iff by simp
with A2 show thesis by simp
qed

We can extend a function by specifying its values on a set disjoint with the
domain.

lemma funcl_1_L11C: assumes Al: f:X—Y and A2: VxecA. b(x)€B
and A3: XNA = 0 and Dg : g = £ U {(x,b(x)). x€A}
shows
g : XUA — YUB
VxeX. gx) = £(x)
VxeA. gx) = b(x)
proof -
let h = {(x,b(x)). x€A}
from A1 A2 A3 have
I: £:X—=Y h : A—=B XNA =0
using ZF_fun_from_total by auto
then have fUh : XUA — YUB
by (rule fun_disjoint_Un)
with Dg show g : XUA — YUB by simp
{ fix x assume A4: x€A
with A1 A3 have (fUh) (x) = h(x)
using funcl_1_L1 fun_disjoint_apply2
by blast
moreover from I A4 have h(x) = b(x)
using ZF_fun_from_tot_val by simp
ultimately have (fUh) (x) = b(x)
by simp
with Dg show VxeA. g(x) = b(x) by simp
fix x assume A5: x€X
with A3 I have x ¢ domain(h)
using funci_1_L1 by auto
then have (fUh) (x) = f(x)
using fun_disjoint_applyl by simp
} with Dg show VxeX. g(x) = £(x) by simp
qed

—

We can extend a function by specifying its value at a point that does not
belong to the domain.
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lemma func1i_1_L11D: assumes Al: f:X—Y and A2: a¢X
and Dg: g = £ U {(a,b)}
shows
g : Xu{a} — YU{b}
VzeX. gx) = £(x)
ga) = b
proof -
let h = {(a,b)}
from A1 A2 Dg have I:
f£:X—Y Vxed{a}. be{b} Xn{a} =0 g =1 U {(x,b). xe{a}}
by auto
then show g : XU{a} — YU{b}
by (rule funcl_1_L11C)
from I show VxeX. g(x) = f(x)
by (rule funcl_1_L11C)
from I have Vxe{a}. g(x) = b
by (rule funci_1_L11C)
then show g(a) = b by auto
qed

A technical lemma about extending a function both by defining on a set
disjoint with the domain and on a point that does not belong to any of
those sets.

lemma funci_1_L11E:
assumes Al: f:X—Y and
A2: VxeA. b(x)eB and
A3: XNA = 0 and A4: a¢ XUA
and Dg: g = £ U {(x,b(x)). x€A} U {(a,c)}
shows
g : XUAU{a} — YUBU{c}
VxeX. gx) = £(x)
Vxeh. gx) = b(x)
ga) = c¢
proof -
let h = £ U {(x,b(x)). x€A}
from prems show g : XUAU{a} — YUBU{c}
using funcl1_1_L11C funcl_1_L11D by simp
from A1 A2 A3 have I:
£:X—Y Vx€A. b(x)EB XNA =0 h =f U {(x,b(x)). x€A}
by auto
from prems have
II: h : XUA — YUB a¢ XUA g =h U {(a,c)}
using funcl_1_L11C by auto
then have III: VxeXUA. g(x) = h(x) by (rule funci_1_L11D)
moreover from I have VxeX. h(x) = £f(x)
by (rule funcl_1_L11C)
ultimately show VxeX. g(x) = £(x) by simp
from I have VxecA. h(x) = b(x) by (rule funcl_1_L11C)
with IIT show Vx€cA. g(x) = b(x) by simp
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from II show g(a) = ¢ by (rule funcl_1_L11D)
qed

The inverse image of an intersection of a nonempty collection of sets is the
intersection of the inverse images. This generalizes function_vimage_Int
which is proven for the case of two sets.

lemma funci_1_L12:
assumes Al: BCPow(Y) and A2: B#0 and A3: f:X—Y
shows f-((\B) = ((\UeB. £-(U))
proof
from A2 show f-((\B) C ((U€B. £-(U)) by blast
show (NUeB. £-(U)) C £-(B)
proof
fix x assume A4: x € ((UE€B. £-(U))
from A3 have VUeB. £f-(U) C X using funcl_1_L6A by simp
with A4 have VUe€B. x€X by auto
with A2 have x€X by auto
with A3 have J!y. <x,y> € f using Pi_iff_old by simp
with A2 A4 show x € f-((\B) using vimage_iff by blast
qed
qed

If the inverse image of a set is not empty, then the set is not empty. Proof
by contradiction.

lemma funcl_1_L13: assumes Al:f-(A)#0 shows A#0
proof (rule ccontr)

assume A2:— A # 0 from A2 A1l show False by simp
qed

If the image of a set is not empty, then the set is not empty. Proof by
contradiction.

lemma funci_1_L13A: assumes Al: f(A)#0 shows A0
proof (rule ccontr)

assume A2:- A # 0 from A2 Al show False by simp
qed

What is the inverse image of a singleton?

lemma funcl_1_L14: assumes feX—Y
shows f-({y}) = {xeX. £(x) = y}
using prems funcl_1_L6A vimage_singleton_iff apply_iff by auto

A more familiar definition of inverse image.

lemma funci_1_L15: assumes Al: f:X—Y
shows f-(A) = {x€X. f(x) € A}
proof -
have f-(4) = (Uyer . £-{y}»
by (rule vimage_eq_UN)
with Al show thesis using funcl_1_L14 by auto
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qed

A more familiar definition of image.

lemma func_imagedef: assumes Al: f:X—Y and A2: ACX
shows f(A) = {f(x). x € A}
proof
from A1 show f(A) C {f(x). x € A}
using image_iff apply_iff by auto
show {f(x). x € A} C f£(Q)
proof
fix y assume y € {f(x). x € A}
then obtain x where x€A A y = £(x)
by auto
with A1 A2 show y € f(4)
using apply_iff image_iff by auto
qed
qged

The image of an intersection is contained in the intersection of the images.

lemma image_of_Inter: assumes Al: f:X—Y and
A2: I#0 and A3: VieI. P(i) C X
shows f(()i€Il. P(i)) C ( (Niel. £(P@)) )
proof
fix y assume A4: y € £(()i€l. P(1))
from A1 A2 A3 have f((i€I. P(i)) = {f(x). x € ( i€l. P(i) )}
using ZF1_1_L7 func_imagedef by simp
with A4 obtain x where x € ( (i€I. P(i) ) and y = f(x)
by auto
with A1 A2 A3 show y € ( [i€I. £(P(i)) ) using func_imagedef
by auto
qed

The image of a nonempty subset of domain is nonempty.

lemma funcil_1_L15A:
assumes Al: f: X—Y and A2: ACX and A3: A#0
shows f(A) # 0
proof -
from A3 obtain x where x€A by auto
with A1 A2 have f(x) € f(4)
using func_imagedef by auto
then show f(A) # 0 by auto
qed

The next lemma allows to prove statements about the values in the domain
of a function given a statement about values in the range.

lemma funcil_1_L15B:
assumes f:X—Y and ACX and Vyef(hd). P(y)
shows VxeA. P(f(x))
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using prems func_imagedef by simp

An image of an image is the image of a composition.

lemma funcl_1_L15C: assumes Al: f:X—Y and A2: g:Y—Z
and A3: ACX

shows

g(f(4)) = {g(f(x)). x€A}

g(f(A)) = (g 0 £)(A)
proof -

from A1 A3 have {f(x). x€A} C Y
using apply_funtype by auto

with A2 have g{f(x). x€A} = {g(£f(x)). x€A}
using func_imagedef by auto

with A1 A3 show I: g(£f(a)) = {g(f(x)). x€A}
using func_imagedef by simp

from A1 A3 have VxeA. (g 0 £)(x) = g(f(x))
using comp_fun_apply by auto

with I have g(£(A)) = {(g 0 £)(x). x€A}
by simp

moreover from A1 A2 A3 have (g 0 £)(A) = {(g 0 £)(x). x€A}
using comp_fun func_imagedef by blast

ultimately show g(£(A)) = (g 0 £)(A)
by simp

qed

If an element of the domain of a function belongs to a set, then its value
belongs to the imgage of that set.

lemma funci_1_L15D: assumes f:X—Y =xcA ACX
shows f(x) € f(4)
using prems func_imagedef by auto

What is the image of a set defined by a meta-fuction?

lemma funcl_1_L17:
assumes Al: f € X—Y and A2: Vx€A. b(x) € X
shows f({b(x). x€A}) = {£(b(x)). xcA}
proof -
from A2 have {b(x). x€A} C X by auto
with A1 show thesis using func_imagedef by auto
qed

What are the values of composition of three functions?

lemma funcl_1_L18: assumes Al: f:A—B g:B—C h:C—D
and A2: x€A
shows
(h0g0fH)(x) €D
(h0g0 £ =h(glEE))
proof -
from A1 have (h 0 g0 f) : A—D
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using comp_fun by blast

with A2 show (h 0 g 0 £)(x) € D using apply_funtype
by simp

from A1 A2 have (A 0 g 0 £)(x) = h( (g 0 £)(x))
using comp_fun comp_fun_apply by blast

with A1 A2 show (A 0 g 0 £)(x) = h(g(£(x)))
using comp_fun_apply by simp

qed

4.2 Functions restricted to a set

What is the inverse image of a set under a restricted fuction?

lemma funcl_2_L1: assumes Al: f:X—Y and A2: BCX
shows restrict(f,B)-(A) = £-(A) N B
proof -
let g = restrict(f,B)
from A1 A2 have g:B—Y
using restrict_type2 by simp
with A2 Al show g-(A) = £-(A) N B
using funcl_1_L15 restrict_if by auto
qed

A criterion for when one function is a restriction of another. The lemma
below provides a result useful in the actual proof of the criterion and appli-
cations.

lemma funcl_2_L2:
assumes Al: f:X—Y and A2: g € A—Z
and A3: ACX and A4: f N AXZ =g
shows VxeA. g(x) = £(x)
proof
fix x assume x€A
with A2 have <x,g(x)> € g using apply_Pair by simp
with A4 Al show g(x) = f(x) wusing apply_iff by auto
qed

Here is the actual criterion.

lemma funcl_2_L3:
assumes Al: f:X—Y and A2: g:A—Z
and A3: ACX and A4: f N AXZ =g
shows g = restrict(f,A)
proof
from A4 show g C restrict(f, A) using restrict_iff by auto
show restrict(f, A) C g
proof
fix z assume A5:z € restrict(f,A)
then obtain x y where Dl:zcf & x€A & z = <x,y>
using restrict_iff by auto
with A1 have y = f£(x) using apply_iff by auto
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with A1 A2 A3 A4 D1 have y = g(x) using funci_2_L2 by simp
with A2 D1 show z&g using apply_Pair by simp
qed
qed

Which function space a restricted function belongs to?

lemma funcl_2_L4:
assumes Al: f:X—Y and A2: ACX and A3: VxeA. f(x) € Z
shows restrict(f,A) : A—Z
proof -
let g = restrict(f,A)
from A1 A2 have g : A—Y
using restrict_type2 by simp
moreover {
fix x assume x€A
with A1 A3 have g(x) € Z using restrict by simp}
ultimately show thesis by (rule Pi_type)
qed

4.3 Constant functions

We define constant(= ¢) functions on a set X in a natural way as ConstantFunction(X, c).

constdefs
ConstantFunction(X,c) = Xx{c}

Constant function belongs to the function space.

lemma funci_3_L1:
assumes Al: c€Y shows ConstantFunction(X,c) : X—Y

proof -
from A1 have Xx{c} = {<x,y> € XxY. ¢ = y}
by auto
with Al show thesis using funcl_1_L11A ConstantFunction_def
by simp
qed

Constant function is equal to the constant on its domain.

lemma func1_3_L2: assumes Al: x€X
shows ConstantFunction(X,c) (x) = ¢
proof -
have ConstantFunction(X,c) € X—{c}
using func1_3_L1 by simp
moreover from A1 have <x,c> € ConstantFunction(X,c)
using ConstantFunction_def by simp
ultimately show thesis using apply_iff by simp
qed
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4.4 Injections, surjections, bijections etc.

In this section we prove the properties of the spaces of injections, surjections
and bijections that we can’t find in the standard Isabelle’s Perm.thy.

The domain of a bijection between X and Y is X.

lemma domain_of_bij:

assumes Al: f € bij(X,Y) shows domain(f) = X
proof -

from Al have f:X—Y using bij_is_fun by simp

then show domain(f) = X using funcl_1_L1 by simp
qed

The value of the inverse of an injection on a point of the image of a set
belongs to that set.

lemma inj_inv_back_in_set:
assumes Al: f € inj(A,B) and A2: CCA and A3: y € £(C)
shows
converse(f) (y) € C
f(converse(f)(y)) =y
proof -
from Al have I: f:A—B using inj_is_fun by simp
with A2 A3 obtain x where II: x€C y = f(x)
using func_imagedef by auto
with Al A2 show converse(f)(y) € C using left_inverse
by auto
from A1 A2 I ITI show f(converse(f)(y)) =y
using funcl_1_L5A right_inverse by auto
qed

For injections if a value at a point belongs to the image of a set, then the
point belongs to the set.

lemma inj_point_of_image:
assumes Al: f € inj(A,B) and A2: CCA and
A3: x€A and A4: f(x) € £(C)
shows x € C
proof -
from Al A2 A4 have converse(f)(f(x)) € C
using inj_inv_back_in_set by simp
moreover from Al A3 have converse(f) (f(x)) = x
using left_inverse_eq by simp
ultimately show x € C by simp
qed

For injections the image of intersection is the intersection of images.

lemma inj_image_of_Inter: assumes Al: f € inj(A4,B) and
A2: T#0 and A3: Vi€I. P(i) C A
shows f((i€Il. P(i)) = ( Ni€l. £(P(i)) )
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proof
from A1 A2 A3 show f(()i€l. P(i)) C ( Ni€l. £(P()) )
using inj_is_fun image_of_Inter by auto
from A1 A2 A3 have f:A—B and ( [)i€I. P(i) ) C A
using inj_is_fun ZF1_1_L7 by auto
then have I: f(ieI. P(i)) = { f(x). x € ( (iel. P(i) ) }
using func_imagedef by simp
{ fix y assume A4: y € ( (i€l. £(P(i)) )
let x = converse(f) (y)
from A2 obtain iy where iy € I by auto
with A1 A4 have II: y € range(f) using inj_is_fun funcl_1_L6
by auto
with A1 have III: f(x) = y using right_inverse by simp
from A1 IT have IV: x € A using inj_converse_fun apply_funtype
by blast
{ fix i assume i€l
with A3 A4 III have P(i) C A and f(x) € £f(P(i))
by auto
with A1 IV have x € P(i) using inj_point_of_image
by blast
} then have Vi€I. x € P(i) by simp
with A2 I have f(x) € f( [i€I. P(i) )
by auto
with III have y € £( ((i€I. P(i) ) by simp
} then show ( NieI. £(P(i)) ) € f£( (Niel. P(1) )
by auto
qed

This concludes funcl.thy.

end
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5 Order_ZF.thy

theory Order_ZF imports Foll
begin

This theory file considers various notion related to order. We redefine the
notions of a total order, linear order and partial order to have the same
terminology as wikipedia (I found it very consistent across different areas of
math). We also define and study the notions of intervals and bounded sets.
We show the inclusion relations between the intervals with endpoints being
in certain order. We also show that union of bounded sets are bounded.
This allows to show that finite sets are bounded in Finite_ZF.thy.

5.1 Definitions

In this section we formulate the definitions related to order relations.

We define a linear order as a binary relation that is antisymmetric, transitive
and total. Note that this terminology is different than the one used the
standard Order.thy file. The sets that are bounded below and above are
also defined, as are bounded sets. Empty sets are defined as bounded. The
notation for the definition of an interval may be mysterious for some readers,
see Order_zF_2_L1 for more intuitive notation. We aslo define the maximum
(the greater of) two elemnts and the minmum (the smaller of) two elements.
We say that a set has a maximum (minimum) if it has an element that is not
smaller (not greater, resp.) that any other one. We show that under some
conditions this element of the set is unique (if exists). The element with
this property is called the maximum (minimum) of the set. The supremum
of a set A is defined as the minimum of the set of upper bounds, i.e. the
set {u.Vaca(a,u) € r} = N,ear{a}. Infimum is defined analogously. Recall
that r-(B)={x : (z,y) € r for some y € A is the inverse image of the set A
by relation r. We define a (order) relation to be complete if every nonempty
bounded above set has a supremum. This terminolgy may conflict with the
one for complete metric space. We will worry about that when we actually
define a complete metric space.

constdefs

IsTotal (infixl {is total on} 65)
r {is total on} X = (VaeX.VbeX. <a,b> € r V <b,a> € r)

IsLinOrder(X,r) = ( antisym(r) A trans(r) A (r {is total on} X))

IsPartOrder(X,r) = (refl(X,r) A antisym(r) A trans(r))

IsBoundedAbove(A,r) = ( A=0 V (Ju. Vx€A. <x,u> € r))
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IsBoundedBelow(A,r) = (A=0 V (d1. Vx€A. <1,x> € 1))
IsBounded(A,r) = (IsBoundedAbove(A,r) A IsBoundedBelow(A,r))
Interval(r,a,b) = r{a} N r-{b}

Greater0f(r,a,b) = (if <a,b> € r then b else a)

Smaller0Of(r,a,b) = (if <a,b> € r then a else b)
HasAmaximum(r,A) = dMeA.Vx€A. <x,M> € r
HasAminimum(r,A) = dm€A.VXEA. <m,x> € r

Maximum(r,A) = THE M. McA A (Vx€A. <x,M> € r)

Minimum(r,A) = THE m. m€A A (VxXEA. <m,x> € r)
Supremum(r,A) = Minimum(r,[)acA. r{a})

Infimum(r,A) = Maximum(r,(|a€A. r-{a})

IsComplete (_ {is completel})
r {is complete} =
VA. IsBoundedAbove(A,r) A A#0 — HasAminimum(r,()acA. r{a})

The essential condition to show that a total relation is reflexive.

lemma Order_ZF_1_L1: assumes r {is total on} X and acX
shows <a,a> € r using prems IsTotal_def by auto

A total relation is reflexive.

lemma total_is_refl:
assumes r {is total on} X
shows refl(X,r) using prems Order_ZF_1_L1 refl_def by simp

A linear order is partial order.

lemma Order_ZF_1_L2: assumes IsLinOrder (X,r)
shows IsPartOrder(X,r)
using prems IsLinOrder_def IsPartOrder_def refl_def Order_ZF_1_L1
by auto

Partial order that is total is linear.

lemma Order_ZF_1_L3:
assumes IsPartOrder(X,r) and r {is total on} X
shows IsLinOrder(X,r)
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using prems IsPartOrder_def IsLinOrder_def
by simp

Relation that is total on a set is total on any subset.

lemma Order_ZF_1_L4: assumes r {is total on} X and ACX
shows r {is total on} A
using prems IsTotal_def by auto

If the relation is total, then every set is a union of those elements that are
nongreater than a given one and nonsmaller than a given one.

lemma Order_ZF_1_L5:
assumes r {is total on} X and ACX and acX
shows A = {x€A. (x,a) € r} U {x€A. (a,x) € r}
using prems IsTotal_def by auto

5.2 Intervals
In this section we discuss intervals.

The next lemma explains the notation of the definition of an interval.

lemma Order_ZF_2_L1:
shows x € Interval(r,a,b) «—— <a,x> € r A <x,b> € r
using Interval_def by auto

Since there are some problems with applying the above lemma (seems that
simp and auto don’t handle equivalence very well), we split Order_zF_2_L1
into two lemmas.

lemma Order_ZF_2_L1A: assumes x € Interval(r,a,b)
shows <a,x> € r <x,b> € r
using prems Order_ZF_2_L1 by auto

Order_ZF_2_L1, implication from right to left.

lemma Order_ZF_2_L1B: assumes <a,x> € r <x,b> € r
shows x € Interval(r,a,b)
using prems Order_ZF_2_L1 by simp

If the relation is reflexive, the endpoints belong to the interval.

lemma Order_ZF_2_L2: assumes refl(X,r)
and acX beX and <a,b> € r
shows
a € Interval(r,a,b)
b € Interval(r,a,b)
using prems refl_def Order_ZF_2_L1 by auto

Under the assumptions of Order_ZF_2_L2, the interval is nonempty.

lemma Order_ZF_2_L2A: assumes refl(X,r)
and a€X beX and <a,b> € r
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shows Interval(r,a,b) # 0O
proof -
from prems have a € Interval(r,a,b)
using Order_ZF_2_L2 by simp
then show Interval(r,a,b) # 0 by auto
qed

If a,b,c,d are in this order, then [b, ] C [a,d]. We only need trasitivity for
this to be true.

lemma Order_ZF_2_L3:
assumes Al: trans(r) and A2:<a,b>€r <b,c>€r <c,d>€r
shows Interval(r,b,c) C Interval(r,a,d)
proof
fix x assume A3: x € Interval(r, b, c)
from A1 have trans(r) .
moreover from A2 A3 have <a,b> € r A <b,x> € r using Order_ZF_2_L1A
by simp
ultimately have T1: <a,x> € r by (rule Foll_L3)
from A1 have trans(r) .
moreover from A2 A3 have <x,c> € r A <c,d> € r using Order_ZF_2_L1A
by simp
ultimately have <x,d> € r by (rule Foll_L3)
with T1 show x € Interval(r,a,d) using Order_ZF_2_L1B
by simp
qed

For reflexive and antisymmetric relations the interval with equal endpoints
consists only of that endpoint.

lemma Order_ZF_2_L4:
assumes Al: refl(X,r) and A2: antisym(r) and A3: aeX
shows Interval(r,a,a) = {a}
proof
from A1 A3 have <a,a> € r using refl_def by simp
with A1 A3 show {a} C Interval(r,a,a) using Order_ZF_2_L2 by simp
from A2 show Interval(r,a,a) C {a} using Order_ZF_2_L1A Folil_L4
by fast
qed

For transitive relations the endpoints have to be in the relation for the
interval to be nonempty.

lemma Order_ZF_2_L5: assumes Al: trans(r) and A2: <a,b> ¢ r
shows Interval(r,a,b) =0
proof (rule ccontr)
assume Interval(r,a,b)#0 then obtain x where x € Interval(r,a,b)
by auto
with Al A2 show False using Order_ZF_2_L1A Foll L3 by fast
qed

If a relation is defined on a set, then intervals are subsets of that set.
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lemma Order_ZF_2_L6: assumes Al: r C XxX
shows Interval(r,a,b) C X
using prems Interval_def by auto

5.3 Bounded sets

In this section we consider properties of bounded sets.

For reflexive relations singletons are bounded.

lemma Order_ZF_3_L1: assumes refl(X,r) and acX
shows IsBounded({a},r)
using prems refl_def IsBoundedAbove_def IsBoundedBelow_def
IsBounded_def by auto

Sets that are bounded above are contained in the domain of the relation.

lemma Order_ZF_3_L1A: assumes r C XxX
and IsBoundedAbove(A,r)
shows ACX using prems IsBoundedAbove_def by auto

Sets that are bounded below are contained in the domain of the relation.

lemma Order_ZF_3_L1B: assumes r C XxX
and IsBoundedBelow(A,r)
shows ACX using prems IsBoundedBelow_def by auto

For a total relation, the greater of two elements, as defined above, is indeed
greater of any of the two.

lemma Order_ZF_3_L2: assumes r {is total on} X
and x€X yeX
shows
(x,Greater0f (r,x,y))
(y,Greater0f (r,x,y))
(SmallerOf (r,x,y),x)
(SmallerOf(r,x,y),y)
using prems IsTotal_def Order_ZF_1_L1 Greater0f_def SmallerOf_def
by auto

Lo T T B }

S
S
S
S

If A is bounded above by u, B is bounded above by w, then AUB is bounded
above by the greater of u, w.

lemma Order_ZF_3_L2B:
assumes Al: r {is total on} X and A2: trans(r)
and A3: ueX weX
and A4: Vx€A. <x,u> € r Vx€B. <x,w> € r
shows Vx€AUB. (x,Greater0f(r,u,w)) € r
proof
let v = GreaterOf(r,u,w)
from A1 A3 have T1: <u,v> € r and T2: <w,v> € r
using Order_ZF_3_L2 by auto
fix x assume A5: x€AUB show (x,v) € r
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proof (cases x€A)
assume xc€A
with A4 T1 have <x,u> € r A <u,v> € r by simp
with A2 show (x,v) € r by (rule Foll_L3)

next assume x¢A
with A5 A4 T2 have <x,w> € r A <w,v> € r by simp
with A2 show (x,v) € r by (rule Foll_L3)

qed

qed

For total and transitive relation the union of two sets bounded above is
bounded above.

lemma Order_ZF_3_L3:
assumes Al: r {is total on} X and A2: trans(r)
and A3: IsBoundedAbove(A,r) IsBoundedAbove(B,r)
and A4: r C XxX
shows IsBoundedAbove(AUB,r)
proof (cases A=0 V B=0)
assume A=0 V B=0
with A3 show thesis by auto
next assume - (A = 0 V B = 0)
then have T1: A#0 B#0 by auto
with A3 obtain u w where D1: Vx€A. <x,u> € r Vx€B. <x,w> € r
using IsBoundedAbove_def by auto
let U = GreaterOf(r,u,w)
from T1 A4 D1 have ueX weX by auto
with A1 A2 D1 have Vx€AUB.<x,U> € r
using Order_ZF_3_L2B by blast
then show IsBoundedAbove(AUB,r)
using IsBoundedAbove_def by auto
qed

For total and transitive relations if a set A is bounded above then A U {a}
is bounded above.

lemma Order_ZF_3_L4:
assumes Al: r {is total on} X and A2: trans(r)
and A3: IsBoundedAbove(A,r) and A4: acX and A5: r C XxX
shows IsBoundedAbove(AU{a},r)
proof -
from A1 have refl(X,r)
using total_is_refl by simp
with prems show thesis using
Order_ZF_3_L1 IsBounded_def Order_ZF_3_L3 by simp
qed

If A is bounded below by I, B is bounded below by m, then AU B is bounded
below by the smaller of u,w.

lemma Order_ZF_3_L5B:
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assumes Al: r {is total on} X and A2: trans(r)
and A3: 1€X meX
and A4: Vx€A. <1,x> € r VxEB. <m,x> € r
shows Vx€AUB. (Smaller0f(r,1,m),x) € r
proof
let ¥ = Smaller0f(r,1,m)
from A1 A3 have T1: <k,1> € r and T2: <k,m> € r
using Order_ZF_3_L2 by auto
fix x assume A5: x€AUB show (k,x) € r
proof (cases x€A)
assume xcA
with A4 T1 have <k,1> € r A <1,x> € r by simp
with A2 show (k,x) € r by (rule Foll_L3)
next assume x¢A
with A5 A4 T2 have <k,m> € r A <m,x> € r by simp
with A2 show (k,x) € r by (rule Foll_L3)
qed
qed

For total and transitive relation the union of two sets bounded below is
bounded below.

lemma Order_ZF_3_L6:
assumes Al: r {is total on} X and A2: trans(r)
and A3: IsBoundedBelow(A,r) IsBoundedBelow(B,r)
and A4: r C XxX
shows IsBoundedBelow(AUB,r)
proof (cases A=0 V B=0)
assume A=0 V B=0
with A3 show thesis by auto
next assume - (A = 0 V B = 0)
then have T1: A#0 B#0 by auto
with A3 obtain 1 m where D1: Vx€A. <1,x> € r Vx€B. <m,x> € r
using IsBoundedBelow_def by auto
let L = Smaller0f(r,1,m)
from T1 A4 D1 have T1l: 1€X meX by auto
with A1 A2 D1 have Vx€AUB.<L,x> € r
using Order_ZF_3_L5B by blast
then show IsBoundedBelow(AUB,r)
using IsBoundedBelow_def by auto
qed

For total and transitive relations if a set A is bounded below then AU {a}
is bounded below.

lemma Order_ZF_3_L7:
assumes Al: r {is total on} X and A2: trans(r)
and A3: IsBoundedBelow(A,r) and A4: acX and A5: r C XxX
shows IsBoundedBelow(AU{a},r)
proof -
from Al have refl(X,r)
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using total_is_refl by simp
with prems show thesis using
Order_ZF_3_L1 IsBounded_def Order_ZF_3_L6 by simp
qged

For total and transitive relations unions of two bounded sets are bounded.

theorem Order_ZF_3_T1:
assumes r {is total on} X and trans(r)
and IsBounded(A,r) IsBounded(B,r)
and r C XxX
shows IsBounded(AUB,r)
using prems Order_ZF_3_L3 Order_ZF_3_L6 Order_ZF_3_L7 IsBounded_def
by simp

For total and transitive relations if a set A is bounded then A U {a} is
bounded.

lemma Order_ZF_3_L8:
assumes r {is total on} X and trans(r)
and IsBounded(A,r) and acX and r C XxX
shows IsBounded(AU{a},r)
using prems total_is_refl Order_ZF_3_L1 Order_ZF_3_T1 by blast

A sufficient condition for a set to be bounded below.

lemma Order_ZF_3_L9: assumes Al: VacA. (l,a) € r
shows IsBoundedBelow(A,r)
proof -
from A1l have J1. Vxe€A. (1,x) € r
by auto
then show IsBoundedBelow(A,r)
using IsBoundedBelow_def by simp
qed

A sufficient condition for a set to be bounded above.

lemma Order_ZF_3_L10: assumes Al: VachA. (a,u) € r
shows IsBoundedAbove(A,r)
proof -
from A1 have Ju. Vxe€A. (x,u) € r
by auto
then show IsBoundedAbove(A,r)
using IsBoundedAbove_def by simp
qed

Intervals are bounded.

lemma Order_ZF_3_L11: shows
IsBoundedAbove (Interval(r,a,b),r)
IsBoundedBelow(Interval(r,a,b),r)
IsBounded(Interval(r,a,b),r)
proof -
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{ fix x assume x € Interval(r,a,b)
then have <x,b> € r <a,x> € r
using Order_ZF_2_L1A by auto
} then have
Ju. Vx€Interval(r,a,b). <x,u> € r
J1. Vx€Interval(r,a,b). <1,x> € r
by auto
then show
IsBoundedAbove(Interval(r,a,b),r)
IsBoundedBelow(Interval(r,a,b),r)
IsBounded(Interval(r,a,b),r)
using IsBoundedAbove_def IsBoundedBelow_def IsBounded_def
by auto
qed

A subset of a set that is bounded below is bounded below.

lemma Order_ZF_3_L12: assumes IsBoundedBelow(A,r) and BCA
shows IsBoundedBelow(B,r)
using prems IsBoundedBelow_def by auto

A subset of a set that is bounded above is bounded above.

lemma Order_ZF_3_L13: assumes IsBoundedAbove(A,r) and BCA
shows IsBoundedAbove(B,r)
using prems IsBoundedAbove_def by auto

If for every element of X we can find one in A that is greater, then the A
can not be bounded above. Works for relations that are total, transitive and
antisymmetric.

lemma Order_ZF_3_L14:
assumes Al: r {is total on} X
and A2: trans(r) and A3: antisym(r)
and Ad: r C XxX and A5: X#0
and A6: VxeX. JachA. x#a A (x,a) € r
shows —IsBoundedAbove(A,r)
proof -
{ from A5 A6 have I: A#0 by auto
moreover assume IsBoundedAbove(A,r)
ultimately obtain u where II: Vx€A. <x,u> € r
using IsBounded_def IsBoundedAbove_def by auto
with A4 I have ueX by auto
with A6 obtain b where beA and III: u#b and (u,b) € r
by auto
with II have (b,u) € r (u,b) € r by auto
with A3 have b=u by (rule Foll_L4)
with III have False by simp
} thus —IsBoundedAbove(A,r) by auto
qed

The set of elements in a set A that are nongreater than a given element is
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bounded above.

lemma Order_ZF_3_L15: shows IsBoundedAbove({x€A. (x,a) € r},r)
using IsBoundedAbove_def by auto

If A is bounded below, then the set of elements in a set A that are nongreater
than a given element is bounded.

lemma Order_ZF_3_L16: assumes Al: IsBoundedBelow(A,r)
shows IsBounded({x€A. (x,a) € r},r)
proof (cases A=0)
assume A=0
then show IsBounded({x€A. (x,a) € r},r)
using IsBoundedBelow_def IsBoundedAbove_def IsBounded_def
by auto
next assume A#0
with Al obtain 1 where I: VxeA. (1,x) € r
using IsBoundedBelow_def by auto
then have Vye{xecA. (x,a) € r}. (1,y) € r by simp
then have IsBoundedBelow({x€A. (x,a) € r},r)
by (rule Order_ZF_3_L9)
then show IsBounded({x€A. (x,a) € r},r)
using Order_ZF_3_L15 IsBounded_def by simp
qed

5.4 Maximum and minimum of a set

In this section we show that maximum and minimum are unique if they
exist. We also show that union of sets that have maxima (minima) has a
maximum (minimum). We also show that singletons have maximum and
minimum. All this allows to show (in Finite_ZF.thy) that every finite set
has well-defined maximum and minimum.

For antisymmetric relations maximum of a set is unique if it exists.

lemma Order_ZF_4_L1: assumes Al: antisym(r) and A2: HasAmaximum(r,A)
shows 3!M. MeA N (Vx€EA. <x,M> € 1)
proof
from A2 show IM. M € A A (Vx€A. (x, M) € 1)
using HasAmaximum_def by auto
fix M1 M2 assume
A2: M1 € A A (VxeA. (x, M) € r) M2 € A A (Vx€A. (x, M2) € 1)
then have (M1,M2) € r (M2,M1) € r by auto
with Al show M1=M2 by (rule Foll_L4)
qed

For antisymmetric relations minimum of a set is unique if it exists.

lemma Order_ZF_4_L2: assumes Al: antisym(r) and A2: HasAminimum(r,A)
shows J!'m. meA A (Vx€A. <m,x> € r)
proof
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from A2 show dm. m € A A (Vx€A. (m, x) € 1)
using HasAminimum_def by auto
fix m1 m2 assume
A2: m1 € A A (Vx€A. (ml, x) € ¥) m2 € A A (VxEA. (m2, X) € 1)
then have (mi,m2) € r (m2,m1) € r by auto
with A1 show m1=m2 by (rule Folil_L4)
qed

Maximum of a set has desired properties.

lemma Order_ZF_4_L3: assumes Al: antisym(r) and A2: HasAmaximum(r,A)
shows Maximum(r,A) € A Vx€A. (x,Maximum(r,A)) € r
proof -
let Max = THE M. MeA A (Vx€A. <x,M> € 1)
from A1 A2 have JIM. MeA A (Vx€A. <x,M> € 1)
by (rule Order_ZF_4_L1)
then have Max € A A (Vx€EA. <x,Max> € r)
by (rule thel)
then show Maximum(r,A) € A Vx€A. (x,Maximum(r,A)) € r
using Maximum_def by auto
qed

Minimum of a set has desired properties.

lemma Order_ZF_4_L4: assumes Al: antisym(r) and A2: HasAminimum(r,A)
shows Minimum(r,A) € A Vx€A. (Minimum(r,A),x) € r
proof -
let Min = THE m. meA A (VxX€EA. <m,x> € r)
from A1 A2 have J!m. meA A (Vx€A. <m,x> € r)
by (rule Order_ZF_4_L2)
then have Min € A A (Vx€A. <Min,x> € r)
by (rule thel)
then show Minimum(r,A) € A Vx€A. (Minimum(r,A),x) € r
using Minimum_def by auto
qed

For total and transitive relations a union a of two sets that have maxima
has a maximum.

lemma Order_ZF_4_L5:
assumes Al: r {is total on} (AUB) and A2: trans(r)
and A3: HasAmaximum(r,A) HasAmaximum(r,B)
shows HasAmaximum(r,AUB)
proof -
from A3 obtain M K where
D1: MeA A (Vx€A. <x,M> € r) KEB A (VxEB. <x,K> € 1)
using HasAmaximum_def by auto
let L = GreaterOf(r,M,K)
from D1 have Ti: M € AUB K € AUB
VxeA. <x,M> € r Vx€B. <x,K> € r
by auto
with Al A2 have Vx€AUB.<x,L> € r by (rule Order_ZF_3_L2B)
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moreover from T1 have L € AUB using GreaterOf_def IsTotal_def
by simp
ultimately show HasAmaximum(r,AUB) using HasAmaximum_def by auto
qed

For total and transitive relations A union a of two sets that have minima
has a minimum.

lemma Order_ZF_4_L6:
assumes Al: r {is total on} (AUB) and A2: trans(r)
and A3: HasAminimum(r,A) HasAminimum(r,B)
shows HasAminimum(r,AUB)
proof -
from A3 obtain m k where
D1: meA A (VxEA. <m,x> € r) k€B A (Vx€B. <k,x> € 1)
using HasAminimum_def by auto
let 1 = SmallerOf(r,m,k)
from D1 have Ti: m € AUB k € AUB
Vx€A. <m,x> € r Vx€B. <k,x> € r
by auto
with A1 A2 have Vx€AUB.<1,x> € r by (rule Order_ZF_3_L5B)
moreover from T1 have 1 € AUB using Smaller0f_def IsTotal_def
by simp
ultimately show HasAminimum(r,AUB) using HasAminimum_def by auto
qed

Set that has a maximum is bounded above.

lemma Order_ZF_4_L7:
assumes HasAmaximum(r,A)
shows IsBoundedAbove(A,r)
using prems HasAmaximum_def IsBoundedAbove_def by auto

Set that has a minimum is bounded below.

lemma Order_ZF_4_L8A:
assumes HasAminimum(r,A)
shows IsBoundedBelow(A,r)
using prems HasAminimum_def IsBoundedBelow_def by auto

For reflexive relations singletons have a minimum and maximum.

lemma Order_ZF_4_L8: assumes refl(X,r) and acX
shows HasAmaximum(r,{a}) HasAminimum(r,{a})
using prems refl_def HasAmaximum_def HasAminimum_def by auto

For total and transitive relations if we add an element to a set that has a
maximum, the set still has a maximum.

lemma Order_ZF_4_L9:
assumes Al: r {is total on} X and A2: trans(r)
and A3: ACX and A4: acX and A5: HasAmaximum(r,A)
shows HasAmaximum(r,AU{a})
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proof -
from A3 A4 have AU{a} C X by auto
with Al have r {is total on} (AU{al})
using Order_ZF_1_L4 by blast
moreover from A1 A2 A4 A5 have
trans(r) HasAmaximum(r,A) by auto
moreover from Al A4 have HasAmaximum(r,{a})
using total_is_refl Order_ZF_4_L8 by blast
ultimately show HasAmaximum(r,AU{a}) by (rule Order_ZF_4_L5)
qed

For total and transitive relations if we add an element to a set that has a
minimum, the set still has a minimum.

lemma Order_ZF_4_L10:
assumes Al: r {is total on} X and A2: trans(r)
and A3: ACX and A4: acX and A5: HasAminimum(r,A)
shows HasAminimum(r,AU{a})
proof -
from A3 A4 have AU{a} C X by auto
with A1 have r {is total on} (AU{a})
using Order_ZF_1_L4 by blast
moreover from A1 A2 A4 A5 have
trans(r) HasAminimum(r,A) by auto
moreover from Al A4 have HasAminimum(r,{a})
using total_is_refl Order_ZF_4_L8 by blast
ultimately show HasAminimum(r,AU{a}) by (rule Order_ZF_4_L6)
qed

If the order relation has a property that every nonempty bounded set attains
a minimum (for example integers are like that), then every nonempty set
bounded below attains a minimum.

lemma Order_ZF_4_L11:
assumes Al: r {is total on} X and
A2: trans(r) and
A3: r C XxX and
Ad: VA. IsBounded(A,r) A A#0 — HasAminimum(r,A) and
A5: B#0 and A6: IsBoundedBelow(B,r)
shows HasAminimum(r,B)
proof -
from A5 obtain b where T: beB by auto
let L = {x€B. (x,b) € r}
from A3 A6 T have T1: beX using Order_ZF_3_L1B by blast
with A1 T have T2: b € L
using total_is_refl refl_def by simp
then have L # 0 by auto
moreover have IsBounded(L,r)
proof -
have L C B by auto
with A6 have IsBoundedBelow(L,r)
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using Order_ZF_3_L12 by simp
moreover have IsBoundedAbove(L,r)
by (rule Order_ZF_3_L15)
ultimately have IsBoundedAbove(L,r) A IsBoundedBelow(L,r)
by blast
then show IsBounded(L,r) using IsBounded_def
by simp
qed
ultimately have IsBounded(L,r) A L # 0 by blast
with A4 have HasAminimum(r,L) by simp
then obtain m where I: melL and II: Vx€L. <m,x> € r
using HasAminimum_def by auto
then have III: (m,b) € r by simp
from I have meB by simp
moreover have Vx€B. (m,x) € r
proof
fix x assume A7: x€B
from A3 A6 have BCX using Order_ZF_3_L1B by blast
with A1 A7 T1 have x € L U {x€B. (b,x) € r}
using Order_ZF_1_L5 by simp
then have x€L V (b,x) € r by auto
moreover
{ assume x€L
with II have (m,x) € r by simp }
moreover
{ assume (b,x) € r
with A2 III have trans(r) and (m,b) € r A (b,x) € T
by auto
then have (m,x) € r by (rule Fol1_L3) }
ultimately show (m,x) € r by auto
qed
ultimately show HasAminimum(r,B) using HasAminimum_def
by auto
qed

A dual to Order_zF_4_L11: If the order relation has a property that every
nonempty bounded set attains a maximum (for example integers are like
that), then every nonempty set bounded above attains a maximum.

lemma Order_ZF_4_L11A:
assumes Al: r {is total on} X and
A2: trans(r) and
A3: r C XxX and
Ad: VA. IsBounded(A,r) A A#0 — HasAmaximum(r,A) and
A5: B#0 and A6: IsBoundedAbove(B,r)
shows HasAmaximum(r,B)
proof -
from A5 obtain b where T: beB by auto
let U = {x€B. (b,x) € r}
from A3 A6 T have T1: beX using Order_ZF_3_L1A by blast
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with A1 T have T2: b € U
using total_is_refl refl_def by simp
then have U # 0 by auto
moreover have IsBounded(U,r)
proof -
have U C B by auto
with A6 have IsBoundedAbove(U,r)
using Order_ZF_3_L13 by blast
moreover have IsBoundedBelow(U,r)
using IsBoundedBelow_def by auto
ultimately have IsBoundedAbove(U,r) A IsBoundedBelow(U,r)
by blast
then show IsBounded(U,r) using IsBounded_def
by simp
qed
ultimately have IsBounded(U,r) A U # 0 by blast
with A4 have HasAmaximum(r,U) by simp
then obtain m where I: meU and II: VxeU. (x,m) € r
using HasAmaximum_def by auto
then have III: (b,m) € r by simp
from I have meB by simp
moreover have Vx€B. (x,m) € r
proof
fix x assume A7: x€B
from A3 A6 have BCX using Order_ZF_3_L1A by blast
with A1 A7 T1 have x € {x€B. (x,b) € r} U U
using Order_ZF_1_L5 by simp
then have x€U V (x,b) € r by auto
moreover
{ assume x€U
with II have (x,m) € r by simp }
moreover
{ assume (x,b) € T
with A2 III have trans(r) and (x,b) € r A (b,m) € r
by auto
then have (x,m) € r by (rule Foll_L3) }
ultimately show (x,m) € r by auto
qed
ultimately show HasAmaximum(r,B) using HasAmaximum_def
by auto
qed

If a set has a minimum and L is less or equal than all elements of the set,
then L is less or equal than the minimum.

lemma Order_ZF_4_L12:
assumes antisym(r) and HasAminimum(r,A) and VacA. (L,a) € r
shows (L,Minimum(r,A)) € r
using prems Order_ZF_4_L4 by simp
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If a set has a maximum and all its elements are less or equal than M, then
the maximum of the set is less or equal than M.

lemma Order_ZF_4_L13:
assumes antisym(r) and HasAmaximum(r,A) and VacA. (a,M) € r
shows (Maximum(r,A),M) € r
using prems Order_ZF_4_L3 by simp

If an element belongs to a set and is greater or equal than all elements of
that set, then it is the maximum of that set.

lemma Order_ZF_4_L14:
assumes Al: antisym(r) and A2: M € A and
A3: VaeA. (a,M) € r
shows Maximum(r,A) = M
proof -
from A2 A3 have I: HasAmaximum(r,A) using HasAmaximum_def
by auto
with A1 have 3 !M. MeA A (Vx€A. (x,M) € 1)
using Order_ZF_4_L1 by simp
moreover from A2 A3 have MeA A (Vx€A. (x,M) € r) by simp
moreover from Al I have
Maximum(r,A) € A A (Vx€A. (x,Maximum(r,A)) € r)
using Order_ZF_4_L3 by simp
ultimately show Maximum(r,A) = M by auto
qed

If an element belongs to a set and is less or equal than all elements of that
set, then it is the minimum of that set.

lemma Order_ZF_4_L15:
assumes Al: antisym(r) and A2: m € A and
A3: VacA. (m,a) € r
shows Minimum(r,A) = m
proof -
from A2 A3 have I: HasAminimum(r,A) using HasAminimum_def
by auto
with A1 have 3 !m. meA A (Vx€A. (m,x) € 1)
using Order_ZF_4_L2 by simp
moreover from A2 A3 have meA A (Vx€A. (m,x) € r) by simp
moreover from A1 I have
Minimum(r,A) € A A (Vx€A. (Minimum(r,A),x) € r)
using Order_ZF_4_L4 by simp
ultimately show Minimum(r,A) = m by auto
qed

If a set does not have a maximum, then for any its element we can find one
that is (strictly) greater.

lemma Order_ZF_4_L16:
assumes Al: antisym(r) and A2: r {is total on} X and
A3: ACX and
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Ad4: —HasAmaximum(r,A) and
A5: xcA
shows JyeA. (x,y) € r A y#x
proof -
{ assume A6: VyeA. (x,y) ¢ r V y=x
have VyeA. (y,x) € r
proof
fix y assume A7: ye€A
with A6 have (x,y) ¢ r V y=x by simp
with A2 A3 A5 A7 show (y,x) € r
using IsTotal_def Order_ZF_1_L1 by auto
qed
with A5 have Jx€A.VyeA. (y,x) € r
by auto
with A4 have False using HasAmaximum_def by simp
} then show JyeA. (x,y) € r A y#x by auto
qed

5.5 Supremum and Infimum
In this section we consider the notions of supremum and infimum a set.

Elements of the set of upper bounds are indeed upper bounds. Isabelle also
thinks it is obvious.

lemma Order_ZF_5_L1: assumes u € ([|a€A. r{a}) and ach
shows (a,u) € r
using prems by auto

Elements of the set of lower bounds are indeed lower bounds. Isabelle also
thinks it is obvious.

lemma Order_ZF_5_L2: assumes 1 € ([|a€A. r-{a}) and acA
shows (l1,a) € r
using prems by auto

If the set of upper bounds has a minimum, then the supremum is less or equal
than any upper bound. We can probably do away with the assumption that
A is not empty, (ab)using the fact that intersection over an empty family is
defined in Isabelle to be empty.

lemma Order_ZF_5_L3: assumes Al: antisym(r) and A2: A#0 and
A3: HasAminimum(r,()acA. r{a}) and
A4: YaehA. (a,u) € r
shows (Supremum(r,A),u) € r
proof -
let U = (NacA. r{a}
from A4 have VacA. u € r{a} using image_singleton_iff
by simp
with A2 have u€U by auto
with A1 A3 show (Supremum(r,A),u) € r
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using Order_ZF_4_L4 Supremum_def by simp
qed

Infimum is greater or equal than any lower bound.

lemma Order_ZF_5_L4: assumes Al: antisym(r) and A2: A#0 and
A3: HasAmaximum(r,()acA. r-{a}) and
A4: YachA. (1,a) € r
shows (1,Infimum(r,A)) € r
proof -
let L = (acA. r—{a}
from A4 have VacA. 1 € r-{a} using vimage_singleton_iff
by simp
with A2 have 1€L by auto
with A1 A3 show (1,Infimum(r,A)) € r
using Order_ZF_4_L3 Infimum_def by simp
qed

If z is an upper bound for A and is greater or equal than any other upper
bound, then z is the supremum of A.

lemma Order_ZF_5_L5: assumes Al: antisym(r) and A2: A#0 and
A3: VxeA. (x,z) € r and
A4: Vy. (VxeA. (x,y) € r) — (z,y) €
shows
HasAminimum(r,()ach. r{a})
z = Supremum(r,A)
proof -
let B = ()acA. r{a}
from A2 A3 A4 have I: z € B Vy€B. (z,y) € r
by auto
then show HasAminimum(r,()acA. r{al})
using HasAminimum_def by auto
from A1 I show z = Supremum(r,A)
using Order_ZF_4_L15 Supremum_def by simp
qed

If a set has a maximum, then the maximum is the supremum.

lemma Order_ZF_5_L6:
assumes Al: antisym(r) and A2: A#0 and
A3: HasAmaximum(r,A)
shows
HasAminimum(r,()acA. r{al})
Maximum(r,A) = Supremum(r,A)
proof -
let M = Maximum(r,A)
from A1 A3 have I: M € A and II: VxeA. (x,M) € r
using Order_ZF_4_L3 by auto
from I have III: Vy. (Vx€A. (x,y) € r) — (M,y) € r
by simp
with A1 A2 IT show HasAminimum(r,()acA. r{a})
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by (rule Order_ZF_5_L5)
from A1 A2 IT III show M = Supremum(r,A)
by (rule Order_ZF_5_L5)
qed

Properties of supremum of a set for complete relations.

lemma Order_ZF_5_L7:
assumes Al: r C XxX and A2: antisym(r) and
A3: r {is complete} and
A4: ACX A#0 and A5: Jxe€X. Vy€A. (y,x) € r
shows
Supremum(r,A) € X
Vx€A. (x,Supremum(r,A)) € r
proof -
from A5 have IsBoundedAbove(A,r) using IsBoundedAbove_def
by auto
with A3 A4 have HasAminimum(r,()acA. r{a})
using IsComplete_def by simp
with A2 have Minimum(r,()acA. r{a}) € ( ()acA. r{a} )
using Order_ZF_4_L4 by simp
moreover have Minimum(r,(|a€A. r{a}) = Supremum(r,A)
using Supremum_def by simp
ultimately have I: Supremum(r,A) € ( ()acA. r{a} )
by simp
moreover from A4 obtain a where acA by auto
ultimately have (a,Supremum(r,A)) € r using Order_ZF_5_L1
by simp
with Al show Supremum(r,A) € X by auto
from I show Vx€A. (x,Supremum(r,A)) € r using Order_ZF_5_L1
by simp
qed

If the relation is a linear order then for any element y smaller than the
supremum of a set we can find one element of the set that is greater than y.

lemma Order_ZF_5_L8:
assumes Al: r C XxX and A2: IsLinOrder(X,r) and
A3: r {is complete} and
A4: ACX A#0 and A5: Jx€X. VyeA. (y,x) € r and
A6: (y,Supremum(r,A)) € r y # Supremum(r,A)
shows JzeA. (y,z) € r ANy # z
proof -
from A2 have
I: antisym(r) and
II: trans(r) and
III: r {is total on} X
using IsLinOrder_def by auto
from A1 A6 have T1: yeX by auto
{ assume A7: Vz € A. (y,z) ¢ ¢ V y=z
from A4 I have antisym(r) and A#0 by auto
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moreover have VxeA. (x,y) € r
proof
fix x assume A8: x€A
with A4 have T2: x€X by auto
from A7 A8 have (y,x) ¢ r V y=x by simp
with III T1 T2 show (x,y) € r
using IsTotal_def total_is_refl refl_def by auto
qed
moreover have Vu. (Vx€A. (x,u) € r) — (y,u) € r
proof-
{ fix u assume A9: Vx€A. (x,u) € r
from A4 A5 have IsBoundedAbove(A,r) and A#0
using IsBoundedAbove_def by auto
with A3 A4 A6 I A9 have
(y,Supremum(r,A)) € r A (Supremum(r,A),u) € r
using IsComplete_def Order_ZF_5_L3 by simp
with II have (y,u) € r by (rule Foll_L3)
} then show Vu. (Vxe€A. (x,u) € r) — (y,u) € r
by simp
qed
ultimately have y = Supremum(r,A)
by (rule Order_ZF_5_L5)
with A6 have False by simp
} then show Jz€A. (y,z) € r A y # z by auto
qed

5.6 Strict versions of order relations

One of the problems with translating formalized mathematics from Meta-
math to IsarMathLib is that Metamath uses strict orders (of the < type)
while in IsarMathLib we mostly use nonstrict orders (of the < type). This
doesn’t really make any difference, but is annoying as we have to prove
many theorems twice. In this section we prove some theorems to make it
easier to translate the statements about strict orders to statements about
the corresponding non-strict order and vice versa.

We define a strict version of a relation by removing the y = x line from the
relation.

constdefs
StrictVersion(r) = r - {(x,x). x € domain(r)}

A reformulation of the definition of a strict version of an order.

lemma def_of_strict_ver: shows
(x,y) € StrictVersion(r) «— (x,y) € ¥ A x#y
using StrictVersion_def domain_def by auto

The next lemma is about the strict version of an antisymmetric relation.

lemma strict_of_antisym:
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assumes Al: antisym(r) and A2: (a,b) € StrictVersion(r)
shows (b,a) ¢ StrictVersion(r)
proof -
{ assume A3: (b,a) € StrictVersion(r)
with A2 have (a,b) € r and (b,a) € r
using def_of_strict_ver by auto
with A1 have a=b by (rule Foll_L4)
with A2 have False using def_of_strict_ver
by simp
} then show (b,a) ¢ StrictVersion(r) by auto
qed

The strict version of totality.

lemma strict_of_tot:
assumes r {is total on} X and acX beX a#b
shows (a,b) € StrictVersion(r) V (b,a) € StrictVersion(r)
using prems IsTotal_def def_of_strict_ver by auto

A trichotomy law for the strict version of a total and antisymmetric relation.
It is kind of interesting that one does not need the full linear order for this.

lemma strict_ans_tot_trich:
assumes Al: antisym(r) and A2: r {is total on} X
and A3: aeX beX
and A4: s = StrictVersion(r)
shows Exactly_1_of_3_holds({a,b) € s, a=b,(b,a) € s)

proof -
let p = (a,b) € s
let g = a=b

let r = (b,a) € s
from A2 A3 A4 have p V q V r
using strict_of_tot by auto
moreover from Al A4 have p — —q A —r
using def_of_strict_ver strict_of_antisym by simp
moreover from A4 have q — —-p A —r
using def_of_strict_ver by simp
moreover from A1 A4 have r — —p A —q
using def_of_strict_ver strict_of_antisym by auto
ultimately show Exactly_1_of_3_holds(p, q, r)
by (rule Foll_L5)
qed

A trichotomy law for linear order. This is a special case of strict_ans_tot_trich.

corollary strict_lin_trich: assumes Al: IsLinOrder(X,r) and
A2: aeX beX and
A3: s = StrictVersion(r)
shows Exactly_1_of_3_holds({a,b) € s, a=b,(b,a) € s)
using prems IsLinOrder_def strict_ans_tot_trich by auto

For an antisymmetric relation if a pair is in relation then the reversed pair
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is not in the strict version of the relation.

lemma geq_impl_not_less:
assumes Al: antisym(r) and A2: (a,b) € r
shows (b,a) ¢ StrictVersion(r)
proof -
{ assume A3: (b,a) € StrictVersion(r)
with A2 have (a,b) € StrictVersion(r)
using def_of_strict_ver by auto
with A1 A3 have False using strict_of_antisym
by blast
} then show (b,a) ¢ StrictVersion(zr) by auto
qed

If an antisymmetric relation is transitive, then the strict version is also
transitive, an explicit version strict_of_transB below.

lemma strict_of_transA:
assumes Al: trans(r) and A2: antisym(r) and
A3: s= StrictVersion(r) and A4: (a,b) € s (b,c) € s
shows (a,c) € s
proof -
from A3 A4 have I: (a,b) € r A (b,c) € r
using def_of_strict_ver by simp
with A1 have (a,c) € r by (rule Foll_L3)
moreover
{ assume a=c
with I have (a,b) € r and (b,a) € r by auto
with A2 have a=b by (rule Foll_L4)
with A3 A4 have False using def_of_strict_ver by simp
} then have a#c by auto
ultimately have (a,c) € StrictVersion(r)
using def_of_strict_ver by simp
with A3 show thesis by simp
qed

If an antisymmetric relation is transitive, then the strict version is also
transitive.

lemma strict_of_transB:
assumes Al: trans(r) and A2: antisym(r)
shows trans(StrictVersion(r))
proof -
let s = StrictVersion(r)
from A1 A2 have
Vxyz (x,y) €sA(y, z) €Es — (x, 2) €8
using strict_of_transA by blast
then show trans(StrictVersion(r)) by (rule Foll_L2)
qed

The next lemma provides a condition that is satisfied by the strict version
of a relation if the original relation is a complete linear order.
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lemma strict_of_compl:
assumes Al: r C XxX and A2: IsLinOrder(X,r) and
A3: r {is complete} and
Ad: ACX A#0 and A5: s = StrictVersion(r) and
A6: JueX. VyehA. (y,u) € s
shows
IxeX. (Vyeh. (x,y) ¢ s ) AN (VyeX. (y,x) € s — (Jz€A. (y,z) € 8))
proof -
let x = Supremum(r,A)
from A2 have I: antisym(r) using IsLinOrder_def
by simp
moreover from A5 A6 have JueX. Vye€A. (y,u) € r
using def_of_strict_ver by auto
moreover note Al A3 A4
ultimately have II: x € X Vy€A. (y,x) € r
using Order_ZF_5_L7 by auto
then have III: JxeX. Vye€A. (y,x) € r by auto
from A5 I IT have x € X Vye€A. (x,y) ¢ s
using geq_impl_not_less by auto
moreover from A1 A2 A3 A4 A5 III have
VyeXx. (y,x) € s — (Jz€A. (y,z) € s)
using def_of_strict_ver Order_ZF_5_L8 by simp
ultimately show
JxeX. (Vyeh. (x,y) ¢ s ) N (VyeX. (y,x) € s — (Jz€A. (y,z) €
s))
by auto
qed

Strict version of a relation on a set is a relation on that set.

lemma strict_ver_rel: assumes Al: r C AxA
shows StrictVersion(r) C AxA
using prems StrictVersion_def by auto

end
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6 func ZF.thy

theory func_ZF imports Order funcl Order_ZF
begin

In this theory we consider properties of functions that are binary operations,
that is they map X x X into X. We also consider some properties of functions
related to order.

6.1 Lifting operations to a function space

It happens quite often that we have a binary operation on some set and
we need a similar operation that is defined for functions on that set. For
example once we know how to add real numbers we also know how to add
real-valued functions: for f,g: X — R we define (f + g)(x) = f(x) + g(x).
Note that formally the + means something different on the left hand side of
this equality than on the right hand side. This section aims at formalizing
this process. We will call it ”lifting to a function space”, if you have a
suggestion for a better name, please let me know.

constdefs
Lift2FcnSpce (infix {lifted to function space over} 65)
f {lifted to function space over} X =
{<p,g> € ((X—range(f))x (X—range(f))) x (X—range(f)).
{<x,y> € Xxrange(f). f<fst(p)(x),snd(p) (x)> = y} = g}

The result of the lift belongs to the function space.

lemma func_ZF_1_L1:
assumes Al: f : YXY—Y
and A2: p €(X—range(f))x (X—range(f))
shows
{<x,y> € Xxrange(f). f<fst(p)(x),snd(p) (x)> = y} : X—range(f)
proof -
have VxeX. f<fst(p) (x),snd(p) (x)> € range(f)
proof
fix x assume A3:x€X
let p = <fst(p) (x),snd(p) (x)>
from A2 A3 have
fst(p) (x) € range(f) snd(p)(x) € range(f)
using apply_type by auto
with A1 have p € YxY
using funcl_1_L5B by blast
with A1 have <p, f(p)> € £
using apply_Pair by simp
with A1 show
f(p) € range(f)
using rangel by simp
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qed
then show thesis using funcl_1_L11A by simp
qed

The values of the lift are defined by the value of the liftee in a natural way.

lemma func_ZF_1_L2:
assumes f : YXY—=Y
and pe (X—range(f)) X (X—range(f)) and xeX
and P = {<x,y> € Xxrange(f). f<fst(p) (x),snd(p) (x)> = y}
shows P(x) = f(fst(p) (x),snd(p) (x))
using prems func_ZF_1_L1 funcl_1_L11B by simp

Function lifted to a function space results in a function space operator.

lemma func_ZF_1_L3:
assumes f € YXY—Y
and F = £ {lifted to function space overl} X
shows F : (X—range(f)) x (X—range(f))— (X—range(f))
using prems Lift2FcnSpce_def func_ZF_1_L1 funci_1_L11A by simp

The values of the lift are defined by the values of the liftee in the natural
way. For some reason we need to be extremely detailed and explicit to be
able to apply func1_3_L2. simp and auto fail miserably here.
lemma func_ZF_1_14:

assumes Al: f : YXY—Y

and A2: F = f {lifted to function space over} X

and A3: s:X—range(f) r:X—range(f)

and A4: x€X
shows (F<s,r>) (x) = f<s(x),r(x)>
proof -
let P = {<x,y> € Xxrange(f). f<s(x),r(x)> = y}

let p = <s,r>

from Al have f € YXY—Y .

moreover from A3 have
p € (X—range(f)) x (X—range(f))
by simp

moreover from A4 have x€X .

moreover have
P = {<x,y> € Xxrange(f). f<fst(p)(x),snd(p) (x)> = y}
by simp

ultimately have P(x) = f(fst(p) (x),snd(p) (x))
by (rule func_ZF_1_L2)

with A1 A2 A3 show thesis using func_ZF_1_L3 Lift2FcnSpce_def funcl_1_L11B
by simp

qed

6.2 Associative and commutative operations

In this section we define associative and commutative oparations and prove
that they remain such when we lift them to a function space.
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constdefs

IsAssociative (infix {is associative on} 65)
f {is associative on} G = f € GXG—G A
(Vv x€G.Vyeg. V z€G.

( £(<£(<x,y>),z>) = £( < x,f(<y,z>)> )))

IsCommutative (infix {is commutative on} 65)
f {is commutative on} G = VxeG. VyeG. f<x,y> = f<y,x>

The lift of a commutative function is commutative.

lemma func_ZF_2_L1:
assumes Al: f : GXG—G
and A2: F = f {lifted to function space over} X
and A3: s : X—range(f) r : X—range(f)
and A4: f {is commutative on} G
shows F<s,r> = F<r,s>
proof -
from A1 A2 have
F : (X—range(f)) X (X—range(f))— (X—range(£f))
using func_ZF_1_L3 by simp
with A3 have
F<s,r> : X—range(f) F<r,s> : X—range(f)
using apply_type by auto
moreover have
VxeX. (F<s,r>) (x) = (F<r,s>) (x)
proof
fix x assume A5:x€X
from A1 have range(£f)CG
using funcl_1_L5B by simp
with A3 A5 have Til:s(x) € G r(x) € G
using apply_type by auto
with A1 A2 A3 A4 A5 show
(F<s,r>) (x) = (F<r,s>) (x)
using func_ZF_1_L4 IsCommutative_def by simp
qed
ultimately show thesis using fun_extension_iff
by simp
qed

The lift of a commutative function is commutative on the function space.

lemma func_ZF_2_L2:
assumes f : GXG—G
and f {is commutative on} G
and F = £ {lifted to function space overl} X
shows F {is commutative on} (X—range(f))
using prems IsCommutative_def func_ZF_2_L1 by simp

The lift of an associative function is associative.
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lemma func_ZF_2_L3:
assumes A2: F = f {lifted to function space over} X
and A3: s : X—range(f) r : X—range(f) q : X—range(f)
and A4: f {is associative on} G
shows F(F<s,r>,q) = F(s,F<r,q>)
proof -
from A4 A2 have
F : (X—range(f)) X (X—range(f))— (X—range(f))
using IsAssociative_def func_ZF_1_L3 by auto
with A3 have T1:
F<s,r> : X—range(f)
F<r,q> : X—range(f)
F<F<s,r>,q> : X—range(f)
F<s,F<r,q> >: X—range(f)
using apply_type by auto
moreover have
VxeX. (F(F<s,r>,q)) (x) = (F(s,F<r,q>)) (x)
proof
fix x assume A5:xeX
from A4 have T2:f:GxXG—G
using IsAssociative_def by simp
then have range(£)CG
using funcl_1_L5B by simp
with A3 A5 have
s(x) € Gr(x) € Gqgx) € G
using apply_type by auto
with T2 A2 T1 A3 A5 A4 show
(F(F<s,r>,q)) (x) = (F(s,F<r,q>)) (x)
using func_ZF_1_L4 IsAssociative_def by simp
qed
ultimately show thesis using fun_extension_iff
by simp
qed

The lift of an associative function is associative on the function space.

lemma func_ZF_2_L4:
assumes Al: f {is associative on} G
and A2: F = f {lifted to function space over} X
shows F {is associative on} (X—range(f))
proof -
from A1 A2 have
F : (X—range(f)) x (X—range(f))— (X—range(£f))
using IsAssociative_def func_ZF_1_L3 by auto
moreover from Al A2 have
Vs € X—range(f). V r € X—range(f). Vq € X—range(f).
F<F<s,r>,q> = F<s,F<r,q> >
using func_ZF_2_L3 by simp
ultimately show thesis using IsAssociative_def
by simp
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qed

6.3 Restricting operations

In this section we consider when restriction of the operation to a set inherits
properties like commutativity and associativity.

The commutativity is inherited when restricting a function to a set.

lemma func_ZF_4_L1:
assumes Al: f:XxX—Y and A2: ACX
and A3: f {is commutative on} X
shows restrict(f,AxA) {is commutative on} A
proof -
{ fix x y assume A4: x€A A y€EA
with A2 A3 have
f<x,y> = £<y,x>
using IsCommutative_def by auto
moreover from A4 have
restrict(f,AxA)<x,y> = f<x,y>
restrict(f,AxA)<y,x> = f<y,x>
using restrict_if by auto
ultimately have
restrict(f,AxA)<x,y> = restrict(f,AxA)<y,x>
by simp }
then show thesis using IsCommutative_def by simp
qed

Next we define sets closed with respect to an operation.

constdefs
IsOpClosed (infix {is closed under} 65)
A {is closed under} f = Vx€A. VycA. f<x,y> € A

Associative operation restricted to a set that is closed with resp. to this
operation is associative.

lemma func_ZF_4_L2:assumes Al: f {is associative on} X
and A2: ACX and A3: A {is closed under} f
and A4: xc€A ycA zeh
and A5: g = restrict(f,AxA)
shows g(g<x,y>,z) = g(x,g<y,z>)

proof -
from A4 A2 have T1:
xeX yeX zeX
by auto

from A3 A4 A5 have

g<g<x,y>,z> = f<f<x,y>,z>

g<x,g<y,z> > = f<x,f<y,z> >

using IsOpClosed_def restrict_if by auto
moreover from Al T1 have
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f<f<x,y>,z> = £<x,f<y,z> >
using IsAssociative_def by simp
ultimately show thesis by simp
qed

Associative operation restricted to a set that is closed with resp. to this
operation is associative on the set.

lemma func_ZF_4_L3: assumes Al: f {is associative on} X
and A2: ACX and A3: A {is closed under} f
shows restrict(f,AxA) {is associative on} A

proof -
let g = restrict(f,AxA)
from A1 have f:XxX—X

using IsAssociative_def by simp
moreover from A2 have AxA C XxX by auto
moreover from A3 have Vp € AxA. g(p) € A
using IsOpClosed_def restrict_if by auto
ultimately have g : AxXA—A
using funcl_2_L4 by simp
moreover from Al A2 A3 have
VxelA VyeA V zeA.
g<g<x,y>,z> = g< x,g<y,z> >
using func_ZF_4_L2 by simp
ultimately show thesis
using IsAssociative_def by simp
qed

The essential condition to show that if a set A is closed with respect to an
operation, then it is closed under this operation restricted to any superset
of A.

lemma func_ZF_4_14: assumes A {is closed under} f
and ACB and x€A y€A and g = restrict(f,BxB)
shows g<x,y> € A
using prems IsOpClosed_def restrict by auto

If a set A is closed under an operation, then it is closed under this operation
restricted to any superset of A.

lemma func_ZF_4_L5:
assumes Al: A {is closed under} f

and A2: ACB
shows A {is closed under} restrict(f,BxB)
proof -

let g = restrict(f,BxB)
from A1 A2 have Vx€cA. VycA. g<x,y> € A
using func_ZF_4_14 by simp
then show thesis using IsOpClosed_def by simp
qed
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The essential condition to show that intersection of sets that are closed with
respect to an operation is closed with respect to the operation.

lemma func_ZF_4_16:
assumes A {is closed under} f
and B {is closed under} f
and x € ANB ye€ ANB
shows f<x,y> € ANB using prems IsOpClosed_def by auto

Intersection of sets that are closed with respect to an operation is closed
under the operation.

lemma func_ZF_4_L7:
assumes A {is closed under} f
B {is closed under} f
shows ANB {is closed under} f
using prems IsOpClosed_def by simp

6.4 Composition

For any set X we can consider a binary operation on the set of functions f :
X — X defined by C(f,g) = f o g. Composition of functions (or relations)
is defined in the standard Isabelle distribution as a higher order function.
In this section we consider the corresponding two-argument ZF-function
(binary operation), that is a subset of (X — X) x (X — X)) x (X — X).

constdefs
Composition(X) =
{<p,f> € (X=X xE—=X))x(X—X). fst(p) 0 snd(p) = £}

Composition operation is a function that maps (X — X) x (X — X) into

X — X.

lemma func_ZF_5_L1: shows Composition(X) : (X—X)x(X—X)—(X—X)
using comp_fun Composition_def funci_1_L11A by simp

The value of the composition operation is the composition of arguments.

lemma func_ZF_5_L2: assumes f:X—X g:X—X
shows Composition(X)<f,g> =f 0 g
using prems func_ZF_5_L1 Composition_def funcl_1_L11B by simp

What is the falue of a composition on an argument?

lemma func_ZF_5_L3: assumes f:X—X and g:X—X and xeX
shows (Composition(X)<f,g>) (x) = f(g(x))
using prems func_ZF_5_L2 comp_fun_apply by simp

The essential condition to show that composition is associative.

lemma func_ZF_5_L4: assumes Al: f:X—X g:X—X h:X—X
and A2: C = Composition(X)
shows C(C<f,g>,h) = C({ f,C<g,h>)
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proof -
from A2 have C : ((X—X) X (X—X))—(X—X)
using func_ZF_5_L1 by simp
with A1 have T1:
C<f,g> : X=X
C<g,h> : X=X
C<C<f,g>,h> : X—X
C< f,C<g,h> > : X—=X
using apply_funtype by auto
moreover have
V x € X. C{C<f,g>,h)(x) = C{f,C<g,h>)(x)
proof
fix x assume A3:x€eX
with A1 A2 T1 have
C<C<f,g>,h> (%) f(gh(x)))
C< £,C<g,h> >(x) = £(g(x)))
using func_ZF_5_L3 apply_funtype by auto
then show C(C<f,g>,h)(x) = C( f,C<g,h>)(x)
by simp
qed
ultimately show thesis using fun_extension_iff by simp
qed

Composition is an associative operation on X — X (the space of functions
that map X into itself).

lemma func_ZF_5_L5: shows Composition(X) {is associative on} (X—X)
proof -
let C = Composition(X)
have VfecX—X. VgeX—X. VheX—X.
C<C<f,g>,h> = C< £,C<g,h> >
using func_ZF_5_L4 by simp
then show thesis using func_ZF_5_L1 IsAssociative_def
by simp
qed

6.5 Identity function

In this section we show some additional facts about the identity function
defined in the standard Isabelle’s Perm.thy file.

Composing a function with identity does not change the function.

lemma func_ZF_6_L1A: assumes Al: f : X—X
shows Composition(X)<f,id(X)> = £
Composition(X)<id(X),f> = £

proof -
have Composition(X) : (X—X)x (X—X)—(X—X)

using func_ZF_5_L1 by simp
with Al have Composition(X)<id(X),f> : X—X
Composition(X)<f,id(X)> : X—X
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using id_type apply_funtype by auto

moreover from Al have f : X—X .

moreover from Al have
VxeX. (Composition(X)<id(X),f>) (x) f(x)
VxeX. (Composition(X)<f,id(X)>) (x) f(x)
using id_type func_ZF_5_L3 apply_funtype id_conv
by auto

ultimately show Composition(X)<id(X),f> = f
Composition(X)<f,id(X)> = f
using fun_extension_iff by auto

qed

6.6 Distributive operations

In this section we deal with pairs of operations such that one is distributive
with respect to the other, that is a-(b+c¢) = a-b+a-c and (b+c¢)-a = b-a+c-a.
We show that this property is preserved under restriction to a set closed
with respect to both operations. In EquivClassl.thy we show that this
property is preserved by projections to the quotient space if both operations
are congruent with respect to the equivalence relation.

We define distributivity as a statement about three sets. The first set is the
set on which the operations act. The second set is the additive operation (a
ZF function) and the third is the multiplicative operation.

constdefs
IsDistributive (X,A,M) = (VaeX.VbeX.VceX.
M(a,A<b,c>) = A(M<a,b>,M<a,c>) A
M(A<b,c>,a) = A(M<b,a>,M<c,a> }))

The essential condition to show that distributivity is preserved by restric-
tions to sets that are closed with respect to both operations.

lemma func_ZF_7_L1:
assumes Al: IsDistributive(X,A,M)
and A2: YCX
and A3: Y {is closed under} A Y {is closed under} M
and A4: A, = restrict(A,YXY) M, = restrict(M,YxY)
and A5: a€Y beY cey

shows M.( a,A,.<b,c> ) = A.( M,<a,b>,M<a,c> ) A
M-( A<b,c>,a ) = A.( My<b,a>,M,<c,a> )
proof

from A3 A5 have A<b,c> € Y M<a,b> € Y M<a,c> € Y
M<b,a> € Y M<c,a> € Y using IsOpClosed_def by auto

with A5 A4 have T1:A,<b,c> € Y M,<a,b> € Y M, <a,c> € Y
M,<b,a> € Y M, <c,a> € Y
using restrict by auto

with A1 A2 A4 A5 show M,( a,A.<b,c> ) = A.( M,<a,b>,M.<a,c> )
M.( A.<b,c>,a ) = A.( M;<b,a>,M,<c,a> )
using restrict IsDistributive_def by auto
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qed

Distributivity is preserved by restrictions to sets that are closed with respect
to both operations.

lemma func_ZF_7_L2:
assumes IsDistributive(X,A,M)
and YCX
and Y {is closed under} A
Y {is closed under} M
and A, = restrict(A,YXY) M, = restrict(M,YxY)
shows IsDistributive(Y,A,,M,)
proof -
from prems have VacY.VbeY.VceY.
M.( a,A.<b,c> ) = A.( M,<a,b>,M.<a,c> ) A
M-{ A.<b,c>,a ) = A.( M,<b,a>,M,<c,a> )
using func_ZF_7_L1 by simp
then show thesis using IsDistributive_def by simp
qed

6.7 Functions and order

This section deals with functions between ordered sets.

If every value of a function on a set is bounded below by a constant, then
the image of the set is bounded below.

lemma func_ZF_8_L1:
assumes f:X—Y and ACX and VxeA. (L,f(x)) € r
shows IsBoundedBelow(f(A),r)
proof -
from prems have Vy € f(A). (L,y) € r
using func_imagedef by simp
then show IsBoundedBelow(f(A),r)
by (rule Order_ZF_3_L9)
qed

If every value of a function on a set is bounded above by a constant, then
the image of the set is bounded above.

lemma func_ZF_8_L2:
assumes f:X—Y and ACX and Vx€A. (f(x),U) € r
shows IsBoundedAbove(f(A),r)
proof -
from prems have Vy € f(4). (y,U) € r
using func_imagedef by simp
then show IsBoundedAbove(f(A),r)
by (rule Order_ZF_3_L10)
qed
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6.8 Projections in cartesian products
In this section we consider maps arising naturally in cartesian products.

There is a natural bijection etween X =Y x {y} (a "slice”) and Y. We will
call this the SliceProjection(Yx{y}). This is really the ZF equivalent of
the meta-function fst(x).

constdefs
SliceProjection(X) = {(p,fst(p)). p € X }

A slice projection is a bijection between X x {y} and X.

lemma slice_proj_bij: shows
SliceProjection(Xx{y}): Xx{y} — X
domain(SliceProjection(Xx{y})) = Xx{y}
VpeXx{y}. SliceProjection(Xx{y}) (p) = fst(p)
SliceProjection(Xx{y}) € bijXx{y},X)
proof -
let P = SliceProjection(Xx{y})
have Vp € Xx{y}. fst(p) € X by simp
moreover from this have
{{p,fst(p)). p € Xx{y} } : Xx{y} — X
by (rule ZF_fun_from_total)
ultimately show
I: P: Xx{y} — X and II: VpeXx{y}. P(p) = fst(p)
using ZF_fun_from_tot_val SliceProjection_def by auto
hence
Va € Xx{y}. V b € Xx{y}. P(a) = P(b) — a=b
by auto
with I have P € inj(Xx{y},X) using inj_def
by simp
moreover from II have VxeX. JpeXx{y}. P(p) = x
by simp
with I have P € surj(Xx{y},X) using surj_def
by simp
ultimately show P € bij(Xx{y},X)
using bij_def by simp
from I show domain(SliceProjection(Xx{y})) = Xx{y}
using funci_1_L1 by simp
qed

6.9 Induced relations and order isomorphisms

When we have two sets X, Y, function f : X — Y and a relation R on Y we
can define a relation r on X by saying that x r y if and only if f(x) R f(y).
This is especially interesting when f is a bijection as all reasonable properties
of R are inherited by r. This section treats mostly the case when R is an
order relation and f is a bijection. The standard Isabelle’s Order.thy theory
defines the notion of a space of order isomorphisms between two sets relative
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to a relation. We expand that material proving that order isomrphisms
preserve interesting properties of the relation.

We call the relation created by a relation on Y and a mapping f: X — Y
the InducedRelation(f,R).

constdefs
InducedRelation(f,R) =
{p € domain(f)xdomain(f). (f(fst(p)),f(snd(p))) € R}

A reformulation of the definition of the relation induced by a function.

lemma def_of_ind_relA:
assumes (x,y) € InducedRelation(f,R)
shows (f(x),f(y)) € R
using prems InducedRelation_def by simp

A reformulation of the definition of the relation induced by a function, kind
of converse of def_of_ind_relA.

lemma def_of_ind_relB: assumes f:A—B and
x€A yeA and (f(x),f(y)) € R
shows (x,y) € InducedRelation(f,R)
using prems funcl_1_L1 InducedRelation_def by simp

A property of order isomorphisms that is missing from standard Isabelle’s
Order.thy.

lemma ord_iso_apply_conv:
assumes f € ord_iso(A,r,B,R) and
(f(x),£(y)) € R and x€A yeA
shows (x,y) € r
using prems ord_iso_def by simp

The next lemma tells us where the induced relation is defined

lemma ind_rel_domain:
assumes R C BxB and f:A—B
shows InducedRelation(f,R) C AXA
using prems funcl_1_L1 InducedRelation_def
by auto

A bijection is an order homomorphisms between a relation and the induced
one.

lemma bij_is_ord_iso: assumes Al: f € bij(A,B)
shows f € ord_iso(A,InducedRelation(f,R),B,R)
proof -
let r = InducedRelation(f,R)
{ fix x y assume A2: x€A y€A
have (x,y) € r «— (f(x),f(y)) € R
proof
assume (x,y) € r then show (f(x),f(y)) € R
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using def_of_ind_relA by simp

next assume (f(x),f(y)) € R

with A1 A2 show (x,y) € r

using bij_is_fun def_of_ind_relB by blast

ged }

with A1 show f € ord_iso(A,InducedRelation(f,R),B,R)
using ord_isoI by simp
qed

An order isomoprhism preserves antisymmetry.

lemma ord_iso_pres_antsym: assumes Al: f € ord_iso(A,r,B,R) and
A2: r C AxA and A3: antisym(R)
shows antisym(r)
proof -
{ fix xy
assume A4: (x,y) € r (y,x) €r
from A1 have f € inj(A,B)
using ord_iso_is_bij bij_is_inj by simp
moreover
from A1 A2 A4 have
(f(x), £(y)) € R and (£f(y), £(x)) € R
using ord_iso_apply by auto
with A3 have f(x) = f(y) by (rule Foll_L4)
moreover from A2 A4 have x€A ye€A by auto
ultimately have x=y by (rule inj_apply_equality)
} then have Vx y. (x,y) € r A (y,x) € r — x=y by auto
then show antisym(r) using imp_conj antisym_def
by simp
qed

Order isomoprhisms preserve transitivity.

lemma ord_iso_pres_trans: assumes Al: f € ord_iso(A,r,B,R) and
A2: r C AxA and A3: trans(R)
shows trans(r)
proof -
{fixxyz
assume Ad: (x, y) €r (y, z) €r
note A1l
moreover
from A1 A2 A4 have
(f(x), £(y)) € R A (f(y), £(2)) € R
using ord_iso_apply by auto
with A3 have (f(x),f(z)) € R by (rule Foll_L3)
moreover from A2 A4 have x€A z€A by auto
ultimately have (x, z) € r using ord_iso_apply_conv
by simp
} then have V xyz. (x, y) €er A(y, z) €r — (x, 2) €
by blast
then show trans(r) by (rule Foll_L2)
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qed

Order isomorphisms preserve totality.

lemma ord_iso_pres_tot: assumes Al: f € ord_iso(A,r,B,R) and
A2: r C AxXA and A3: R {is total on} B
shows r {is total on} A
proof -
{fixxy
assume A4: x€A yeA (x,y) ¢ r
with A1 have (f(x),f(y)) ¢ R using ord_iso_apply_conv
by auto
moreover
from A1 have f:A—B using ord_iso_is_bij bij_is_fun
by simp
with A3 A4 have (f(x),f(y)) € RV (f(y),f(x)) € R
using apply_funtype IsTotal_def by simp
ultimately have (f(y),f(x)) € R by simp
with A1 A4 have (y,x) € r using ord_iso_apply_conv

by simp
} then have VxeA. VyeA. (x,y) € r V (y,x) € r
by blast
then show r {is total on} A using IsTotal_def
by simp

qed

Order isomorphisms preserve linearity.

lemma ord_iso_pres_lin: assumes f € ord_iso(A,r,B,R) and
r C AxA and IsLinOrder(B,R)
shows IsLinOrder(A,r)
using prems ord_iso_pres_antsym ord_iso_pres_trans ord_iso_pres_tot
IsLinOrder_def by simp

If a relation is a linear order, then the relation induced on another set is by
a bijection is also a linear order.

lemma ind_rel_pres_lin:
assumes Al: f € bij(A,B) and A2: IsLinOrder(B,R)
shows IsLinOrder(A,InducedRelation(f,R))
proof -
let r = InducedRelation(f,R)
from A1 have f € ord_iso(A,r,B,R) and r C AxA
using bij_is_ord_iso domain_of_bij InducedRelation_def
by auto
with A2 show IsLinOrder(A,r) using ord_iso_pres_lin
by simp
qed

The image by an order isomorphism of a bounded above and nonempty set
is bounded above.
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lemma ord_iso_pres_bound_above:
assumes Al: f € ord_iso(A,r,B,R) and A2: r C AxXA and
A3: IsBoundedAbove(C,r) C#0
shows IsBoundedAbove(f(C),R) £f(C) # 0
proof -
from A3 obtain u where I: VxeC. (x,u) € r
using IsBoundedAbove_def by auto
from Al have II: f:A—B using ord_iso_is_bij bij_is_fun
by simp
from A2 A3 have III: CCA using Order_ZF_3_L1A by blast
from A3 obtain x where x€C by auto
with A2 I have IV: u€A by auto
{ fix y assume y € £(C)
with II III obtain x where x€C and y = £(x)
using func_imagedef by auto
with A1 I III IV have (y,f(u)) € R
using ord_iso_apply by auto
} then have Vy € £(C). (y,f(w)) € R by simp
then show IsBoundedAbove(f(C),R) by (rule Order_ZF_3_L10)
from A3 II III show f(C) # O using funcl_1_L15A
by simp
qed

Order isomorphisms preserve the property of having a minimum.

lemma ord_iso_pres_has_min:
assumes Al: f € ord_iso(A,r,B,R) and A2: r C AxA and
A3: CCA and A4: HasAminimum(R,f(C))
shows HasAminimum(r,C)
proof -
from A4 obtain m where
I:me€ £(C) and II: Vy € £(C). (m,y) € R
using HasAminimum_def by auto
let k¥ = converse(f) (m)
from A1 have III: f:A—B using ord_iso_is_bij bij_is_fun
by simp
from A1 have f € inj(A,B) using ord_iso_is_bij bij_is_inj
by simp
with A3 I have IV: k € C and V: f(k) = m
using inj_inv_back_in_set by auto
moreover
{ fix x assume A5: x€C
with A3 II IIT IV V have
ke A xeA (fx),f(x)) € R
using func_imagedef by auto
with A1 have (k,x) € r using ord_iso_apply_conv
by simp
} then have VxeC. (k,x) € r by simp
ultimately show HasAminimum(r,C) using HasAminimum_def by auto
qed
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Order isomorhisms preserve the images of relations. In other words taking
the image of a point by a relation commutes with the function.
lemma ord_iso_pres_rel_image:

assumes Al: f € ord_iso(A,r,B,R) and
A2: r C AxA R C BxB and

A3: acA
shows f(r{a}) = R{f(a)}
proof
from A1 have f:A—B using ord_iso_is_bij bij_is_fun
by simp

moreover from A2 A3 have I: r{a} C A by auto
ultimately have I: f(r{a}) = {f(x). x € r{a} }
using func_imagedef by simp
{ fix y assume A4: y € f(r{a})
with I obtain x where
x € r{a} and II: y = £(x)
by auto
with A1 A2 have (f(a),f(x)) € R using ord_iso_apply
by auto
with II have y € R{f(a)} by auto
} then show f(r{a}) C R{f(a)} by auto
{ fix y assume A5: y € R{f(a)}
let x = converse(£f) (y)
from A2 A5 have
(f(a),y) € R f(a) € B and IV: yeB
by auto
with A1 have III: (converse(f)(f(a)),x) € r
using ord_iso_converse by simp
moreover from A1l A3 have converse(f)(f(a)) = a
using ord_iso_is_bij left_inverse_bij by blast
ultimately have f(x) € {f(x). x € r{a} }
by auto
moreover from Al IV have f(x) =y
using ord_iso_is_bij right_inverse_bij by blast
moreover from A1 I have f(r{a}) = {f(x). x € r{a} }
using ord_iso_is_bij bij_is_fun func_imagedef by blast
ultimately have y € f(r{a}) by simp
} then show R{f(a)} C f(r{a}) by auto
qed

Order isomorphisms preserve collections of upper bounds.

lemma ord_iso_pres_up_bounds:

assumes Al: f € ord_iso(A,r,B,R) and

A2: r C AXA R C BxB and

A3: CCA

shows {f(r{a}). aeC} = {R{b}. b € £(C)}
proof

from A1 have T: f:A—B

using ord_iso_is_bij bij_is_fun by simp
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{ fix Y assume Y € {f(r{a}). acC}
then obtain a where I: acC and II: Y = f(r{a})
by auto
from A3 I have acA by auto
with A1 A2 have f(r{a}) = R{f(a)}
using ord_iso_pres_rel_image by simp
moreover from A3 T I have f(a) € £(C)
using func_imagedef by auto
ultimately have f(r{a}) € { R{b}. b € £(C) }
by auto
with IT have Y € { R{b}. b € £(C) } by simp
} then show {f(r{a}). acC} C {R{b}. b € £(C)}
by blast
{ fix Y assume Y € {R{b}. b € £(C)}
then obtain b where III: b € £(C) and IV: Y = R{b}
by auto
with A3 T obtain a where V: acC and b = f(a)
using func_imagedef by auto
with A3 IV have acA and Y = R{f(a)} by auto
with A1 A2 have Y = f(r{a})
using ord_iso_pres_rel_image by simp
with V have Y € {f(r{a}). acC} by auto
} then show {R{b}. b € £(C)} C {f(r{a}). acC}
by auto
qed

The image of the set of upper bounds is the set of upper bounds of the
image.

lemma ord_iso_pres_min_up_bounds:
assumes Al: f € ord_iso(A,r,B,R) and A2: r C AXxA R C BxB and
A3: CCA and A4: C#O
shows f(((acC. r{a}) = ([\bef(C). R{b})
proof -
from A1 have f € inj(A,B)
using ord_iso_is_bij bij_is_inj by simp
moreover note A4
moreover from A2 A3 have VaeC. r{a} C A by auto
ultimately have
f(NaeC. r{a}) = ( NaecC. f(xr{a}) )
using inj_image_of_Inter by simp
also from A1 A2 A3 have
( NaeC. f(r{a}) ) = ( Nbef(C). R{b} )
using ord_iso_pres_up_bounds by simp
finally show f(acC. r{a}) = (\bef(C). R{b})
by simp
qed

Order isomorphisms preserve completeness.

lemma ord_iso_pres_compl:
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assumes Al: f € ord_iso(A,r,B,R) and
A2: r C AXA R C BxB and A3: R {is complete}
shows r {is complete}
proof -
{ fix C
assume A4: IsBoundedAbove(C,r) C#0
with A1 A2 A3 have
HasAminimum(R,(b € £(C). R{b})
using ord_iso_pres_bound_above IsComplete_def
by simp
moreover
from A2 A4 have I: C C A using Order_ZF_3_L1A
by blast
with A1 A2 A4 have f(()aeC. r{a}) = ((\bef(C). R{b})
using ord_iso_pres_min_up_bounds by simp
ultimately have HasAminimum(R,f(()acC. r{a}))
by simp
moreover
from A2 A4 have C#0 and VaeC. r{a} C A by auto
then have ( (NaeC. r{a} ) C A using ZF1_1_L7 by simp
moreover note Al A2
ultimately have HasAminimum(r, ()a€C. r{a} )
using ord_iso_pres_has_min by simp
} then show r {is complete} using IsComplete_def
by simp
qed

If the original relation is complete, then the induced one is complete.

lemma ind_rel_pres_compl: assumes Al: f € bij(A,B)
and A2: R C BxB and A3: R {is complete}
shows InducedRelation(f,R) {is complete}
proof -
let r = InducedRelation(f,R)
from A1 have f € ord_iso(A,r,B,R)
using bij_is_ord_iso by simp
moreover from Al A2 have r C AxA
using bij_is_fun ind_rel_domain by simp
moreover note A2 A3
ultimately show r {is complete}
using ord_iso_pres_compl by simp
qed

end
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7 EquivClassl.thy

theory EquivClassl imports EquivClass func_ZF ZF1
begin

In this theory file we extend the work on equivalence relations done in the
standard Isabelle’s EquivClass.thy file. The problem that we have with the
EquivClass.thy is that the notions congruent and congruent2 are defined for
meta-functions rather then ZF - functions (subsets of Cartesian products).
This causes inflexibility (that is typical for typed set theories) in making
the notions depend on additional parameters For example the congruent2
there takes [i,[i,7] => i] as parameters, that is the second parameter is a
meta-function that takes two sets and results in a set. So, when our function
depends on additional parameters, (for example the function we want to be
congruent depends on a group and we want to show that for all groups the
function is congruent) there is no easy way to use that notion. The ZF
functions are sets and there is no problem if in actual application this set
depends on some parameters.

7.1 Congruent functions and projections on the quotient

First we define the notion of function that maps equivalent elements to
equivalent values. We use similar names as in the original EquivClass.thy
file to indicate the conceptual correspondence of the notions. Then we define
the projection of a function onto the quotient space. We will show that if the
function is congruent the projection is a mapping from the quotient space
into itself. In standard math the condion that the function is congruent
allows to show that the value of the projection does not depend on the
choice of elements that represent the equivalence classes. We set up things
a little differently to avoid making choices.

constdefs
Congruent(r,f) =
Vxy. <x,y> €r — <E&),E(y)> € )

ProjFun(A,r,f) =
{<c,d> € (A//v)x//r). (Ux€c. r{f(x)}) = a}

Elements of equivalence classes belong to the set.

lemma EquivClass_1_L1:
assumes Al: equiv(A,r) and A2: C € A//r and A3: x€&C
shows x€A
proof -
from A2 have C C |J (A//r) by auto
with A1 A3 show x€A
using Union_quotient by auto
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qed

The image of a subset of X under projection is a subset of A/r.

lemma EquivClass_1_L1A:
assumes ACX shows {r{x}. x€A} C X//r
using prems quotientI by auto

If an element belongs to an equivalence class, then its image under relation
is this equivalence class.

lemma EquivClass_1_L2:
assumes Al: equiv(A,r) C € A//r and A2: xeC
shows r{x} = C
proof -
from A1 A2 have x € r{x}
using EquivClass_1_L1 equiv_class_self by simp
with A2 have T1:r{x}NC # 0 by auto
from A1 A2 have r{x} € A//r
using EquivClass_1_L1 quotientI by simp
with A1 T1 show thesis
using quotient_disj by blast
qed

Elements that belong to the same equivalence class are equivalent.

lemma EquivClass_1_L2A:
assumes equiv(A,r) C € A//r xeC yeC
shows <x,y> € r
using prems EquivClass_1_L2 EquivClass_1_L1 equiv_class_eq_iff
by simp

Every z is in the class of y, then they are equivalent.

lemma EquivClass_1_L2B:
assumes Al: equiv(A,r) and A2: yc€A and A3: x € r{y}
shows <x,y> € r
proof -
from A2 have r{y} € A//r
using quotientI by simp
with A1 A3 show thesis using
EquivClass_1_L1 equiv_class_self equiv_class_nondisjoint by blast
qed

If a function is congruent then the equivalence classes of the values that
come from the arguments from the same class are the same.

lemma EquivClass_1_L3:
assumes Al: equiv(A,r) and A2: Congruent(r,f)
and A3: C € A//r xeC yeC
shows r{f(x)} = r{f(y)}
proof -
from A1 A3 have <x,y> € r
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using EquivClass_1_L2A by simp
with A2 have <f(x),f(y)> € r
using Congruent_def by simp
with Al show thesis using equiv_class_eq by simp
qed

The values of congruent functions are in the space.

lemma EquivClass_1_L4:
assumes Al: equiv(A,r) and A2: C € A//r xeC
and A3: Congruent(r,f)
shows f(x) € A
proof -
from A1 A2 have x€A
using EquivClass_1_L1 by simp
with A1 have <x,x> € r
using equiv_def refl_def by simp
with A3 have <f(x),f(x)> € r
using Congruent_def by simp
with Al show thesis using equiv_type by auto
qed

Equivalence classes are not empty.

lemma EquivClass_1_L5:
assumes Al: refl(A,r) and A2: C € A//r
shows C#0
proof -
from A2 obtain x where D1: C = r{x} and D2: x€A
using quotient_def by auto
from D2 Al have x € r{x} using refl_def by auto
with D1 show thesis by auto
qed

To avoid using an axiom of choice, we define the projection using the ex-
pression | J, o 7({f(z)}). The next lemma shows that for congruent function
this is in the quotient space A/r.

lemma EquivClass_1_L6:
assumes Al: equiv(A,r) and A2: Congruent(r,f)
and A3:C € A//r
shows (|JxeC. r{f(x)}) € A//r
proof -
from A1 A3 have C#0
using equiv_def EquivClass_1_L5 by auto
moreover from A2 A3 Al have VxeC. r{f(x)} € A//r
using EquivClass_1_L4 quotientI by auto
moreover from A1 A2 A3 have
Vx y. x€C A yeC — r{f(x)} = r{f(y)}
using EquivClass_1_L3 by blast
ultimately show thesis by (rule ZF1_1_L2)
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qed

Congruent functions can be projected.

lemma EquivClass_1_T1:
assumes equiv(A,r) Congruent(r,f)
shows ProjFun(A,r,f) € A//r — A//r
using prems EquivClass_1_L6 ProjFun_def funci_1_L11A
by simp

We now define congruent functions of two variables. Congruent2 corresponds
to congruent2 in EquivClass.thy, but uses ZF-functions rather than meta-
functions.

constdefs
Congruent2(r,f) =
(Vx1 x2 y1 y2. <x1,x2> € r A <yl,y2> € r —>
<f<x1,y1>,f<x2,y2> > € r)

ProjFun2(A,r,f) =
{<p,d> € ((A//x)x(A//x))x(A//T)
(U z € fst(p)xsnd(p). r{f(z2)}) = d}

The following lemma is a two-variables equivalent of EquivClass_1_L3.

lemma EquivClass_1_L7:
assumes Al: equiv(A,r) and A2: Congruent2(r,f)
and A3: C1 € A//r C2 € A//r
and A4: z1 € C1xC2 z2 € C1xC2
shows r{f(z1)} = r{f(z2)}
proof -
from A4 obtain x1 y1 x2 y2 where
x1€Cl and y1e€C2 and D1:z1 = <x1,y1> and
x2€C1 and y2€C2 and D2:z2 = <x2,y2>
by auto
with Al A3 have <x1,x2> € r and <yl1,y2> € r
using EquivClass_1_L2A by auto
with A2 have <f<x1,y1>,f<x2,y2> > € r
using Congruent2_def by simp
with A1 D1 D2 show thesis using equiv_class_eq by simp
qed

The values of congruent functions of two variables are in the space.

lemma EquivClass_1_L8:
assumes Al: equiv(A,r) and A2: C1 € A//r and A3: C2 € A//r
and A4: z € C1xC2 and A5: Congruent2(r,f)
shows f(z) € A
proof -
from A4 obtain x y where x€C1 and yeC2 and D1:z = <x,y>
by auto
with A1 A2 A3 have x€A and y€A

72



using EquivClass_1_L1 by auto
with A1 A4 have <x,x> € r and <y,y> € r
using equiv_def refl_def by auto
with A5 have <f<x,y>, f<x,y> > € r
using Congruent2_def by simp
with A1 D1 show thesis using equiv_type by auto
qed

The values of congruent functions are in the space. Note that although this
lemma is intended to be used with functions, we don’t need to assume that
we f is a function.

lemma EquivClass_1_L8A:
assumes Al: equiv(A,r) and A2: x€A ye€A
and A3: Congruent2(r,f)
shows f<x,y> € A
proof -
from A1 A2 have r{x} € A//r r{y} € A//r
<x,y> € r{x}xr{y}
using equiv_class_self quotientI by auto
with A1 A3 show thesis using EquivClass_1_L8 by simp
qed

The following lemma is a two-variables equivalent of EquivClass_1_L6.

lemma EquivClass_1_L9:
assumes Al: equiv(A,r) and A2: Congruent2(r,f)
and A3: p € (A//r)x(A//T)
shows (| z € fst(p)xsnd(p). r{f(z)}) € A//r
proof -
from A3 have D1:fst(p) € A//r and D2:snd(p) € A//r
by auto
with A1 A2 have
T1:Vz € fst(p)xsnd(p). £(z) € A
using EquivClass_1_L8 by simp
from A3 A1 have fst(p)xsnd(p) # O
using equiv_def EquivClass_1_L5 Sigma_empty_iff
by auto
moreover from Al T1 have
Vz € fst(p)xsnd(p). r{f(2)} € A//x
using quotientI by simp
moreover from Al A2 D1 D2 have
Vzl z2. z1 € fst(p)xsnd(p) A z2 € fst(p)xsnd(p) —
r{f(z1)} = r{f(z2)}
using EquivClass_1_L7 by blast
ultimately show thesis by (rule ZF1_1_L2)
qed

Congruent functions of two variables can be projected.

theorem EquivClass_1_T1:
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assumes equiv(A,r) Congruent2(r,f)
shows ProjFun2(A,r,f) € (A//r)x(A//r) — A//r
using prems EquivClass_1_L9 ProjFun2_def funcl_1_L11A by simp

We define the projection on the quotient space as a function that takes an
element of A and assigns its equivalence class in A/r.

constdefs
Proj(A,r) = {<x,c> € Ax(A//r). r{x} = c}

The projection diagram commutes. I wish I knew how to draw this diagram
in BTRX.

lemma EquivClass_1_L10: assumes Al: equiv(A,r) and A2: Congruent2(r,f)

and A3: x€A yeA
shows ProjFun2(A,r,f)<r{x},r{y}> = r{f<x,y>?}
proof -
from A3 A1 have r{x} x r{y} # 0
using quotientI equiv_def EquivClass_1_L5 Sigma_empty_iff
by auto
moreover have
Vz € r{xkxr{y}. r{f(@)} = r{f<x,y>}
proof
fix z assume Ad:z € r{x}xr{y}
from A1 A3 have
r{x} € A//r r{y} € A//r
<x,y> € r{x}xr{y}
using quotientI equiv_class_self by auto
with A1 A2 A4 show
r{f(z)} = r{f<x,y>}
using EquivClass_1_L7 by blast
qed
ultimately have
Uz € rizxtxr{y}. r{f@P = r{f<x,y>}
by (rule ZF1_1_L1)
moreover from A3 Al A2 have
ProjFun2(A,r,f)<r{x},r{y}> =
Uz € rix}xri{y}. r{£f(=2)1H
using quotientI EquivClass_1_T1 ProjFun2_def funcl_1_L11B
by simp
ultimately show thesis by simp
qed

7.2 Projecting commutative, associative and distributive op-
erations.

In this section we show that if the operations are congruent with respect to
an equivalence relation then the projection to the quotient space preserves
commutativity, associativity and distributivity.
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The projection of commutative operation is commutative.

lemma EquivClass_2_L1: assumes
Al: equiv(A,r) and A2: Congruent2(r,f)
and A3: f {is commutative on} A
and Ad4: cl € A//r c2 € A//r
shows ProjFun2(A,r,f) <cl,c2> = ProjFun2(A,r,f)<c2,cl>
proof -
from A4 obtain x y where D1:
cl = r{x} c2 = r{y}
x€A yeA
using quotient_def by auto
with Al A2 have ProjFun2(A,r,f) <cl,c2> = r{f<x,y>}
using EquivClass_1_L10 by simp
also from A3 D1 have
r{f<x,y>} = r{f<y,x>}
using IsCommutative_def by simp
also from A1 A2 D1 have
r{f<y,x>} = ProjFun2(A,r,f) <c2,cl>
using EquivClass_1_L10 by simp
finally show thesis by simp
qed

The projection of commutative operation is commutative.

theorem EquivClass_2_T1:
assumes equiv(A,r) and Congruent2(r,f)
and f {is commutative on} A
shows ProjFun2(A,r,f) {is commutative on} A//r
using prems IsCommutative_def EquivClass_2_L1 by simp

The projection of an associative operation is associative.

lemma EquivClass_2_L2:
assumes Al: equiv(A,r) and A2: Congruent2(r,f)
and A3: f {is associative on} A
and A4: c1 € A//r c2 € A//r c3 € A//r
and A5: g = ProjFun2(A,r,f)
shows g(g<cl,c2>,c3) = g(cl,g<c2,c3>)
proof -
from A4 obtain x y z where D1:
cl = r{x} c2 = r{y} c3 = r{z}
x€A yeA z€A
using quotient_def by auto
with A3 have T1:f<x,y> € A f<y,z> € A
using IsAssociative_def apply_type by auto
with A1 A2 D1 A5 have
g(g<cl,c2>,c3) = r{f<f<x,y>,z>}
using EquivClass_1_L10 by simp
also from D1 A3 have
.= r{f<x,f<y,z> >}
using IsAssociative_def by simp
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also from T1 A1 A2 D1 A5 have
. = glcl,g<c2,c3>)
using EquivClass_1_L10 by simp
finally show thesis by simp
qed

The projection of an associative operation is associative on the quotient.

theorem EquivClass_2_T2:
assumes Al: equiv(A,r) and A2: Congruent2(r,f)
and A3: f {is associative on} A
shows ProjFun2(A,r,f) {is associative on} A//r
proof -
let g = ProjFun2(A,r,f)
from A1 A2 have
g € (A//r)x(A//x) — A//r
using EquivClass_1_T1 by simp
moreover from A1 A2 A3 have
Vcl € A//r.Vc2 € A//r.Vc3 € A//r.
g<g<cl,c2>,c3> = g< c1,g<c2,c3> >
using EquivClass_2_L2 by simp
ultimately show thesis
using IsAssociative_def by simp
qged

The essential condition to show that distributivity is preserved by projec-
tions to quotient spaces, provided both operations are congruent with re-
spect to the equivalence relation.

lemma EquivClass_2_L3:
assumes Al: IsDistributive(X,A,M)
and A2: equiv(X,r)
and A3: Congruent2(r,A) Congruent2(r,M)
and A4: a € X//r b € X//r c € X//r
and A5: Ap = ProjFun2(X,r,A) Mp = ProjFun2(X,r,M)
shows Mp(a,Ap<b,c>) = Ap( Mp<a,b>,Mp<a,c>) A
Mp( Ap<b,c>,a ) = Ap( Mp<b,a>,Mp<c,a>)
proof
from A4 obtain x y z where x€X yeX zeX
a = r{x} b = r{y} c = r{z}
using quotient_def by auto
with A1 A2 A3 A5 show
Mp(a,Ap<b,c>) = Ap( Mp<a,b>,Mp<a,c>)
Mp( Ap<b,c>,a ) = Ap( Mp<b,a>,Mp<c,a>)
using EquivClass_1_L8A EquivClass_1_L10 IsDistributive_def
by auto
qed

Distributivity is preserved by projections to quotient spaces, provided both
operations are congruent with respect to the equivalence relation.

lemma EquivClass_2_L4: assumes Al: IsDistributive(X,A,M)
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and A2: equiv(X,r)

and A3: Congruent2(r,A) Congruent2(r,M)

shows IsDistributive(X//r,ProjFun2(X,r,A),ProjFun2(X,r,M))
proof-
let Ap = ProjFun2(X,r,A)
let Mp = ProjFun2(X,r,M)
from A1 A2 A3 have

Va€eX//r.VbeX//r.VceX//r.

Mp< a,Ap<b,c> > Ap< Mp<a,b>,Mp<a,c> > A

Mp< Ap<b,c>,a > = Ap< Mp<b,a>,Mp<c,a> >

using EquivClass_2_L3 by simp
then show thesis using IsDistributive_def by simp
qed

7.3 Saturated sets

In this section we consider sets that are saturated with respect to an equiv-
alence relation. A set A is saturated with respect to a relation r if A =
r~1(r(A)). For equivalence relations saturated sets are unions of equiv-
alemce classes. This makes them useful as a tool to define subsets of the
quoutient space using properties of representants. Namely, we often define
a set B C X/r by saying that [z], € B iff x € A. If A is a saturated set, this
definition is consistent in the sense that it does not depend on the choice of
x to represent [x],.

The following defines the notion of saturated set. Recall that in Isabelle
r-(A) is the inverse image of A with respect to relation r. This definition is
not specific to equivalence relations.

constdefs
IsSaturated(r,A) = A = r-(r(4))

For equivalence relations a set is saturated iff it is an image of itself.

lemma EquivClass_3_L1: assumes Al: equiv(X,r)
shows IsSaturated(r,A) «— A = r(A)
proof
assume A2: IsSaturated(r,A)
then have A = (converse(r) 0 r)(A)
using IsSaturated_def vimage_def image_comp
by simp
also from Al have ... = r(4)
using equiv_comp_eq by simp
finally show A = r(A) by simp
next assume A = r(4)
with Al have A = (converse(r) 0 r)(A)
using equiv_comp_eq by simp
also have ... = r-(r(4))
using vimage_def image_comp by simp
finally have A = r-(r(A)) by simp
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then show IsSaturated(r,A) using IsSaturated_def
by simp
qed

For equivalence relations sets are contained in their images.

lemma EquivClass_3_L2: assumes Al: equiv(X,r) and A2: ACX
shows A C r(A)
proof
fix a assume A3: acA
with A1 A2 have a € r{a}
using equiv_class_self by auto
with A3 show a € r(A) by auto
qed

” is an equivalence relation and a set A is

such that a € A and a ~ b implies b € A, then A is saturated with respect
to the relation.

The next lemma shows that if 7~

lemma EquivClass_3_L3: assumes Al: equiv(X,r)
and A2: r C XxX and A3: ACX
and A4: Vx€A. VyeX. (x,y) € r — y€A
shows IsSaturated(r,A)
proof -
from A2 A4 have r(A) C A
using image_iff by blast
moreover from Al A3 have A C r(A)
using EquivClass_3_L2 by simp
ultimately have A = r(A) by auto
with A1 show IsSaturated(r,A) using EquivClass_3_L1
by simp
qed

If AC X and A is saturated and x ~ y, then x € A iff y € A. Here we we
show only one direction.

lemma EquivClass_3_L4: assumes Al: equiv(X,r)
and A2: IsSaturated(r,A) and A3: ACX
and A4: (x,y) € r
and A5: x€X yeA
shows x€A
proof -
from A1 A5 have x € r{x}
using equiv_class_self by simp
with A1 A3 A4 A5 have x € r(4)
using equiv_class_eq equiv_class_self
by auto
with A1 A2 show x€A
using EquivClass_3_L1 by simp
qed

If AC X and A is saturated and x ~ y, then x € A iff y € A.
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lemma EquivClass_3_L5: assumes Al: equiv(X,r)
and A2: IsSaturated(r,A) and A3: ACX
and A4: xeX yeX
and A5: (x,y) € r
shows x€A «—— yeA
proof
assume ycA
with prems show x€A using EquivClass_3_L4
by simp
next assume A6: x€A
from A1 A5 have (y,x) € r
using equiv_is_sym by blast
with A1 A2 A3 A4 A6 show yecA
using EquivClass_3_L4 by simp
qed

If A is saturated then x € A iff its class is in the projection of A.

lemma EquivClass_3_L6: assumes Al: equiv(X,r)
and A2: IsSaturated(r,A) and A3: ACX and A4: xe€X
and A5: B = {r{x}. xeA}
shows x€A «—— r{x} € B
proof
assume xcA
with A5 show r{x} € B by auto
next assume r{x} € B
with A5 obtain y where I: y € A and r{x} = r{y}
by auto
with A1 A3 have (x,y) € r
using eq_equiv_class by auto
with A1 A2 A3 A4 I show x€A
using EquivClass_3_L4 by simp
qed

A technical lemma involving a projection of a saturated set and a logical
epression with exclusive or.

lemma EquivClass_3_L7: assumes Al: equiv(X,r)
and A2: IsSaturated(r,A) and A3: ACX
and A4: xeX yeX
and A5: B = {r{x}. xeA}
and A6: (x€A) Xor (ye€Ah)
shows (r{x} € B) Xor (r{y} € B)
using prems EquivClass_3_L6 by simp

end

79



8 Finitel.thy

theory Finitel imports Finite funcl ZF1
begin

8.1 Finite powerset

Intersection of a collection is contained in every element of the collection.

lemma ZF11: assumes A: A € M shows (M C A
proof

fix x

assume Al: x € (M

from A1 A show x € A ..
qed

Intersection of a nonempty collection M of subsets of X is a subset of X.
lemma ZF12: assumes Al: VA€ M. ACX and A2:M#0
shows (| M) C X
proof -
from A2 have V Ae M. () M C A) using ZF11 by simp
with A1 A2 show () M) C X by fast
qed

Here we define a restriction of a collection of sets to a given set. In romantic
math this is typically denoted X N M and means {X NA: A€ M}. Note
there is also restrict(f, A) defined for relations in ZF.thy.

constdefs

RestrictedTo (infixl {restricted to} 70)
M {restricted to} X = {X N A . A € M}

In Topology_zFTopology ZF theory we consider induced topology that is
obtained by taking a subset of a topological space. To show that a topology
restricted to a subset is also a topology on that subset we may need a fact
that if T is a collection of sets and A is a set then every finite collection
{Vi} is of the form V; = U; N A, where {U;} is a finite subcollection of 7.
This is one of those trivial facts that require suprisingly long formal proof.
Actually, the need for this fact is avoided by requiring intersection two open
sets to be open (rather than intersection of a finite number of open sets).
Still, the fact is left here as an example of a proof by induction.

We will use Fin_induct lemma from Finite.thy. First we define a property
of finite sets that we want to show.
constdefs

Prfin(T,A,M) = ( (M = 0) | (IN€ Fin(T). VVe M. 3 Ue N. (V = UNA)))

Now we show the main induction step in a separate lemma. This will make
the proof of the theorem FinRestr below look short and nice. The premises
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of the ind_step lemma are those needed by the main induction step in lemma
Fin_induct (see Finite.thy).

lemma ind_step: assumes A: V Ve TA. 3 Ue T. V=UNA
and Al: WETA and A2:Me Fin(TA)
and A3:W¢M and A4: Prfin(T,A,M)
shows Prfin(T,A,cons(W,M))
proof (cases M=0)
assume A7: M=0 show Prfin(T, A, cons(W, M))

proof-
from A1 A obtain U where A5: UcT and A6:W=UNA by fast
let N = {U}

from A5 have T1: N € Fin(T) by simp
from A7 A6 have T2:VVe cons(W,M). 3 UeN. V=UNA by simp
from A7 T1 T2 show Prfin(T, A, cons(W, M))
using Prfin_def by auto
qed
next
assume A8:M+#0 show Prfin(T, A, cons(W, M))
proof-
from A1 A obtain U where A5: UcT and A6:W=UNA by fast
from A8 A4 obtain NO
where A9: NO€ Fin(T)
and A10: VVe M. 3 UO€ NO. (V = UONA)
using Prfin_def by auto
let N = cons(U,NO)
from A5 A9 have N € Fin(T) by simp
moreover from A10 A6 have VVe cons(W,M). 3 UeN. V=UNA by simp
ultimately have 3 N& Fin(T).VVe cons(W,M). 3 UeN. V=UNA by auto
with A8 show Prfin(T, A, cons(W, M))
using Prfin_def by simp
qed
qed

Now we are ready to prove the statement we need.

theorem FinRestr0O: assumes A: V Ve TA. 3 Ue T. V=UNA
shows V Me Fin(TA). Prfin(T,A,M)
proof
fix M
assume Al: Me Fin(TA)
have Prfin(T,A,0) using Prfin_def by simp

with Al show Prfin(T,A,M) using ind_step by (rule Fin_induct)
qed

This is a different form of the above theorem:

theorem ZF1FinRestr:
assumes Al:Me Fin(TA) and A2: M#0
and A3: V Ve TA. 3 Ue T. V=UNA
shows INe Fin(T). (VVve M. 3 Ue N. (V = UNA)) A N#O
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proof -
from A3 A1 have Prfin(T,A,M) using FinRestrO by blast
then have INe€ Fin(T). VVe M. 3 Ue N. (V = UNA)
using A2 Prfin_def by simp
then obtain N where
D1:Ne Fin(T) A (YVe M. 3 Ue N. (V = UNA)) by auto
with A2 have N#0 by auto
with D1 show thesis by auto
qed

Purely technical lemma used in Topology_ZF_1 to show that if a topology
is T, then it is T7.

lemma Finitel_L2:
assumes A:3U V. (UET A VET A x€U A yeV A UNV=0)
shows JUET. (x€U A y&U)
proof -
from A obtain U V where D1:UcT A VET A x€U A yeV A UNV=0 by auto
with D1 show thesis by auto
qed

A collection closed with respect to taking a union of two sets is closed under
taking finite unions. Proof by induction with the induction step formulated
in a separate lemma.

The induction step:

lemma Finitel L3_IndStep:
assumes A1:VA B. ((AeC A BeC) — AUBEC)
and A2: AcC and A3:N€Fin(C) and A4:A¢N and A5:(JN € C
shows |Jcons(4,N) € C
proof -
have |J cons(A,N) = AU [N by blast
with Al A2 A5 show thesis by simp
qed

The lemma:

lemma Finitel L3:
assumes A1:0 € C and A2:VA B. ((AeC A BeC) — AUBEC) and
A3:Ne Fin(C)
shows | JNeC
proof -
from A1 have (JO € C by simp
with A3 show |JN€ C using Finitel_L3_IndStep by (rule Fin_induct)
qed

A collection closed with respect to taking a intersection of two sets is closed
under taking finite intersections. Proof by induction with the induction
step formulated in a separate lemma. This is sligltly more involved than
the union case in Finitel L3, because the intersection of empty collection is
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undefined (or should be treated as such). To simplify notation we define the
property to be proven for finite sets as a constdef.

constdefs
IntPr(T,N) = (W=0 | N € T)

The induction step.

lemma Finitel L4_IndStep:
assumes A1:VA B. ((A€T A BET) — ANBET)
and A2: A€T and A3:N€Fin(T) and A4:A¢N and A5:IntPr(T,N)
shows IntPr(T,cons(A,N))
proof (cases N=0)
assume A6:N=0 show IntPr(T,cons(A,N))
proof-
from A6 A2 show IntPr(T, cons(A, N)) using IntPr_def by simp
qed
next
assume A7:N#0 show IntPr(T, cons(A, N))
proof -
from A7 A5 A2 A1 have (\N N A € T using IntPr_def by simp
moreover from A7 have (|cons(A, N) = (1N N A by auto
ultimately show IntPr(T, cons(A, N)) using IntPr_def by simp
qed
qed

The lemma.

lemma Finitel_L4:
assumes A1:VA B. A€T A BET — ANB € T
and A2:NeFin(T)
shows IntPr(T,N)
proof -
have IntPr(T,0) using IntPr_def by simp
with A2 show IntPr(T,N) wusing Finitel_L4_IndStep
by (rule Fin_induct)
qed

Next is a restatement of the above lemma that does not depend on the IntPr
meta-function.

lemma Finitel L5:
assumes Al: VA B. ((A€T A BET) — ANBET)
and A2:N#0 and A3:N€Fin(T)
shows (N € T
proof -
from A1 A3 have IntPr(T,N) using Finitel_ L4 by simp
with A2 show thesis using IntPr_def by simp
qed

The images of finite subsets by a meta-function are finite. For example in
topology if we have a finite collection of sets, then closing each of them
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results in a finite collection of closed sets. This is a very useful lemma with
many unexpected applications. The proof is by induction.

The induction step:

lemma Finitel_L6_IndStep:
assumes YVeEB. K(V)eC
and UeB and NeFin(B) and U¢N and {K(V). VEN}EFin(C)
shows {K(V). V€cons(U,N)} € Fin(C)
using prems by simp

The lemma:

lemma Finitel_L6: assumes A1:VVeB. K(V)eC and A2:NeFin(B)

shows {K(V). VeN} € Fin(C)
proof -

have {K(V). Ve€0}cFin(C) by simp

with A2 show thesis using Finitel_L6_IndStep by (rule Fin_induct)
qed

The image of a finite set is finite.

lemma Finitel L6A: assumes Al: f:X—Y and A2: N € Fin(X)
shows £(N) € Fin(Y)
proof -
from A1 have VxeX. f(x) € Y
using apply_type by simp
moreover from A2 have NeFin(X) .
ultimately have {f(x). xeN} € Fin(Y)
by (rule Finitel_L6)
with Al A2 show thesis
using FinD func_imagedef by simp
qed

If the set defined by a meta-function is finite, then every set defined by a
composition of this meta function with another one is finite.

lemma Finitel L6B:
assumes Al: VxeX. a(x) € Y and A2: {b(y).y€Y} € Fin(Z)
shows {b(a(x)).x€X} € Fin(Z)
proof -
from A1 have {b(a(x)).xeX} C {b(y).y€Y} by auto
with A2 show thesis using Fin_subset_lemma by blast
qed

If the set defined by a meta-function is finite, then every set defined by a
composition of this meta function with another one is finite.

lemma Finitel L6C:
assumes Al: VyeY. b(y) € Z and A2: {a(x). x€X} € Fin(Y)
shows {b(a(x)).x€X} € Fin(Z)

proof -
let N = {a(x). x€X}
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from A1 A2 have {b(y). y € N} € Fin(Z)
by (rule Finitel_L6)
moreover have {b(a(x)). x€X} = {b(y). ye N}
by auto
ultimately show thesis by simp
qed

Next we show an identity that is used to prove sufficiency of some condition
for a collection of sets to be a base for a topology. Should be in ZF1.thy.

lemma Finitel_L8: assumes A1:YUEC. JA€B. U = [JA
shows (JUU {U{A€B. U = [JA}. UeC} = YC
proof
show (J(Juec. Y{a €B . U
show |JC C |J(Juec. |J{a €
proof
fix x assume A2:x € |JC
show xe (J(Juec. J{a € B . U = UAD)
proof -
from A2 obtain U where D1:UcC A x€U by auto
with Al obtain A where D2:AcB A U = |JA by auto
from D1 D2 show xe |J (JUeC. |J{A € B . U = [JA}) by auto
qed
qed
qed

= [JA}) C JC by blast
B.U=AD

If an intersection of a collection is not empty, then the collection is not
empty. We are (ab)using the fact the the intesection of empty collection is
defined to be empty and prove by contradiction. Should be in ZF1.thy

lemma Finitel_L9: assumes Al:(|A # 0 shows A#0
proof (rule ccontr)

assume A2: = A # 0

with Al show False by simp
qed

Cartesian product of finite sets is finite.

lemma Finitel_L12: assumes Al1:A € Fin(A) and A2:B € Fin(B)
shows AxB € Fin(AXxB)
proof -
have T1:VacA. VbeB. {<a,b>} € Fin(AxB) by simp
have VacA. {{<a,b>}. b € B} € Fin(Fin(AxB))
proof
fix a assume A3:a € A
with T1 have VbeB. {<a,b>} € Fin(AXB)
by simp
moreover from A2 have B € Fin(B) .
ultimately show {{<a,b>}. b € B} € Fin(Fin(AxB))
by (rule Finitel_L6)
qed
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then have VacA. |J {{<a,b>}. b € B} € Fin(AxB)
using Fin_UnionI by simp
moreover have
Vaeh. |J {{<a,b>}. b € B} = {a}x B by blast
ultimately have VacA. {a}x B € Fin(AxB) by simp
moreover from Al have A € Fin(A) .
ultimately have {{a}x B. a€A} € Fin(Fin(AxB))
by (rule Finitel_L6)
then have |J{{a}x B. a€A} € Fin(AxB)
using Fin_UnionI by simp
moreover have J{{a}x B. a€A} = AXB by blast
ultimately show thesis by simp
qed

We define the characterisic meta-function that is the identity on a set and
assigns a default value everywhere else.

constdefs
Characteristic(A,default,x) = (if x€A then x else default)

A finite subset is a finite subset of itself.

lemma Finitel_L13:
assumes Al:A € Fin(X) shows A € Fin(A)
proof (cases A=0)
assume A=0 then show A € Fin(A) by simp
next
assume A2: A#0 then obtain ¢ where D1:c€A
by auto
then have Vx€X. Characteristic(A,c,x) € A
using Characteristic_def by simp
moreover from A1 have A € Fin(X) .
ultimately have
{Characteristic(A,c,x). x€A} € Fin(A)
by (rule Finitel_L6)
moreover from D1 have
{Characteristic(A,c,x). x€A} = A
using Characteristic_def by simp
ultimately show A € Fin(A) by simp
qed

Cartesian product of finite subsets is a finite subset of cartesian product.

lemma Finitel L14: assumes Al:A € Fin(X) B € Fin(Y)
shows AXB € Fin(XxY)
proof -
from A1 have AxB C XxY using FinD by auto
then have Fin(AxB) C Fin(XxY) using Fin_mono by simp
moreover from Al have AxB € Fin(AXB)
using Finitel L13 Finitel L12 by simp
ultimately show thesis by auto
qed
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The next lemma is needed in the Group_ZF_3 theory in a couple of places.

lemma Finitel_L15:
assumes Al: {b(x). x€A} € Fin(B) {c(x). x€A} € Fin(C)
and A2: f : BXC—E
shows {f<b(x),c(x)>. x€A} € Fin(E)
proof -
from A1 have {b(x). x€A}Yx{c(x). x€A} € Fin(BxC)
using Finitel_L14 by simp
moreover have
{<b(x),c(x)>. x€A} C {b(x). xeArx{c(x). x€A}
by blast
ultimately have TO: {<b(x),c(x)>. x€A} € Fin(BxC)
by (rule Fin_subset_lemma)
with A2 have T1: f{<b(x),c(x)>. x€A} € Fin(E)
using Finitel_L6A by auto
from TO have VxcA. <b(x),c(x)> € BxC
using FinD by auto
with A2 have
f{<b(x),c(x)>. x€A} = {f<b(x),c(x)>. x€A}
using funcl_1_L17 by simp
with T1 show thesis by simp
qed

Singletons are in the finite powerset.

lemma Finitel L16: assumes x€X shows {x} € Fin(X)
using prems emptyI consI by simp

A special case of Finitel_L15 where the second set is a singleton. Group_zF_3
theory this corresponds to the situation where we multiply by a constant.

lemma Finitel L16AA: assumes Al: {b(x). x€A} € Fin(B)
and A2: ceC and A3: f : BXC—E
shows {f<b(x),c>. x€A} € Fin(E)
proof -
from prems have
VyeB. f(y,c) € E
{b(x). x€A} € Fin(B)
using apply_funtype by auto
then show thesis by (rule Finitel_L6C)
qed

In the IsarMathLib coding convention it is rather difficult to use results that
take == (that is, another lemma) as one of the assumptions. It is easier
to use a condition written with the first order implication (—). The next
lemma is the induction step of the lemma about the first order induction.

lemma Finitel _L16A:
assumes VA€Fin(X).VxeX. x¢A A P(A)—PAU{x})
and x€X and AcFin(X) and x¢A and P(4)
shows P(cons(x,A))

87



proof -
from prems have P(AU{x}) by simp
moreover have cons(x,A) = AU{x} by auto
ultimately show thesis by simp

qed

First order version of the induction for the finite powerset.

lemma Finitel_L16B: assumes Al: P(0) and A2: Be€Fin(X)

and A3: VA€Fin(X).VxeX. x¢A A P(A)—P(AU{x})

shows P(B)
proof -

from A1 have P(0) .

with A2 show P(B) using Finitel L16A by (rule Fin_induct)
qged

8.2 Finite range functions

In this section we define functions f : X — Y, with the property that
f(X) is a finite subset of Y. Such functions play a important role in the
construction of real numbers in the Real ZF x.thy series.

constdefs
FinRangeFunctions(X,Y) = {f:X—Y. £(X) € Fin(Y)}

Constant functions have finite range.

lemma Finitel_L17: assumes c€Y and X#0
shows ConstantFunction(X,c) € FinRangeFunctions(X,Y)
using prems funcl_3_L1 func_imagedef funcl_3_L2 Finitel_L16
FinRangeFunctions_def by simp

Finite range functions have finite range.

lemma Finitel_L18: assumes f € FinRangeFunctions(X,Y)
shows {f(x). x€X} € Fin(Y)
using prems FinRangeFunctions_def func_imagedef by simp

An alternative form of the definition of finite range functions.

lemma Finitel_L19: assumes f:X—Y
and {f(x). x€X} € Fin(Y)
shows f € FinRangeFunctions(X,Y)
using prems func_imagedef FinRangeFunctions_def by simp

A composition of a finite range function with another function is a finite
range function.

lemma Finitel_L20: assumes Al:f € FinRangeFunctions(X,Y)
and A2:g : Y—Z
shows g 0 f € FinRangeFunctions(X,Z)

proof -
from A1 A2 have g{f(x). x€X} € Fin(Z)
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using Finitel_L18 Finitel_L6A
by simp

with A1 A2 have {(g 0 £)(x). x€X} € Fin(2)
using FinRangeFunctions_def apply_funtype

funcl_1_L17 comp_fun_apply by auto

with A1 A2 show thesis using
FinRangeFunctions_def comp_fun Finitel L19
by auto

qed

Image of any subset of the domain of a finite range function is finite.

lemma Finitel_L21:
assumes Al: f € FinRangeFunctions(X,Y) and A2: ACX
shows f(A) € Fin(Y)
proof -
from A1 A2 have f(X) € Fin(Y) £(A) C £(X)
using FinRangeFunctions_def funcl_1_L8
by auto
then show f(A) € Fin(Y) using Fin_subset_lemma
by blast
qed

end

89



9 Finite ZF.thy

theory Finite_ZF_1 imports Finitel Order_ZF
begin

This theory file contains properties of finite sets related to order relations.

9.1 Finite vs. bounded sets

The goal of this section is to show that finite sets are bounded and have
maxima and minima.

Finite set has a maximum - induction step.

lemma Finite_ZF_1_1_L1:
assumes Al: r {is total on} X and A2: trans(r)
and A3: AcFin(X) and A4: xeX and A5: A=0 V HasAmaximum(r,A)
shows AU{x} = 0 V HasAmaximum(r,AU{x})
proof (cases A=0)
assume A=0 then have T1: AU{x} = {x} by simp
from A1 have refl(X,r) using total_is_refl by simp
with T1 A4 show AU{x} = 0 V HasAmaximum(r,AU{x})
using Order_ZF_4_L8 by simp
next assume A#0
with A1 A2 A3 A4 A5 show AU{x} = 0 V HasAmaximum(r,AU{x})
using FinD Order_ZF_4_L9 by simp
qed

For total and transitive relations finite set has a maximum.

theorem Finite_ZF_1_1_T1A:
assumes Al: r {is total on} X and A2: trans(r)
and A3: BEFin(X)
shows B=0 V HasAmaximum(r,B)
proof -
have 0=0 V HasAmaximum(r,0) by simp
moreover from A3 have BEFin(X) .
moreover from A1 A2 have VA€Fin(X). VxeX.
x¢A A (A=0 V HasAmaximum(r,A)) — (AU{x}=0 V HasAmaximum(r,AU{x}))
using Finite ZF_1_1_L1 by simp

ultimately show B=0 V HasAmaximum(r,B) by (rule Finitel L16B)
qed

Finite set has a minimum - induction step.

lemma Finite_ZF_1_1_L2:
assumes Al: r {is total on} X and A2: trans(r)
and A3: AcFin(X) and A4: x€X and A5: A=0 V HasAminimum(r,A)
shows AU{x} = 0 V HasAminimum(r,AU{x})

proof (cases A=0)
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assume A=0 then have T1: AU{x} = {x} by simp
from A1l have refl(X,r) using total_is_refl by simp
with T1 A4 show AU{x} = 0 V HasAminimum(r,AU{x})
using Order_ZF_4_L8 by simp
next assume A#0
with A1 A2 A3 A4 A5 show AU{x} = 0 V HasAminimum(r,AU{x})
using FinD Order_ZF_4_L10 by simp
qed

For total and transitive relations finite set has a minimum.

theorem Finite_ZF_1_1_T1B:
assumes Al: r {is total on} X and A2: trans(r)
and A3: B € Fin(X)
shows B=0 V HasAminimum(r,B)
proof -
have 0=0 V HasAminimum(r,0) by simp
moreover from A3 have BeFin(X) .
moreover from A1 A2 have VAcFin(X). VxeX.
x¢A A (A=0 V HasAminimum(r,A)) — (AU{x}=0 V HasAminimum(r,AU{x}))
using Finite ZF_1_1_L2 by simp

ultimately show B=0 V HasAminimum(r,B) by (rule Finitel_L16B)
qed

For transitive and total relations finite sets are bounded.

theorem Finite_ZF_1_T1:
assumes Al: r {is total on} X and A2: trans(r)
and A3: BEFin(X)
shows IsBounded(B,r)
proof -
from A1 A2 A3 have B=0 V HasAminimum(r,B) B=0 V HasAmaximum(r,B)
using Finite_ZF_1_1_T1A Finite_ZF_1_1_T1B by auto
then have
B = 0 V IsBoundedBelow(B,r) B = 0 V IsBoundedAbove(B,r)
using Order_ZF_4_L7 Order_ZF_4_L8A by auto
then show IsBounded(B,r) using
IsBounded_def IsBoundedBelow_def IsBoundedAbove_def
by simp
qed

For linearly ordered finite sets maximum and minimum have desired prop-
erties. The reason we need linear order is that we need the order to be total
and transitive for the finite sets to have a maximum and minimum and then
we also need antisymmetry for the maximum and minimum to be unique.

theorem Finite_ZF_1_T2:
assumes Al: IsLinOrder(X,r) and A2: A € Fin(X) and A3: A0
shows
Maximum(r,A) € A
Minimum(r,A) € A
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VxeA. (x,Maximum(r,A))
VxeA. (Minimum(r,A),x)
proof -
from Al have T1: r {is total on} X trans(r) antisym(r)
using IsLinOrder_def by auto
moreover from T1 A2 A3 have HasAmaximum(r,A)
using Finite_ZF_1_1_T1A by auto
moreover from T1 A2 A3 have HasAminimum(r,A)
using Finite_ZF_1_1_T1B by auto
ultimately show
Maximum(r,A) € A
Minimum(r,A) € A
VxeA. (x,Maximum(r,A)) € r Vx€A. (Minimum(r,A),x) € r
using Order_ZF_4_L3 Order_ZF_4_L4 by auto
qed

er
ecr

A special case of Finite_ZF_1_T2 when the set has three elements.

corollary Finite_ZF_1_L2A:
assumes Al: IsLinOrder(X,r) and A2: acX beX ceX
shows
Maximum(r,{a,b,c}) € {a,b,c}
Minimum(r,{a,b,c}) € {a,b,c}
Maximum(r,{a,b,c}) € X
Minimum(r,{a,b,c}) € X

(a,Maximum(r,{a,b,c})) € r
(b,Maximum(r,{a,b,c})) € r
(c,Maximum(r,{a,b,c})) € r
proof -
from A2 have I: {a,b,c} € Fin(X) {a,b,c} # 0
by auto

with A1 show II: Maximum(r,{a,b,c}) € {a,b,c}
by (rule Finite_ZF_1_T2)

moreover from Al I show III: Minimum(r,{a,b,c}) € {a,b,c}
by (rule Finite_ZF_1_T2)

moreover from A2 have {a,b,c} C X
by auto

ultimately show
Maximum(r,{a,b,c}) € X
Minimum(r,{a,b,c}) € X
by auto

from A1 I have Vxé&{a,b,c}. (x,Maximum(r,{a,b,c})) € r
by (rule Finite_ZF_1_T2)

then show
(a,Maximum(r,{a,b,c})) € r
(b,Maximum(r,{a,b,c})) € r
(c,Maximum(r,{a,b,c})) € r
by auto

qed

If for every element of X we can find one in A that is greater, then the A
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can not be finite. Works for relations that are total, transitive and antisym-
metric.

lemma Finite_ZF_1_1_L13:
assumes Al: r {is total on} X
and A2: trans(r) and A3: antisym(r)
and Ad: r C XxX and A5: X#0
and A6: VxeX. JachA. x#a A (x,a) € r
shows A ¢ Fin(X)
proof -
from prems have —IsBounded(A,r)
using Order_ZF_3_L14 IsBounded_def
by simp
with A1 A2 show A ¢ Fin(X)
using Finite_ZF_1_T1 by auto
qed

end
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10 Topology ZF.thy

theory Topology_ZF imports Finitel Foll
begin

This theory file provides basic definitions and properties of topology, open
and closed sets, closure and boundary.

10.1 Basic definitions and properties

A typical textbook defines a topology on a set X as a collection T" of subsets
of X such that X € T, ) € T and T is closed with respect to arbitrary
unions and intersection of two sets. One can notice here that since we always
have |JT = X, the set on which the topology is defined (the ”carrier” of
the topology) can always be constructed from the topology itself and is
superfluous in the definition. Hence, we decided to define a topology as a
collection of sets that contains the empty set and is closed under arbitrary
unions and intersections of two sets, without any mention of the set on which
the topology is defined. Recall that Pow(T) is the powerset of T', so that if
M €Pow(T) then M is a subset of T. We define interior of a set A as the union
of all open sets contained in A. We use Interior(A,T) to denote the interior
of A. Closed set is one such that it is contained in the carrier of the topology
(i.e. UT) and its complement is open (i.e. belongs to the topology). The
closure of a set is the intersection of all closed sets that contain it. To prove
varius properties of closure we will often use the collection of closed sets that
contain a given set A. Such collection does not have a name in romantic
math. We will call it ClosedCovers(A,T). The closure of a set A is defined
as the intersection of the collection of the closed sets D such that A C D.
We also define boundary of a set as the intersection of its closure with the
closure of the complement (with respect to the carrier). A set K is compact
if for every collection of open sets that covers K we can choose a finite one
that still covers the set. Recall that Fin(M) is the collection of finite subsets
of M (finite powerset of M), defined in the Finite theory of Isabelle/ZF.

constdefs
IsATopology (_ {is a topology} [90] 91)
T {is a topology} = (0 € T) A ( VMEPow(T). UM € T ) A
( VUET. V VeT. UNV € T)
Interior(A,T) = |J {U€T. UCA}

IsClosed (infixl {is closed in} 90)
D {is closed in} T= O C YT AUT -D €T

ClosedCovers(A,T) = {D € Pow(|JT). D {is closed in} T A ACD}
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Closure(A,T) = ()| ClosedCovers(A,T)

Boundary(A,T) = Closure(A,T) N Closure(|JT - A,T)

IsCompact (infixl {is compact in} 90)
K {is compact in} T = (K C T A
(V M€Pow(T). K C UM — (3 NeFin(M). K C JWM))

A basic example of a topology: the powerset of any set is a topology.

lemma Top_1_L1: shows Pow(X) {is a topology}

proof -
have 0 € Pow(X) by simp
moreover have VAcPow(Pow(X)). |JA € Pow(X) by fast
moreover have VUcPow(X). VVePow(X). UNV € Pow(X) by fast
ultimately show Pow(X) {is a topology} using IsATopology_def

by auto
qed

The intersection of any nonempty collection of topologies on a set X is a
topology.

lemma Top_1_L2: assumes Al: M # 0 and A2: VTeM. T {is a topology}
shows ((YM) {is a topology}
proof -
from A1 A2 have 0 € (M using IsATopology_def
by auto
moreover
{ fix A assume AcPow ([ M)
with A1 have VTeM. A€Pow(T) by auto
with A1 A2 have |JA € (M using IsATopology_def
by auto
} then have VA. A€Pow((\M) — [JA € (M by simp
hence VA€Pow((\M). JA € (M by auto
moreover
{ fix UV assume U € (\M and V € (M
then have VTEM. U € T AV € T by auto
with A1 A2 have VTeM. UNV € T using IsATopology_def
by simp
} then have V U € (M. V V€ (NM. UINV € (M
by auto
ultimately show ([JM) {is a topology}
using IsATopology_def by simp
qed

We will now introduce some notation. In Isar, this is done by definining
a "locale”. Locale is kind of a context that holds some assumptions and
notation used in all theorems proven in it. In the locale (context) below
called topology0 we assume that 7' is a topolgy. The interior of the set A
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(with respect to the topology in the context) is denoted int (A). The closure
of aset A C|JT is denoted c1(A) and the boundary is OA.

locale topology0O =
fixes T
assumes topSpaceAssum: T {is a topology}

fixes int
defines int_def [simp]: int(A) = Interior(A,T)

fixes cl
defines cl_def [simp]: cl(A) = Closure(A,T)

fixes boundary (d_ [91] 92)
defines boundary_def [simp]: OA = Boundary(A,T)

Intersection of a finite nonempty collection of open sets is open.

lemma (in topology0) Top_1_L3: assumes N#0 N € Fin(T)
shows (N € T
using topSpaceAssum prems IsATopology_def Finitel L5 by simp

Having a topology T" and a set X we can define the induced topology as the
one consisting of the intersections of X with sets from T'. The notion of a
collection restricted to a set is defined in Finitel.thy.

lemma (in topology0) Top_1_L4:
shows (T {restricted to} X) {is a topology}
proof -
let S = T {restricted to} X
from topSpaceAssum have 0 € S
using IsATopology_def RestrictedTo_def by auto
moreover have VAc€Pow(S). |JA € S
proof
fix A assume Al: AcPow(S)
from topSpaceAssum have VVeA. |J {U e T. Vv=UnX} €T
using IsATopology_def by auto
hence {|J{UE€T. V = UNX}.Ve A} C T by auto
with topSpaceAssum have (|JVeA. J{UET. V=UNX}) € T
using IsATopology_def by auto
then have (|JveA. UA{UET. V = UNXH)N X € S
using RestrictedTo_def by auto
moreover
from A1 have VVeA. JUeT. V = UNX
using RestrictedTo_def by auto
hence (|JveA. |J{UET. V = UNXHHNX = YA by fast
ultimately show (JA € S by simp
qed
moreover have VUeS. V VesS. UNV € S
proof -
{ fix U V assume UeS VeES
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then obtain U; V; where
U e TAU=UNXand V; € T AV =V NX
using RestrictedTo_def by auto
with topSpaceAssum have U;NV; € T and UNV = (U;NVy)NX
using IsATopology_def by auto
then have UNV € S using RestrictedTo_def by auto
} then show VUeS. V vesS. UNV € S
by simp
qed
ultimately show S {is a topology} using IsATopology_def
by simp
qed

10.2 Interior of a set
In section we show basic properties of the interior of a set.

Interior of a set A is contained in A.

lemma (in topology0) Top_2_L1: shows int(A) C A
using Interior_def by auto

Interior is open.

lemma (in topology0) Top_2_L2: shows int(A) € T
using topSpaceAssum IsATopology_def Interior_def
by auto

A set is open iff it is equal to its interior.

lemma (in topology0) Top_2_L3: UET «— int(U) = U
proof

assume U€eT then show int(U) = U

using Interior_def by auto

next assume Al: int(U) = U

have int(U) € T using Top_2_L2 by simp

with A1 show U€T by simp
qed

Interior of the interior is the interior.

lemma (in topology0) Top_2_L4: shows int(int(A)) = int(A)
proof -

let U = int(A)

from topSpaceAssum have UET using Top_2_L2 by simp

then show int(int(A)) = int(A) using Top_2_L3 by simp
qed

Interior of a bigger set is bigger.

lemma (in topology0) interior_mono:
assumes Al: ACB shows int(A) C int(B)
proof -
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from A1 have V U€T. (UCA — UCB) by auto
then show int(A) C int(B) using Interior_def by auto
qed

An open subset of any set is a subset of the interior of that set.

lemma (in topology0) Top_2_L5: assumes UCA and UET
shows U C int(A)
using prems Interior_def by auto

If a point of a set has an open neighboorhood contained in the set, then the
point belongs to the interior of the set.

lemma (in topology0) Top_2_L6: assumes JUET. (x€U A UCA)
shows x € int(A)
using prems Interior_def by auto

A set is open iff its every point has a an open neighbourhood contained in
the set. We will formulate this statement as two lemmas (implication one
way and the other way). The lemma below shows that if a set is open then
every point has a an open neighbourhood contained in the set.

lemma (in topology0) Top_2_L7:
assumes Al: VeT
shows VxeV. JUET. (x€U A UCV)
proof -
from A1 have VxeV. VET A x € V AV C V by simp
then show thesis by auto
qed

If every point of a set has a an open neighbourhood contained in the set
then the set is open.

lemma (in topology0) Top_2_L8:
assumes Al: VxeV. JUeT. (x€U A UCV)

shows VeT
proof -
from A1 have V = int(V) using Top_2_L1 Top_2_L6
by blast
then show VET using Top_2_L3 by simp
qed

10.3 Closed sets, closure, boundary.

This section is devoted to closed sets and properties of the closure and
boundary operators.
The carrier of the space is closed.

lemma (in topology0) Top_3_L1: shows (|JT) {is closed in} T
proof -
have T - T = 0 by auto
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with topSpaceAssum have |JT - |JT € T using IsATopology_def by auto
then show thesis using IsClosed_def by simp
qed

Empty set is closed.

lemma (in topology0) Top_3_L2: shows 0 {is closed in} T
using topSpaceAssum IsATopology_def IsClosed_def by simp

The collection of closed covers of a subset of the carrier of topology is never
empty. This is good to know, as we want to intersect this collection to get
the closure.

lemma (in topology0) Top_3_L3:
assumes Al: A C |JT shows ClosedCovers(A,T) # O
proof -
from A1 have |JT € ClosedCovers(A,T) using ClosedCovers_def Top_3_L1
by auto
then show thesis by auto
qed

Intersection of a nonempty family of closed sets is closed.

lemma (in topology0O) Top_3_L4: assumes Al: K#0 and
A2: VDeK. D {is closed in} T
shows (K) {is closed in} T
proof -
from A2 have I: VDeK. (D C UT A (UT - D)e T)
using IsClosed_def by simp
then have {{(JT - D. D€ K} C T by auto
with topSpaceAssum have (|J {UJT - D. DE K}) € T
using IsATopology_def by auto
moreover from Al have |J {JT - D. De K} = T - (K by fast
moreover from A1 I have (K C (T by blast
ultimately show ([(K) {is closed in} T using IsClosed_def
by simp
qed

The union and intersection of two closed sets are closed.

lemma (in topology0) Top_3_L5:
assumes Al: D; {is closed in} T Dy {is closed in} T
shows
(D1MDy) {is closed in} T
(D;UDy) {is closed in} T
proof -
have {D;,D3} # 0 by simp
with A1 have (] {D;,D2}) {is closed in} T using Top_3_L4
by fast
thus (D;MD2) {is closed in} T by simp
from topSpaceAssum Al have ((JT - D;) N (UT - Dy) €T
using IsClosed_def IsATopology_def by simp
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moreover have (|JT - Dy) N (UT - D2) = YT - (D1 U Dy)

by auto

moreover from Al have D; U Dy C |JT using IsClosed_def
by auto

ultimately show (D;UDs) {is closed in} T using IsClosed_def
by simp

qed

Finite union of closed sets is closed. To understand the proof recall that
D €Pow(|JT) means that D is as subset of the carrier of the topology.

lemma (in topology0) Top_3_L6:
assumes Al: N € Fin({D€Pow(|JT). D {is closed in} T})
shows (|JN) {is closed in} T
proof -
let C = {DePow(|JT). D {is closed in} T}
have 0€C using Top_3_L2 by simp
moreover have VA B. ((A€C A BeC) — AUB € C)
using Top_3_L5 by auto
ultimately have |JN € C by (rule Finitel_L3)
thus ((JN) {is closed in} T by simp
qed

Closure of a set is closed.

lemma (in topology0) Top_3_L7: assumes A C (JT
shows c1(A) {is closed in} T
using prems Closure_def Top_3_L3 ClosedCovers_def Top_3_L4
by simp

Closure of a bigger sets is bigger.

lemma (in topology0) top_closure_mono:

assumes Al: A C (JT B C JT and A2:ACB

shows c1(A) C c1(B)
proof -

from A2 have ClosedCovers(B,T)C ClosedCovers(A,T)

using ClosedCovers_def by auto

with Al show thesis using Top_3_L3 Closure_def by auto

qed

Boundary of a set is closed.

lemma (in topology0) boundary_closed:
assumes Al: A C |JT shows JA {is closed in} T
proof -
from A1 have T - A C |JT by fast
with Al show OA {is closed in} T
using Top_3_L7 Top_3_L5 Boundary_def by auto
qed

A set is closed iff it is equal to its closure.
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lemma (in topology0) Top_3_L8: assumes Al: A C (T
shows A {is closed in} T «— cl(A) = A
proof
assume A {is closed in} T
with Al show cl(A) = A
using Closure_def ClosedCovers_def by auto
next assume cl(A) = A
then have [JT - A = T - c1(A) by simp
with Al show A {is closed in} T using Top_3_L7 IsClosed_def
by simp
qed

Complement of an open set is closed.

lemma (in topology0) Top_3_L9:

assumes Al: AeT

shows (JT - A) {is closed in} T
proof -

from topSpaceAssum Al have T - (UT - A) = A and JT - A C T

using IsATopology_def by auto

with A1 show (JT - A) {is closed in} T using IsClosed_def by simp

qed

A set is contained in its closure.

lemma (in topology0) Top_3_L10: assumes A C (JT shows A C cl(4)
using prems Top_3_L1 ClosedCovers_def Top_3_L3 Closure_def by auto

Closure of a subset of the carrier is a subset of the carrier and closure of the
complement is the complement of the interior.

lemma (in topology0) Top_3_L11: assumes Al: A C (T
shows
cl(a) € Ut
cl(UT - A) = UT - int(A)
proof -
from A1l show c1(A) C T using Top_3_L1 Closure_def ClosedCovers_def
by auto
from A1 have T - A C (JT - int(A) using Top_2_L1
by auto
moreover have I: (JT - int(A) C YT UT - A C T by auto
ultimately have c1((JT - A) C c1(UT - int(A))
using top_closure_mono by simp
moreover
from I have (T - int(A)) {is closed in} T
using Top_2_L2 Top_3_L9 by simp
with I have c1((T) - int(A)) = UT - int(A)
using Top_3_L8 by simp
ultimately have c1((JT - &) € JT - int(A) by simp
moreover
from I have T - A C c1(UT - A) using Top_3_L10 by simp
hence T - c1(UT - A) C A and YT - A C T Dby auto
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then have [JT - c1(JT - A) C int(A)
using Top_3_L7 IsClosed_def Top_2_L5 by simp
hence T - int(A) € c1(JT - A) by auto
ultimately show c1(JT - 4) = T - int(A) by auto
qed

Boundary of a set is the closure of the set minus the interior of the set.

lemma (in topology0) Top_3_L12: assumes Al: A C (T
shows OA = c1(A) - int(A)
proof -
from A1 have 0A = c1(A) N (UT - int(A))
using Boundary_def Top_3_L11 by simp
moreover from A1l have
cl(A) N (YT - int(A)) = c1(A) - int(A)
using Top_3_L11 by blast
ultimately show OA = c1(A) - int(A) by simp
qed

If a set A is contained in a closed set B, then the closure of A is contained
in B.

lemma (in topology0) Top_3_L13:

assumes Al: B {is closed in} T ACB

shows cl1(A) C B
proof -

from A1 have B C |JT using IsClosed_def by simp

with Al show c1(A) C B using ClosedCovers_def Closure_def by auto
qed

If two open sets are disjoint, then we can close one of them and they will
still be disjoint.

lemma (in topology0) Top_3_L14:
assumes Al: UeT VeT and A2: UNV = 0
shows c1(U) NV =20
proof -
from topSpaceAssum Al have I: U C |JT using IsATopology_def
by auto
with A2 have U C [T - V by auto
moreover from Al have (|JT - V) {is closed in} T using Top_3_L9
by simp
ultimately have c1(U) - (T - V) =0
using Top_3_L13 by blast
moreover
from I have c1(U) C |JT using Top_3_L7 IsClosed_def by simp
then have c1(U) -(JT - V) = c1(U) N V by auto
ultimately show c1(U) NV = 0 by simp
qed

end
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11 Topology_ZF _1.thy

theory Topology_ZF_1 imports Topology_ZF Foll

begin

11.1 Separation axioms.

Topological spaces cas be classified according to certain properties called
”separation axioms”. This section defines what it means that a topological
space is 1y, 17 or T5.

A topology on X is Ty if for every pair of distinct points of X there is an
open set that contains only one of them. A topology is T} if for every such
pair there exist an open set that contains the first point but not the second.
A topology is T» (Hausdorfl) if for every pair of points there exist a pair of
disjoint open sets each containing one of the points.

constdefs

isTO (_ {is To} [90] 91)
T{is To} =V xy. (ke UT Ay e UT A x#y) —
(JUVET. (x€U A y¢U) V (yEU A x¢U)))

isT1 (_ {is T{} [90] 91)
T{isTi} =V xy. (xeUTAyelUT A x#£y) —
(FUeT. (€U A y¢)))

isT2 (_ {is T»} [90] 91)
T{isTe} =V xy. (e T AyelUT A x#y) —
(3UeT. JVET. x€U A yeV A UNV=0))

If a topology is T then it is Ty. We don’t really assume here that T is a
topology on X. Instead, we prove the relation between isTO condition and
isT1.

lemma T1_is_TO: assumes Al: T {is T1} shows T {is Ty}
proof -
from A1 have V x y. x € JT Ay € UT A x#£y —
(JUET. x€U A y¢U)
using isT1_def by simp
then have V x y. x € YT Ay € UT A x#£y —
(JUET. x€U A y¢U V yeU A x¢U)
by auto
then show T {is Typ} using isTO_def by simp
qed

If a topology is 15 then it is 77.

lemma T2_is_T1: assumes Al: T {is T3} shows T {is T;}
proof -
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{ fix x y assume x € JT y € UT x#y
with A1 have JUE€T. 3VET. x€U A yeV A UNV=0
using isT2_def by auto
then have JUET. x€U A y¢U by auto
} then have V x y. x e UT Ay € UT A x#£y —
(FUET. x€U A y¢U) by simp
then show T {is T;} using isT1_def by simp
qed

In a Tj space two points that can not be separated by an open set are equal.
Proof by contradiction.

lemma Top_1_1_L1: assumes Al: T {is To} and A2: x € T y € YT
and A3: VUET. (x€U «— yeU)
shows x=y
proof -
{ assume x#y
with A1 A2 have JUET. x€U A y¢U V yeU A x¢U
using isTO_def by simp
with A3 have False by auto
} then show x=y by auto
qed

In a T5 space two points can be separated by an open set with its boundary.

lemma (in topology0) Top_1_1_L2:
assumes Al: T {is To} and A2: x € T y € UT =x#y
shows JUET. (x€U A y ¢ c1(U))
proof -
from A1 A2 have JUET. JVET. x€U A yeV A UNV=0
using isT2_def by simp
then obtain U V where UcT VeT xeU yeV UNV=0

by auto
then have UET A x€U A ye V A c1(U) N V = 0 using Top_3_L14
by simp
then show JUET. (x€U A y ¢ c1(U)) by auto
qed

In a T, space compact sets are closed. Doing a formal proof of this theo-
rem gave me an interesting insight into the role of the Axiom of Choice in
romantic proofs.

A typical romantic proof of this fact goes like this: we want to show that
the complement of K is open. To do this, choose an arbitrary point y € K°¢.
Since X is T3, for every point x € K we can find an open set U, such that
y ¢ U,. Obviously {U,}.ck covers K, so select a finite subcollection that
covers K, and so on. I have never realized that such reasoning requires (an)
Axiom of Choice. Namely, suppose we have a lemma that states "In 15
spaces, if z # y, then there is an open set U such that x € U and y ¢ U”
(like our Top_1_1_L2 above). This only states that the set of such open sets
U is not empty. To get the collection {U, },cx in the above proof we have
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to select one such set among many for every x € K and this is where we use
(an) Axiom of Choice. Probably in 99/100 cases when a romatic calculus
proof states something like Ve3d, - - - the proof uses Axiom of Choice. In the
proof below we avoid using Axiom of Choice (read it to find out how). It
is an interesting question which such calculus proofs can be reformulated so
that the usage of AC is avoided. I remember Sierpiriski published a paper
in 1919 (or was it 19147 my memory is not that good any more) where he
showed that one needs an Axiom of Choice to show the equivalence of the
Heine and Cauchy definitions of limits.

theorem (in topology0O) in_t2_compact_is_cl:
assumes Al: T {is Ty} and A2: X {is compact in} T
shows K {is closed in} T
proof -
{ fix y assume A3: y € UT y¢K
have JUET. yeU A U C JT - K
proof -
let B = [Jxe€K.{VET. x€V A y¢ c1(N}
have I: B € Pow(T) Fin(B) C Pow(B)
using Fin.dom_subset by auto
from A2 A3 have VxeK. x € T Ay € UT A x#y
using IsCompact_def by auto
with A1 have VxeK. {VET. x€V A y ¢ c1()} # 0
using Top_1_1_L2 by auto
hence K C [JB by blast
with A2 I have dN € Fin(B). K C |JN using IsCompact_def
by auto
then obtain N where D1: N € Fin(B) K C N
by auto
with I have N C B by auto
hence II: VVeN. VeB by auto
let M = {c1(V). VeN}
let C = {D€Pow(|JT). D {is closed in} T}
from topSpaceAssum have
VVeB. (cl(V) {is closed in} T)
VYVEB. (c1(V) € Pow(|JT))
using IsATopology_def Top_3_L7 IsClosed_def
by auto
hence VVeB. cl(V) € C by simp
moreover from D1 have N € Fin(B) by simp
ultimately have M € Fin(C) by (rule Finitel_L6)
then have T - [JM € T using Top_3_L6 IsClosed_def
by simp
moreover from A3 II have y € |JT - (UM by simp
moreover have |JT - UM C YT - K
proof -
from II have |(JN C (M using Top_3_L10 by auto
with D1 show T - UM C JT - K by auto
qged
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ultimately have 3U. UeT Ay € UA U C JT - K

by auto
then show JUET. yeU A U C (JT - K by auto
qed
} then have Vy € [T - K. JUET. yeU A U C JT - K
by auto

with A2 show K {is closed in} T
using Top_2_L8 IsCompact_def IsClosed_def by auto
qed

11.2 Bases and subbases.

A base of topology is a collection of open sets such that every open set is
a union of the sets from the base. A subbase is a collection of open sets
such that finite intersection of those sets form a base. Below we formulate
a condition that we will prove to be necessary and sufficient for a collection
B of open sets to form a base. It says that for any two sets U,V from the
collection B we can find a point x € U NV with a neighboorhod from B
contained in UNV.

constdefs

IsAbaseFor (infixl {is a base for} 65)
B {is a base for} T = BCT A T = {(JA. AcPouw(B)}

IsAsubBaseFor (infixl {is a subbase for} 65)
B {is a subbase for} T =
BCTA {)A. AcFin(B)} {is a base for} T

SatisfiesBaseCondition (_ {satisfies the base condition} [50] 50)
B {satisfies the base condition} =
YU V. ((UeB A VeB) — (Vx € UNV. JWeB. xeW A W C UNvV))

Each open set is a union of some sets from the base.

lemma Top_1_2_L1: assumes B {is a base for} T and UeT
shows JAcPow(B). U = (JA
using prems IsAbaseFor_def by simp

A necessary conditionfor a collection of sets to be a base for some topology
: every point in the intersection of two sets in the base has a neighboorhood
from the base contained in the intersection.

lemma Top_1_2_L2:
assumes A1:3T. T {is a topology} A B {is a base for} T
and A2: VEB WeB
shows V x € VnW. JUeB. xesUAU C VN W
proof -
from Al obtain T where
Di1: T {is a topology} B {is a base for} T
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by auto

then have B C T using IsAbaseFor_def by auto

with A2 have V€T and WET using IsAbaseFor_def by auto

with D1 have JFA€Pow(B). VNW = (JA using IsATopology_def Top_1_2_L1
by auto

then obtain A where A C B and V N W = (JA by auto

then show V x € VNW. JUeB. (x€U A U C V N W) by auto

qed

We will construct a topology as the collection of unions of (would-be) base.
First we prove that if the collection of sets satisfies the condition we want
to show to be sufficient, the the intersection belongs to what we will define
as topology (am I clear here?). Having this fact ready simplifies the proof
of the next lemma. There is not much topology here, just some set theory.

lemma Top_1_2_L3:
assumes Al: Vxe VAW . JUeB. x€U A U C VW
shows VW € {{JA. AcPow(B)}
proof
let A = (Jxevnw. {UeB. x€U A U C VNW}
show AcPow(B) by auto
from A1 show VW = (JA by blast
qed

The next lemma is needed when proving that the would-be topology is closed
with respect to taking intersections. We show here that intersection of two
sets from this (would-be) topology can be written as union of sets from the
topology.

lemma Top_1_2_L4:
assumes Al: U; € {{JA. A€Pow(B)} Uy € {|JA. A€Pow(B)}
and A2: B {satisfies the base condition}
shows 3C. C C {|JA. A€Pow(B)} A U;NU2 = |JC
proof -
from A1 A2 obtain A; A; where
D1: A€ Pow(B) Up = UA1 Ay, € Pow(B) Uy = UA2
by auto
let C = |JUeA;.{UNV. VeA}
from D1 have (VU€A;. UeB) A (VVEA;. VEB) by auto
with A2 have C C {|JA . A € Pow(B)}
using Top_1_2_L3 SatisfiesBaseCondition_def by auto
moreover from D1 have U; N Uy = (JC by auto
ultimately show thesis by auto

qed
If B satisfies the base condition, then the collection of unions of sets from
B is a topology and B is a base for this topology.

theorem Top_1_2_T1:
assumes Al: B {satisfies the base condition}
and A2: T = {|JA. AcPow(B)}
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shows T {is a topology} and B {is a base for} T
proof -
show T {is a topology}
proof -
from A2 have 0€T by auto
moreover have I: VCecPou(T). JC € T
proof -
{ fix C assume A3: C € Pow(T)
let Q = |J {U{A€Pou(B). U = [JA}. UEC}
from A2 A3 have VUeC. JA€Pow(B). U = |JA by auto
then have |JQ = |JC using Finitel_L8 by simp
moreover from A2 have |JQ € T by auto
ultimately have |JC € T by simp
} thus VCePou(T). |JC € T by auto
qed
moreover have VUET. V VeT. UNV € T
proof -
{fix UVassume U €T VET
with A1 A2 have 3C.(C C T A UNV = [JO)
using Top_1_2_L4 by simp
then obtain C where C C T and UNV = |JC
by auto
with I have UNV € T by simp
} then show VUET. V VET. UNV € T by simp
qed
ultimately show T {is a topology} using IsATopology_def
by simp
qed
from A2 have BCT by auto
with A2 show B {is a base for} T using IsAbaseFor_def
by simp
qed

The carrier of the base and topology are the same.

lemma Top_1_2_L5: assumes B {is a base for} T
shows JT = B
using prems IsAbaseFor_def by auto

11.3 Product topology
In this section we consider a topology defined on a product of two sets.

Given two topological spaces we can define a topology on the product of the
carriers such that the cartesian products of the sets of the topologies are a
base for the product topology. Recall that for two collections S,T of sets
the product collection is defined (in ZF1.thy) as the collections of cartesian
products A x B, where A€ S,BeT.

constdefs
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ProductTopology(T,S) = {|JW. W € Pow(ProductCollection(T,S))}

The product collection satisfies the base condition.

lemma Top_1_4_L1:
assumes Al: T {is a topology} S {is a topology}
and A2: A € ProductCollection(T,S) B € ProductCollection(T,S)
shows Vxe(ANB). dWeProductCollection(T,S). (x€W A W C A N B)
proof
fix x assume A3: x € ANB
from A2 obtain U; V; Uy Vo where
D1: U;€T V;€S A=U;xV; UeT Vy€eS B=Uy x Vs
using ProductCollection_def by auto
let W = (UlﬂUg) X (VlmVQ)
from A1 D1 have U;NUy € T and ViNVy, € S
using IsATopology_def by auto
then have W € ProductCollection(T,S) using ProductCollection_def
by auto
moreover from A3 D1 have x€W and W C ANB by auto
ultimately have dW. (W € ProductCollection(T,S) A x€W A W C ANB)
by auto
thus JWeProductCollection(T,S). (xéW A W C A N B) by auto
qed

The product topology is indeed a topology on the product.

theorem Top_1_4_T1: assumes Al: T {is a topology} S {is a topology}
shows
ProductTopology(T,S) {is a topology}
ProductCollection(T,S) {is a base for} ProductTopology(T,S)
U ProductTopology(T,S) = JT x |JS
proof -
from A1l show
ProductTopology(T,S) {is a topology}
ProductCollection(T,S) {is a base for} ProductTopology(T,S)
using Top_1_4_L1 ProductCollection_def
SatisfiesBaseCondition_def ProductTopology_def Top_1_2_T1
by auto
then show |J ProductTopology(T,S) = T x |JS
using Top_1_2_L5 ZF1_1_L6 by simp
qed

end
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12 Topology_ZF _2.thy

theory Topology_ZF_2 imports Topology_ZF_1 funcl Foll

begin

12.1 Continuous functions.

In standard math we say that a function is contiuous with respect to two
topologies 71, 7o if the inverse image of sets from topology 7 are in 7. Here
we define a predicate that is supposed to reflect that definition, with a dif-
ference that we don’t require in the definition that 71, 7o are topologies. This
means for example that when we define measurable functions, the definition
will be the same.

Recall that in Isabelle/ZF £-(A) denotes the inverse image of (set) A with
respect to (function) f.

constdefs
IsContinuous(7y,72,f) = (VYUery. £-(U) € 71)

We will work with a pair of topological spaces. The following locale sets up
our context that consists of two topologies 71, 72 and a function f : X1 — Xo,
where X; is defined as |J7; for i = 1,2. We also define notation c1; (4) and
cly(8) for closure of a set A in topologies 7 and Ty, respectively.

locale two_top_spaces0 =

fixes 71
assumes taul_is_top: 71 {is a topology}

fixes 79
assumes tau2_is_top: 72 {is a topology}

fixes X;
defines X;_def [simp]: X; = U7
fixes Xo
defines Xp_def [simpl: X5 = J72

fixes f
assumes fmapAssum: f: X; — X3

fixes isContinuous (_ {is continuous} [50] 50)
defines isContinuous_def [simp]: g {is continuous} = IsContinuous(71,72,g)

fixes cl;
defines cl;_def [simp]: c1l;(A) = Closure(A,71)
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fixes cl,
defines cly_def [simp]: cly(A) = Closure(A,73)

First we show that theorems proven in locale topology0 are valid when
applied to topologies 71 and 7s.
lemma (in two_top_spaces0) topol_cntxs_valid:

shows topology0(7;) and topologyO(rs)
using taul_is_top tau2_is_top topologyO_def by auto

For continuous functions the inverse image of a closed set is closed.

lemma (in two_top_spaces0) TopZF_2_1_L1:
assumes Al: f {is continuous} and A2: D {is closed in} 79
shows f-(D) {is closed in} 7

proof -
from fmapAssum have £f-(D) C X; using funcl_1_L3 by simp
moreover from fmapAssum have f-(X, - D) = X; - £-(D)

using Pi_iff function_vimage Diff funcl_1_L4 by auto
ultimately have X; - £-(Xo - D) = £-(D) by auto
moreover from A1 A2 have (X; - f-(X3 - D)) {is closed in} 7
using IsClosed_def IsContinuous_def topol_cntxs_valid topologyO.Top_3_L9
by simp
ultimately show f-(D) {is closed in} 7; by simp
qed

If the inverse image of every closed set is closed, then the image of a closure
is contained in the closure of the image.

lemma (in two_top_spaces0) Top_ZF_2_1_L2:
assumes Al: VD. ((D {is closed in} 75) — f-(D) {is closed in} 71)
and A2: A C X,
shows f(cly(A)) C cly(£(A))
proof -
from fmapAssum have f(A) C cla(£(A))
using funcl_1_L6 topol_cntxs_valid topologyO.Top_3_L10
by simp
with fmapAssum have f-(£(A)) C f-(cly(£(A)))
using funcl_1_L7 by auto
moreover from fmapAssum A2 have A C f-(£(4))
using funcl1_1_L9 by simp
ultimately have A C f-(cl,(£(A))) by auto
with fmapAssum A1 have f(cl;(A)) C £(£f-(cla(£(A))))
using funcl_1_L6 funcl_1_L8 IsClosed_def
topol_cntxs_valid topologyO.Top_3_L7 topology0O.Top_3_L13
by simp
moreover from fmapAssum have f(f-(cla(£(4)))) C cla(£(A))
using fun_is_function function_image_vimage by simp
ultimately show f(cl;(A)) C cly(£(A))
by auto
qed
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If f (A) C f(A) (the image of the closure is contained in the closure of the

image), then f~1(B) C f~!(B) (the inverse image of the closure contains
the closure of the inverse image).

lemma (in two_top_spaces0) Top_ZF_2_1_L3:

assumes Al: V A. (A C X3 — £(c1;(8)) C cla(£(A)))
shows VB. ( B C X5 — cl;(f-(B)) C f-(cla(B)) )
proof -
{ fix B assume A2: B C X,
from fmapAssum A1 have f(cl;(f-(B))) C cla(f(f-(B)))
using funcl_1_L3 by simp
moreover from fmapAssum A2 have cly(£(£-(B))) C clo(B)
using fun_is_function function_image_vimage funcl_1_L6
topol_cntxs_valid topology0.top_closure_mono
by simp
ultimately have f-(£(cl;(f-(B)))) C £-(cly(B))
using fmapAssum fun_is_function funcl_1_L7 by auto
moreover from fmapAssum A2 have
cli (£-(B)) C £-(£(c1;(£-(B))))
using funcl_1_L3 funcl_1_L9 IsClosed_def
topol_cntxs_valid topology0O.Top_3_L7 by simp
ultimately have c1;(£f-(B)) C £-(cl2(B)) by auto
} then show thesis by simp
qed

If f=3(B) C f~!'(B) (the inverse image of a closure contains the closure
of the inverse image), then the function is continuous. This lemma closes a
series of implications showing equavalence of four definitions of continuity.

lemma (in two_top_spaces0) Top_ZF_2_1_14:
assumes Al: VB. ( B C X5 — cl;(f-(B)) C f-(cla(B)) )
shows f {is continuous}
proof -
{ fix U assume A2: U € 74
from A2 have (X5 - U) {is closed in} 7
using topol_cntxs_valid topology0.Top_3_L9 by simp
moreover have X; - U C [J72 by auto
ultimately have clo(Xy - U) = X5 - U
using topol_cntxs_valid topology0.Top_3_L8 by simp
moreover from A1 have cl;(f-(Xy - U)) C f-(cle(Xs - U))
by auto
ultimately have c1;(f-(Xs - U)) C f-(X3 - U) by simp
moreover from fmapAssum have f-(X; - U) C cl;(f-(Xy - U))
using funcl_1_L3 topol_cntxs_valid topologyO.Top_3_L10
by simp
ultimately have f-(X, - U) {is closed in} 7
using fmapAssum funcl_1_L3 topol_cntxs_valid topology0O.Top_3_L8
by auto
with fmapAssum have f-(U) € 7
using fun_is_function function_vimage_Diff funcl_1_L4
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funcl_1_13 IsClosed_def double_complement by simp
} then have VUery. £-(U) € 71 by simp
then show thesis using IsContinuous_def by simp
qed

Another condition for continuity: it is sufficient to check if the inverse image
of every set in a base is open.

lemma (in two_top_spaces0) Top_ZF_2_1_L5:
assumes Al: B {is a base for} 79 and A2: VUeB. £f-(U) € 1
shows f {is continuous}
proof -
{ fix V assume A3: V € 79
with A1 obtain A where D1: A C B V = [JA
using IsAbaseFor_def by auto
with A2 have {f-(U). Uc€A} C 71 by auto
with taul_is_top have |J {f-(U). UeA} € 7,
using IsATopology_def by simp
moreover from D1 have f-(V) = |J{f-(U). U€A} by auto
ultimately have f-(V) € 7 by simp
} then show f {is continuous} using IsContinuous_def
by simp
qed

We can strenghten the previous lemma: it is sufficient to check if the inverse
image of every set in a subbase is open. The proof is rather awkward, as
usual when we deal with general intersections. We have to keep track of the
case when the collection is empty.

lemma (in two_top_spaces0) Top_ZF_2_1_L6:
assumes Al: B {is a subbase for} 79 and A2: VUeB. f-(U) € 7;
shows f {is continuous}
proof -
let C = {)A. A € Fin(B)}
from A1 have C {is a base for} 7o
using IsAsubBaseFor_def by simp
moreover have VUeC. £f-(U) € 7
proof
fix U assume A3: UeC
{ assume £-(U)=0
with taul_is_top have f-(U) € 7,
using IsATopology_def by simp}
moreover
{ assume A4: £-(U)#0
then have U#0 by (rule funci_1_113)
moreover from A3 obtain A where
D1:A € Fin(B) and D2: U = A
by auto
ultimately have (A#0 by simp
hence I: A#0 by (rule Finitel L9)
then have {f-(W). WeA} # 0 by simp
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moreover from A2 D1 have {f-(W). WeA} € Fin(ry)
by (rule Finitel_L6)
ultimately have ({f-(W). WeA} € 7,
using topol_cntxs_valid topology0.Top_1_L3 by simp
moreover
from A1 D1 have A C 75
using FinD IsAsubBaseFor_def by auto
with tau2_is_top have A C Pow(X3)
using IsATopology_def by auto
with fmapAssum I have f-(()A) = ({f-(W). WeA}
using funcil_1_L12 by simp
with D2 have £-(U0) = ({f-(W). WeA}
by simp
ultimately have f-(U) € 71 by simp }
ultimately show f-(U) € 71 by blast
qed
ultimately show f {is continuous}
using Top_ZF_2_1_L5 by simp
qed

end
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13 Group_ZF.thy

theory Group_ZF imports func_ZF
begin

This theory file will cover basics of group theory.

13.1 Monoids.

Monoid is a set with an associative operation and a neutral element. The
operation is of course a function on G x GG with values in GG, and therefore
it is a subset of (G x G) x G. Those who don’t like that can go to HOL.
Monoid is like a group except that we don’t require existence of the inverse.

constdefs
IsAmonoid(G,f) =
f {is associative on} G A
(JeeG. (Vv geG. ( (f(<e,g>) =g) A (f(<g,e>) = g))))

We use locales to define notation. This allows to separate notation and
notion definitions. We would like to use additive notation for monoid, but
unfortunately + is already taken.

locale monoid0 =
fixes G and f
assumes monoidAsssum:IsAmonoid(G,f)

fixes monoper (infixl @ 70)
defines monoper_def [simpl: a & b = f<a,b>

The result of the monoid operation is in the monoid (carrier).

lemma (in monoid0) groupO_1_L1:
assumes acG beG shows adb € G
using prems monoidAsssum IsAmonoid_def IsAssociative_def apply_funtype
by auto

There is only one neutral element in monoid.

lemma (in monoid0) groupO_1_L2:
dle. ecG A (V geG. ( (ePg = g) A gde = g))
proof
fix ey
assume e € G A (VgeG. e P g=g A gde=g)
and y € GA (VgeG. y D g=gANgdy=g
then have y®e = y ybe = e by auto
thus e = y by simp
next from monoidAsssum show
Je. e€ G A (V g€G. edDg = g A ghe = g)
using IsAmonoid_def by auto
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qed

We could put the definition of neutral element anywhere, but it is only
usable in conjuction with the above lemma.

constdefs
TheNeutralElement (G,f) =
( THE e. ecG A (V g€G. f<e,g> = g A f<g,e> = g))

The neutral element is neutral.

lemma (in monoid0) groupO_1_L3:
assumes Al: e = TheNeutralElement(G,f)
shows e € G A (VgeG. e @ g=g AN gde=g)
proof -
let n = THE b. b€ G A (V g€G. bPg = g A gbb = g)
have 3!'b. be G A (V g€G. bPg = g A gbb = g)
using group0_1_L2 by simp
hence ne G A (V geG. ndg = g A gbn = g)
by (rule thel)
with Al show thesis
using TheNeutralElement_def by simp
qed

The monoid carrier is not empty.

lemma (in monoid0) groupO_1_L3A: G#0
proof -
have TheNeutralElement(G,f) € G using group0O_1_L3
by simp
thus thesis by auto
qed

The range of the monoid operation is the whole monoid carrier.

lemma (in monoid0) groupO_1_L3B: range(f) = G
proof
from monoidAsssum have T1:f : GXG—G
using IsAmonoid_def IsAssociative_def by simp
then show range(f) C G
using funcl_1_L5B by simp
show G C range(f)
proof
fix g assume Al:geG
let e = TheNeutralElement(G,f)
from A1 have <e,g> € GXG g = f<e,g>
using groupO_1_L3 by auto
with T1 show g € range(f)
using funcl_1_L5A by blast
qed
qed

In a monoid a neutral element is the neutral element.
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lemma (in monoid0) groupO_1_L4:
assumes Al: e € GA (VgEG. e D g=g A gDe=g
shows e = TheNeutralElement(G,f)
proof -
let n = THE b. b€ G A (V g€G. bdg = g A gbb = g)
have 3!b. be G A (V geG. bdPg = g A gbb = g)
using group0_1_L2 by simp
moreover from Al have
e € GA (VgeG. e dg=gANhgde=g).
ultimately have (n) = e by (rule the_equality2)
then show thesis using TheNeutralElement_def by simp
qed

The next lemma shows that if the if we restrict the monoid operation to a
subset of G that contains the neutral element, then the neutral element of
the monoid operation is also neutral with the restricted operation. This is
proven separately because it is used more than once.

lemma (in monoid0) groupO_1_L5:
assumes Al: VxeH.VyeH. x@y € H
and A2: HCG
and A3: e = TheNeutralElement(G,f)
and A4: g = restrict(f,HxH)
and A5: ecH

and A6: heH
shows g<e,h> = h A g<h,e> =h
proof -

from A4 A6 A5 have
g<e,h> = e®h A g<h,e> = hde
using restrict_if by simp
with A3 A4 A6 A2 show
g<e,h> = h A g<h,e> =h
using groupO_1_L3 by auto
qged

The next theorem shows that if the monoid operation is closed on a subset
of G then this set is a (sub)monoid. (although we do not define this notion).
This will be useful when we study subgroups.

theorem (in monoid0) groupO_1_T1:
assumes Al: H {is closed under} f
and A2: HCG
and A3: TheNeutralElement(G,f) € H
shows IsAmonoid(H,restrict(f,HxH))
proof -
let g = restrict(f,HxH)
let e = TheNeutralElement (G,f)
from monoidAsssum have f € GXxG—G
using IsAmonoid_def IsAssociative_def by simp
moreover from A2 have HxH C GxG by auto
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moreover from Al have Vp € HxH. f(p) € H
using IsOpClosed_def by auto
ultimately have g € HxH—H
using funcl_2_L4 by simp
moreover have VxcH.VyeH.VzeH.
gle<x,y>,z) = g(x,g<y,2>)
proof -
from A1l have VxeH.VyecH.VzeH.
glg<x,y>,2) = xGydz
using IsOpClosed_def restrict_if by simp
moreover have VxcH.VycH.VzcH. x@ydz = xB(yPz)
proof -
from monoidAsssum have
Vx€G.VyeG.VzeG. xPydz = xP(yPz)
using IsAmonoid_def IsAssociative_def
by simp
with A2 show thesis by auto
qed
moreover from Al have
VxeH.VyeH.VzeH. x®(ydz) = g( x,g<y,z>)
using IsOpClosed_def restrict_if by simp
ultimately show thesis by simp
qed
moreover have
dneH. (VheH. g<n,h> = h A g<h,n> = h)
proof -
from A1l have VxeH.VyeH. x®y € H
using IsOpClosed_def by simp
with A2 A3 have
V heH. g<e,h> = h A g<h,e> =h
using group0_1_L5 by blast
with A3 show thesis by auto
qed
ultimately show thesis using IsAmonoid_def IsAssociative_def
by simp
qed

Under the assumptions of group0_1_T1 the neutral element of a submonoid

is the same as that of the monoid.

lemma group0O_1_L6:

assumes Al: IsAmonoid(G,f)

and A2: H {is closed under} f

and A3: HCG

and A4: TheNeutralElement(G,f) € H

shows TheNeutralElement (H,restrict(f,HxH)) = TheNeutralElement (G,f)

proof -
def D1: e = TheNeutralElement(G,f)
def D2: g = restrict(f,HxH)

with A1 A2 A3 A4 have monoidO(H,g)
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using monoid0_def monoidO.groupO_1_T1
by simp
moreover have
e € HA (VheH. g<e,h> = h A g<h,e> = h)
proof -
from A1 A2 have monoid0(G,f) VxeH.VyecH. f<x,y> € H
using monoidO_def IsOpClosed_def by auto
with A3 D1 D2 A4 show thesis
using monoid0.group0_1_L5 by blast
qged
ultimately have e = TheNeutralElement(H,g)
using monoidO.group0_1_L4 by auto
with D1 D2 show thesis by simp
qed

13.2 Basic definitions and results for groups

To define a group we take a monoid and add a requirement that the right
inverse needs to exist for every element of the group. We also define the
group inverse as a relation on the group carrier. Later we will show that
this relation is a function. The GroupInv below is really the right inverse,
understood as a function, that is a subset of G x G.

constdefs
IsAgroup(G,f) =
(IsAmonoid(G,f) A (VgeG. IbeG. £<g,b> = TheNeutralElement(G,f)))

GroupInv(G,f) = {<x,y> € GXxG. f<x,y> = TheNeutralElement(G,f)}

We will use the miltiplicative notation for groups.

locale group0 =
fixes G and £
assumes groupAssum: IsAgroup(G,f)

fixes neut (1)
defines neut_def [simp]: 1 = TheNeutralElement(G,f)

fixes groper (infixl - 70)
defines groper_def [simpl: a - b = f<a,b>

fixes inv (_7' [90] 91)
defines inv_def[simp]l: x ! = GroupInv(G,f) (x)

First we show a lemma that says that we can use theorems proven in the
monoid0 context (locale).

lemma (in group0) groupO0_2_L1: monoid0(G,f)
using groupAssum IsAgroup_def monoidO_def by simp
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In some strange cases Isabelle has difficulties with applying the definition of
a group. The next lemma defines a rule to be applied in such cases.

lemma definition_of_group: assumes IsAmonoid(G,f)
and VgeG. IbeG. f(g,b) = TheNeutralElement(G,f)
shows IsAgroup(G,f)
using prems IsAgroup_def by simp

Technical lemma that allows to use 1 as the neutral element of the group
without referencing a list of lemmas and definitions.

lemma (in group0) groupO_2_L2:
shows 1€G A (VgeG. (1. g =g A gl = g))
using group0_2_L1 monoid0.group0_1_L3 by simp

The group is closed under the group operation. Used all the time, useful to
have handy.

lemma (in group0) group_op_closed: assumes acG beG
shows a'b € G using prems group0_2_L1 monoid0.groupO_1_L1
by simp

The group operation is associative. This is another technical lemma that
allows to shorten the list of referenced lemmas in some proofs.

lemma (in group0) group_oper_assoc:
assumes acG beG ceG shows a-(b.c) = ab-c
using groupAssum prems IsAgroup_def IsAmonoid_def
IsAssociative_def group_op_closed by simp

The group operation maps G x G into G. It is conveniet to have this fact
easily accessible in the group0 context.

lemma (in group0) group_oper_assocA: shows f : GXG—G
using groupAssum IsAgroup_def IsAmonoid_def IsAssociative_def
by simp

The definition of group requires the existence of the right inverse. We show
that this is also the left inverse.

theorem (in group0) groupO_2_T1:
assumes Al: geG and A2: beG and A3: gb =1
shows b-g = 1
proof -
from A2 groupAssum obtain ¢ where I: ¢ € G A bc =1
using IsAgroup_def by auto
then have T1: ceG by simp
have T2: 1€G using group0_2_L2 by simp
from A1 A2 T2 I have b-g = b-(g-(b-c))
using group_op_closed groupO_2_L2 group_oper_assoc
by simp
also from A1 A2 T1 have b-(g-(b-c)) = b-(gb-c)
using group_oper_assoc by simp
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also from A3 A2 I have b-(g'b-c)= 1 using group0_2_L2 by simp
finally show b-g = 1 by simp
qed

For every element of a group there is only one inverse.

lemma (in group0) groupO_2_L4:
assumes Al:x€G shows Jly. yeG A xy =1
proof
from Al groupAssum show dy. yeG A xy =1
using IsAgroup_def by auto
fix yn
assume A2:yeG A xy = 1 and A3:neG A xn = 1 show y=n
proof -
from A1 A2 have Til:yx =1
using group0_2_T1 by simp
from A2 A3 have y = y-(xn)
using group0_2_L2 by simp

also from A1 A2 A3 have ... = (y:x)n
using group_oper_assoc by blast
also from T1 A3 have ... = n

using group0_2_L2 by simp
finally show y=n by simp
qed
qed

The group inverse is a function that maps G into G.

theorem group0_2_T2:
assumes Al: IsAgroup(G,f) shows GroupInv(G,f) : G—G
proof -
have GroupInv(G,f) C GXG using GroupInv_def by auto
moreover from A1l have
VxeG. Ily. y€ G A <x,y> € GrouplInv(G,f)
using group0_def groupO.group0_2_L4 GroupInv_def by simp
ultimately show thesis using funcl_1_L11 by simp
qed

We can think about the group inverse (the function) as the inverse image of
the neutral element.

theorem (in group0) groupO0_2_T3: shows f-{1} = GroupInv(G,f)
proof -
from groupAssum have f : GXG — G
using IsAgroup_def IsAmonoid_def IsAssociative_def
by simp
then show f-{1} = GroupInv(G,f)
using funcl_1_L14 GroupInv_def by auto
qed

The inverse is in the group.

lemma (in group0O) inverse_in_group: assumes Al: x€G shows x '€G
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proof -
from groupAssum have GroupInv(G,f) : G—G using group0_2_T2 by simp
with Al show thesis using apply_type by simp

qged

The notation for the inverse means what it is supposed to mean.

lemma (in group0) groupO_2_L6:
assumes Al: x€G shows xx 1 =1 A x1x =1
proof
from groupAssum have GroupInv(G,f) : G—G
using group0_2_T2 by simp
with A1 have <x,x" !> € GroupInv(G,f)
using apply_Pair by simp
then show x-x~! = 1 using GroupInv_def by simp
with A1 show x !x = 1 using inverse_in_group group0_2_T1 by blast

qed

The next two lemmas state that unless we multiply by the neutral element,
the result is always different than any of the operands.

lemma (in group0) groupO_2_L7:
assumes Al: acG and A2: beG and A3: ab = a
shows b=1
proof -
from A3 have a=! - (ab) = a='-a by simp
with A1 A2 show thesis using
inverse_in_group group_oper_assoc group0_2_L6 group0_2_L2
by simp
qed

lemma (in group0) groupO_2_L8:
assumes Al: acG and A2: beG and A3:ab = b
shows a=1
proof -
from A3 have (a-b)-b~! = bb~! by simp
with A1 A2 have a-(b-b™!) = b-b~! using
inverse_in_group group_oper_assoc by simp
with Al A2 show thesis
using group0_2_L6 group0_2_L2 by simp
qed

The inverse of the neutral element is the neutral element.

lemma (in group0) group_inv_of_one: shows 17 !=1
using group0_2_L2 inverse_in_group groupO_2_L6 group0_2_L7 by blast

if a=! =1, then a = 1.

lemma (in group0) groupO_2_L8A:
assumes Al: acG and A2: a= ! =1
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shows a =1
proof -
from Al have a-a™ = 1 using group0_2_L6 by simp
with A1 A2 show a = 1 using group0_2_L2 by simp
qed

1

If a is not a unit, then its inverse is not either.

lemma (in group0) groupO_2_L8B:
assumes acG and a # 1
shows a=! # 1 using prems group0_2_L8A by auto

If a=! is not a unit, then a is not either.

lemma (in group0) groupO_2_L8C:
assumes acG and a=! # 1
shows a#1
using prems groupO_2_L8A group_inv_of_one by auto

If a product of two elements of a group is equal to the neutral element then
they are inverses of each other.

lemma (in group0) groupO_2_L9:
assumes Al: acG and A2: beG and A3: ab =1
shows a = b™! b=a!
proof -
from A3 have a-b-b~! = 1-b~! by simp
with A1 A2 have a-(b-b~!) = 1-b~! using
inverse_in_group group_oper_assoc by simp
with A1 A2 show a = b~! using
group0_2_L6 inverse_in_group groupO_2_L2 by simp
from A3 have a=!-(ab) = a~!-1 by simp
with A1 A2 show b = a~! using
inverse_in_group group_oper_assoc groupO_2_L6 group0_2_L2
by simp
qed

It happens quite often that we know what is (have a meta-function for) the
right inverse in a group. The next lemma shows that the value of the group
inverse (function) is equal to the right inverse (meta-function).

lemma (in group0) groupO_2_L9A:
assumes Al: VgeG. b(g) € G A gb(g) =1
shows VgeG. b(g) = g7t
proof
fix g assume A2: gcG
moreover from A2 Al have b(g) € G by simp
moreover from A1 A2 have gb(g) = 1 by simp
ultimately show b(g) = g~! by (rule group0_2_L9)
qed

What is the inverse of a product?
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lemma (in group0) group_inv_of_two:
assumes Al: acG and A2: beG
shows b l.a=! = (ab)~!
proof -
from A1 A2 have
T1: b '€G and T2: a~'€G and T3: a-beG and T4: b la! € G
using inverse_in_group group_op_closed
by auto
from A1 A2 T4 have ab-(b~la7!) = a-(b-(b"ta™1))
using group_oper_assoc by simp
moreover from A2 T1 T2 have b-(b=!.a=!) = bb~l.a™!
using group_oper_assoc by simp
moreover from A2 T2 have bb~ta=! = a~
using group0_2_L6 group0_2_L2 by simp
ultimately have a-b-(b~!.a=!) = a:a™!
by simp
with A1 have ab-(b~ta=!) =1
using group0_2_L6 by simp
with T3 T4 show b la™! = (ab)~!
using group0_2_L9 by simp
qed

1

What is the inverse of a product of three elements?

lemma (in group0) group_inv_of_three:
assumes Al: acG beG ceG

shows
(abc)”! = ¢ l(ab)!
(abc)™! = ¢l ta™h)

(abc)™t = ctpta!
proof -
from A1 have T:
abeGa'leG btleG cleg
using group_op_closed inverse_in_group by auto
with A1 show
(ab-c)”! = c7l(ab)7! and (abc)”! = c L (b tal)
using group_inv_of_two by auto
with T show (ab-c)™! = ¢ !-b~!.a”! using group_oper_assoc
by simp
qed

The inverse of the inverse is the element.

lemma (in group0) group_inv_of_inv:
assumes acG shows a = (a=1)7!
using prems inverse_in_group groupO_2_L6 groupO_2_L9
by simp

Ifa='-b=1, then a = b.

lemma (in group0) group0_2_L11:
assumes Al: acG beG and A2: a='b =1
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shows a=b
proof -
from A1 A2 have a=! € G beG a!'b =1
using inverse_in_group by auto
then have b = (a=!)~! by (rule group0_2_L9)
with A1 show a=b using group_inv_of_inv by simp
qed

Ifa-b' =1, then a = b.

lemma (in group0) group0_2_L11A:

assumes Al: a€G beG and A2: ab™ ! =1

shows a=b
proof -

from A1 A2 have a € G b !leG ab! =1

using inverse_in_group by auto

then have a = (b~!)~! by (rule group0_2_L9)

with Al show a=b using group_inv_of_inv by simp
qed

If if the inverse of b is different than a, then the inverse of a is different than
b.

lemma (in group0) groupO_2_L11B:
assumes Al: acG and A2: b™! # a
shows a=! # b
proof -
{ assume a=! = b
then have (a7 !)~! = b~! by simp
with A1 A2 have False using group_inv_of_inv
by simp
} then show a=! # b by auto
qed

What is the inverse of ab~1 ?

lemma (in group0) groupO_2_L12:
assumes Al: acG beG

shows

(ab 1)1 = pa!

(a7 'p) ! =bla
proof -

from A1 have
@™t =0mH"al @' =b@hH!
using inverse_in_group group_inv_of_two by auto
with A1 show (ab )7l =ba! (a7 lb)~! =bla
using group_inv_of_inv by auto
qed

A couple useful rearrangements with three elements: we can insert a b-b~"
between two group elements (another version) and one about a product of
an element and inverse of a product, and two others.
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lemma (in group0) groupO_2_L14A:
assumes Al: acG beG ceG
shows
a-c = (ab 1) -(bc™!)
alic = (alb)-(blc)
a-(bc)”! = ac” bt
a-(b.c™!) = abc!
(ablc)~ ! = cba!
abcl(cbl) = a
a-(b-c)-c!t = ab
proof -
from A1 have T:
alec bvlec clea
albeG ableG abega
cb™l €6 bceG
using inverse_in_group group_op_closed

by auto

from A1 T have
ac !l = a@®!lb)c!
alc= al(mbc

using group0_2_L2 group0_2_L6 by auto
with A1 T show
a-c = (ab 1 -(bc™)
a~lc = (atb)-(b7tc)
using group_oper_assoc by auto
from A1 have a-(b-c)™! = a-(c tb 1)
using group_inv_of_two by simp
with A1 T show a-(b-c)™! =a.c™tb7!
using group_oper_assoc by simp
from A1 T show a-(b-c™!) = abc™!
using group_oper_assoc by simp
from A1 T show (ab lc™!)7! =cbal
using group_inv_of_three group_inv_of_inv
by simp
from T have a-b-.c™!-(cb™1) = ab-(c7-(cb™1))
using group_oper_assoc by simp

also from A1 T have ... = abb!
using group_oper_assoc group0_2_L6 group0_2_L2
by simp

also from A1 T have ... = a-(b-b™1)
using group_oper_assoc by simp

also from A1 have ... = a

using group0_2_L6 group0_2_L2 by simp
finally show ab-c™!-(c:b™!) = a by simp
from A1 T have a-(b-c)-c7! = a-(b-(cc™!))

using group_oper_assoc by simp
also from A1 T have ... = ab

using group0_2_L6 group0_2_L2 by simp
finally show a-(b-c).c™! = ab
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by simp
qed

Another lemma about rearranging a product.

lemma (in group0) groupO_2_L15:
assumes Al: ac€G beG ceG deG
shows (a-b)-(c-d)™! = a-(b-dH-a'-(ac™!)
proof -
from Al have T1:
d'eG c'€G abeG a(b-d"!)eG
using inverse_in_group group_op_closed
by auto
with A1 have (ab)-(c-d)~! = (ab)-(da 'c™)
using group_inv_of_two by simp

also from A1 T1 have ... = a-(b-d"!)-c7!
using group_oper_assoc by simp
also from A1 T1 have ... = a-(b-d™D-a !-(ac™h)

using groupO_2_L14A by blast
finally show thesis by simp
qed

We can cancel an element with its inverse that is written next to it.

lemma (in group0) groupO_2_L16:
assumes Al: acG beG
shows
ab~lb =
abb”! =
a~l-(ab)
a-(a"1-b)
proof -
from A1 have
ab !b = a (b !b) abb!=a (bl
al.(ab) =alab a(a'b) =aaldb
using inverse_in_group group_oper_assoc by auto
with A1 show

nhp o

b
b

ab lb = a
abb !l =a
a—l(ab) = b

a(a!b) = b
using group0_2_L6 group0_2_L2 by auto
qed

Another lemma about cancelling with two group elements.

lemma (in group0) groupO_2_L16A:
assumes Al: acG beG
shows a-(b-a) ™! = b~!
proof -
from A1 have (b-a)~! =alb! b lea
using group_inv_of_two inverse_in_group by auto
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with A1 show a-(b-a)~! = b~! using group0_2_L16
by simp
qed

A hard to clasify fact: adding a neutral element to a set that is closed under
the group operation results in a set that is closed under the group operation.

lemma (in group0) group0_2_L17:
assumes Al: HCG
and A2: H {is closed under} f
shows (H U {1}) {is closed under} f
proof -
{ fix a b assume A3: a € HU {1} b € HU {1}
have ab € H U {1}
proof (cases a€H)
assume A4: acH show ab € H U {1}
proof (cases beH)
assume bcH
with A2 A4 show ab € H U {1} using IsOpClosed_def
by simp
next assume b¢H
with A1 A3 A4 show ab € H U {1}
using group0_2_L2 by auto
qed
next assume a¢H
with A1 A3 show ab € H U {1}
using group0_2_L2 by auto
qed
} then show (H U {1}) {is closed under} f
using IsOpClosed_def by auto
qed

We can put an element on the other side of an equation.

lemma (in group0) group0_2_L18:
assumes Al: acG beG ceG
and A2: c = ab
shows cb™! =a alc=0o
proof-
from A2 A1 have cb™! = a(bb™!) alc=(ala)b
using inverse_in_group group_oper_assoc by auto
moreover from Al have a-(bb™!) =a (a 'a)b ="
using group0_2_L6 group0_2_L2 by auto
ultimately show c¢b™' =a alc=0»
by auto
qed

Multiplying different group elements by the same factor results in different
group elements.

lemma (in group0) group0_2_L19:
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assumes Al: a€G beG ceG and A2: a#b
shows
a-c # bc
ca # cb
proof -
{ assume a-c = b.c V ca =cb
then have ac-:c™! = bccc™! V ¢! (ca) = ¢ !-(cb)
by auto
with A1 A2 have False using groupO_2_L16 by simp
} then show a-c # bc and c-a # c¢b by auto
qed

13.3 Subgroups

There are two common ways to define subgroups. One requires that the
group operations are closed in the subgroup. The second one defines sub-
group as a subset of a group which is itself a group under the group opera-
tions. We use the second approach because it results in shorter definition.
We do not require H to be a subset of G as this can be inferred from our
definition. The rest of this section is devoted to proving the equivalence of
these two definitions of the notion of a subgroup.

constdefs
IsAsubgroup(H,f) = IsAgroup(H, restrict(f,HxH))

Formally the group operation in a subgroup is different than in the group as
they have different domains. Of course we want to use the original operation
with the associated notation in the subgroup. The next couple of lemmas
will allow for that.

The neutral element of the subgroup is in the subgroup and it is both right
and left neutral there. The notation is very ugly because we don’t want to
introduce a separate notation for the subgroup operation.

lemma group0_3_L1:
assumes Al:IsAsubgroup(H,f)
and A2: n = TheNeutralElement (H,restrict(f,HxH))
shows n € H
VheH. restrict(f,HxH)<n,h >
VheH. restrict(f,HxH)<h,n >
proof -
let b = restrict(f,HxH)
let e = TheNeutralElement (H,restrict(f,HxH))
from A1 have groupO(H,b)
using IsAsubgroup_def groupO_def by simp
then have T1:
e € HA (VheH. (b<e,h > = h A b<h,e > = h))
by (rule group0O.group0_2_L2)
with A2 show n € H by simp

h
h
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from T1 A2 show VheH. b<n,h > = h VheH. b<h,n> = h
by auto
qed

Subgroup is contained in the group.

lemma (in group0) groupO_3_L2:
assumes Al:IsAsubgroup(H,f)
shows HCG
proof
fix h assume A2:h€eH
let b = restrict(f,HxH)
let n = TheNeutralElement (H,restrict(f,HxH))
from A1l have b € HxH—H
using IsAsubgroup_def IsAgroup_def
IsAmonoid_def IsAssociative_def by simp
moreover from A2 A1l have <n,h> € HxH
using group0_3_L1 by simp
moreover from Al A2 have h = b<n,h >
using group0_3_L1 by simp
ultimately have (<n,h>,h) € b
using funcl_1_L5A by blast
then have (<n,h>,h) € f using restrict_subset by auto
moreover from groupAssum have f:GXxXG—G
using IsAgroup_def IsAmonoid_def IsAssociative_def
by simp
ultimately show heG using funcl_1_L5
by blast
qed

The group neutral element (denoted 1 in the group0O context) is a neutral
element for the subgroup with respect to the froup action.

lemma (in group0) groupO_3_L3:

assumes Al:IsAsubgroup(H,f)

shows VheH. 1'h = h A h-1 = h
proof

fix h assume heH

with groupAssum A1 show 1'-h = h A h:1 = h

using group0_3_L2 group0_2_L2 by auto

qed

The neutral element of a subgroup is the same as that of the group.

lemma (in group0) groupO_3_L4: assumes Al:IsAsubgroup(H,f)
shows TheNeutralElement (H,restrict(f,HxH)) =1
proof -
let n = TheNeutralElement(H,restrict(f,HxH))
from A1 have Tl:n € H using group0_3_L1 by simp
with groupAssum A1 have neG using group0_3_L2 by auto
with A1 T1 show thesis using
group0_3_L1 restrict_if group0_2_L7 by simp

130



qed

The neutral element of the group (denoted 1 in the group0 context) belongs
to every subgroup.

lemma (in group0) groupO_3_L5: assumes Al: IsAsubgroup(H,f)
shows 1cH
proof -
from A1l show 1€H using group0_3_L1 group0_3_L4
by fast
qed

Subgroups are closed with respect to the group operation.

lemma (in group0) group0_3_L6: assumes Al:IsAsubgroup(H,f)
and A2:acH beH
shows ab € H
proof -
let b = restrict(f,HxH)
from A1 have monoidO(H,b) using
IsAsubgroup_def IsAgroup_def monoidO_def by simp
with A2 have b (<a,b>) € H using monoid0.group0O_1_L1
by blast
with A2 show ab € H using restrict_if by simp
qed

A preliminary lemma that we need to show that taking the inverse in the
subgroup is the same as taking the inverse in the group.

lemma group0_3_L7A:
assumes Al:IsAgroup(G,f)
and A2:IsAsubgroup(H,f) and A3:g=restrict(f,HxH)
shows GroupInv(G,f) N HxH = GroupInv(H,g)
proof -
def D1: e = TheNeutralElement(G,f)
def D2: el = TheNeutralElement(H,g)
from A1 have T1:groupO(G,f) using groupO_def by simp
from A2 A3 have T2:groupO(H,g)
using IsAsubgroup_def groupO_def by simp
from T1 A2 A3 D1 D2 have el = e
using group0.group0_3_L4 by simp
with T1 D1 have GroupInv(G,f) = f-{el}
using group0.group0_2_T3 by simp
moreover have g-{el} = f-{el} N HxH
proof -
from A1 have f € GXG—G
using IsAgroup_def IsAmonoid_def IsAssociative_def
by simp
moreover from T1 A2 have HxH C GxG
using group0.group0_3_L2 by auto
ultimately show g-{el} = f-{el} N HxH
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using A3 funcl_2_L1 by simp
qed
moreover from T2 A3 D2 have GroupInv(H,g) = g-{el}
using group0.group0_2_T3 by simp
ultimately show thesis by simp
qed

Using the lemma above we can show the actual statement: taking the inverse
in the subgroup is the same as taking the inverse in the group.

theorem (in group0) groupO_3_T1:
assumes Al: IsAsubgroup(H,f)
and A2:g=restrict(f,HxH)
shows GroupInv(H,g) = restrict(GroupInv(G,f),H)
proof -
from groupAssum have GroupInv(G,f) : G—G
using group0_2_T2 by simp
moreover from Al A2 have GroupInv(H,g) : H—H
using IsAsubgroup_def group0_2_T2 by simp
moreover from Al have HCG
using group0_3_L2 by simp
moreover from groupAssum Al A2 have
GroupInv(G,f) N HxH = GroupInv(H,g)
using group0_3_L7A by simp
ultimately show thesis
using funcl1_2_L3 by simp
qed

A sligtly weaker, but more convenient in applications, reformulation of the
above theorem.

theorem (in group0) group0_3_T2:
assumes IsAsubgroup(H,f)
and g=restrict(f,HxH)
shows VheH. GroupInv(H,g)(h) = h~!
using prems group0_3_T1 restrict_if by simp

Subgroups are closed with respect to taking the group inverse. Again, I was
unable to apply inverse_in_group directly to the group H. This problem
is worked around by repeating the (short) proof of inverse_in_group in the
proof below.

theorem (in group0) groupO_3_T3A:
assumes Al:IsAsubgroup(H,f) and A2:he€H
shows h~'c H
proof -
def D1: g = restrict(f,HxH)
with A1 have GroupInv(H,g) € H—H
using IsAsubgroup_def groupO_2_T2 by simp
with A2 have GroupInv(H,g)(h) € H
using apply_type by simp
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with A1 D1 A2 show h~!€ H using group0_3_T2 by simp
qed

The next theorem states that a nonempty subset of of a group G that is
closed under the group operation and taking the inverse is a subgroup of the

group.

theorem (in group0) group0_3_T3:
assumes Al: H#O
and A2: HCG
and A3: H {is closed under} f
and A4: VxeH. x ! € H
shows IsAsubgroup(H,f)
proof -
let g = restrict(f,HxH)
let n = TheNeutralElement(H,g)
from A3 have TO:Vx€H.VyeH. xy € H
using IsOpClosed_def by simp
from Al obtain x where x€H by auto
with A4 TO A2 have T1:1€H
using group0_2_L6 by blast
with A3 A2 have T2:IsAmonoid(H,g)
using group0_2_L1 monoid0.groupO_1_T1
by simp
moreover have VheH.dbeH. g<h,b> = n
proof
fix h assume A5:hecH
with A4 A2 have hh™! = 1
using group0_2_L6 by auto
moreover from groupAssum A3 A2 T1 have 1 = n
using IsAgroup_def groupO_1_L6 by auto
moreover from A5 A4 have g<h,h™!> = h-h~!
using restrict_if by simp
ultimately have g<h,h™!> = n by simp
with A5 A4 show JbeH. g<h,b> = n by auto
qed
ultimately show IsAsubgroup(H,f) using
IsAsubgroup_def IsAgroup_def by simp
qed

Intersection of subgroups is a subgroup of each factor.

lemma group0_3_L7:

assumes Al:IsAgroup(G,f)

and A2:IsAsubgroup(H;,f)

and A3:IsAsubgroup(Hs,f)

shows IsAsubgroup(H;NHy,restrict (f,H; xHy))
proof -

let e = TheNeutralElement (G,f)

let g = restrict(f,H; xH;)

from A1 have T1: groupO(G,f)
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using groupO_def by simp
from A2 have groupO(H;,g)
using IsAsubgroup_def groupO_def by simp
moreover have HiNHy # 0
proof -
from A1 A2 A3 have e € Hi{NHy
using groupO_def groupO.group0_3_L5 by simp
thus thesis by auto
qed
moreover have T2:HiNH, C H; by auto
moreover from T1 T2 A2 A3 have
HiNHy {is closed under} g
using group0.group0_3_L6 IsOpClosed_def
func_ZF_4_L7 func_ZF_4_L5 by simp
moreover from T1 A2 A3 have
Vx € HiNHy. GroupInv(H;,g) (x) € HiNHy
using group0.group0_3_T2 group0.group0_3_T3A
by simp
ultimately show thesis
using group0.group0_3_T3 by simp
qed

13.4 Abelian groups
Here we will prove some facts specific to abelian groups.

Proving the facts about associative and commutative operations is quite
tedious in formalized mathematics. To a human the thing is simple: we can
arrange the elements in any order and put parantheses wherever we want,
it is all the same. However, formalizing this statement would be rather
difficult (I think). The next lemma attempts a quasi-algorithmic approach
to this type of problem. To prove that two expressions are equal, we first
strip one from parantheses, then rearrange the elements in proper order,
then put the parantheses where we want them to be. The algorithm for
rearrangement is easy to describe: we keep putting the first element (from
the right) that is in the wrong place at the left-most position until we get
the proper arrangement. For the parantheses simp does it very well.

lemma (in group0) groupO_4_L2:
assumes Al:f {is commutative on} G
and A2:ac€G beG ceG deG E€G FeG
shows (a'b)-(c-d)-(E-F) = (a-(d-F)) -(b-(c-E))
proof -
from A2 have (ab)-(c-d)-(E-F) = ab-c-d-EF
using group_op_closed group_oper_assoc
by simp
also have ab-c-d-E-‘F = a-d-F-b-c-E
proof -
from A1 A2 have a-b-c-d-E-F = F-(a-b-c-d-E)
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using IsCommutative_def group_op_closed
by simp
also from A2 have F-(ab-c-d-E) = F-a-b-c-d-E
using group_op_closed group_oper_assoc
by simp
also from A1 A2 have F-a:b-c:d-E = d-(F-a-b-c)-E
using IsCommutative_def group_op_closed
by simp
also from A2 have d-(F-a-b-.c)-E = d-F-a-b-c-E
using group_op_closed group_oper_assoc
by simp
also from A1 A2 have d-F-a:b.cE = a-(dF)-b-cE
using IsCommutative_def group_op_closed
by simp
also from A2 have a-(d-F)-b-c:E = a-d-F-b-c:E
using group_op_closed group_oper_assoc
by simp
finally show thesis by simp
qed
also from A2 have a-d-Fb-cE = (a-(d-F))-(b-(cE))
using group_op_closed group_oper_assoc
by simp
finally show thesis by simp
qed

Another useful rearrangement.

lemma (in group0) groupO_4_L3:

assumes Al:f {is commutative on} G

and A2: a€G beG and A3: ceG deG Ee€G FeG

shows ab-((c:d) "1-(EF)™Y) = (a(Ec) ™D (b-(F-d)™)

proof -

from A3 have T1:
c7leG atec E7teG Fleq (c-d)leG (EF)'ea
using inverse_in_group group_op_closed
by auto

from A2 T1 have
ab ((c:d) 1 (EF)™) = ab(cd) " (EF) !
using group_op_closed group_oper_assoc
by simp

also from A2 A3 have
ab-(cd) " NEF! = (@ab)-d e (FLED
using group_inv_of_two by simp

also from A1 A2 T1 have
(ab)-(dte™H)-FLE™H = (a(cTHE"D)-(b-(a"F 1))
using group0_4_L2 by simp

also from A2 A3 have
(a:(cHE7))-(b- (@ HF 1)) = (a-(Ec) 1) (b-(F-d)™h)
using group_inv_of_two by simp

finally show thesis by simp
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qed

Some useful rearrangements for two elements of a group.

lemma (in group0) groupO_4_L4:
assumes Al:f {is commutative on} G
and A2: a€G beG
shows
b la=l = a7 lp!
(ab)~t = atp!
(ab )71 =alp
proof -
from A2 have Ti: b~ !€G a~!€G using inverse_in_group by auto
with A1 show b l.a=! = a=!b~! using IsCommutative_def by simp
with A2 show (ab)™! = a=!:b~! using group_inv_of_two by simp
from A2 T1 have (ab™')~! = (b™!)~!-a~! using group_inv_of_two by simp
with A1 A2 T1 show (ab ')7!' = a7lb
using group_inv_of_inv IsCommutative_def by simp
qed

Another bunch of useful rearrangements with three elements.

lemma (in group0) groupO_4_L4A:

assumes Al:f {is commutative on} G

and A2: aeG beG ceG

shows

ab-c = c-ab

a bl (btcH ! = (a-(bc)~H)7!

a-(b-c)™t = ablc!

a-(b-c™H)7! = ablc

ab lc™! = aclp!

proof -

from A1 A2 have ab-c = c-(a'b)
using IsCommutative_def group_op_closed
by simp

with A2 show ab.c = c-a'b using
group_op_closed group_oper_assoc
by simp

from A2 have T:
b 'eG c'eG b lcl €6 abea
using inverse_in_group group_op_closed
by auto

with A1 A2 show a=!'-(b7tc™)7! = (a-(bc)~ 17!
using group_inv_of_two IsCommutative_def
by simp

from A1 A2 T have a-(b-c)™! = a-(b~t.c™!)
using group_inv_of_two IsCommutative_def by simp

with A2 T show a-(b-c)~! = ab t.c!
using group_oper_assoc by simp

from A1 A2 T have a-(bc™1)7! = a-(b~t-(c™HH)™1H)
using group_inv_of_two IsCommutative_def by simp

136



with A2 T show a-(b-c™1)7! = ab lc
using group_oper_assoc group_inv_of_inv by simp
from A1 A2 T have ab l.c™! = a:(c7tb™1)
using group_oper_assoc IsCommutative_def by simp
with A2 T show ab lc™! = aclb!
using group_oper_assoc by simp
qed

Another useful rearrangement.

lemma (in group0) groupO_4_L4B:
assumes f {is commutative on} G
and acG beG ceG
shows a-b ! (bc7!) = ac™
using prems inverse_in_group group_op_closed
group0_4_L4 group_oper_assoc groupO_2_L16 by simp

1

A couple of permutations of order for three alements.

lemma (in group0) groupO_4_L4C:
assumes Al: f {is commutative on} G
and A2: acG beG ceG
shows
a-b.c = c-ab
a-b-c = a-(cb)
a-b-c = c-(a'b)
ab.c = cba
proof -
from A1 A2 show I: abc = cab
using group0_4_L4A by simp
also from A1 A2 have c-ab = a-cb
using IsCommutative_def by simp
also from A2 have a-cb = a-(c'b)
using group_oper_assoc by simp
finally show a-b-c = a-(c-b) by simp
from A2 I show ab-c = c-(ab)
using group_oper_assoc by simp
also from A1 A2 have c-(a'b) = c-(b-a)
using IsCommutative_def by simp
also from A2 have c-(b-a) = cb-a
using group_oper_assoc by simp
finally show a-b-c = cb-a by simp
qed

Some rearangement with three elements and inverse.

lemma (in group0) groupO_4_L4D:
assumes Al: f {is commutative on} G
and A2: acG beG ceG

shows
a lplc=calp!?
b~lalic = cca lp?
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(atbc) ! = aptc!
proof -
from A2 have T:
aleG pblets clea
using inverse_in_group by auto
with A1 A2 show
a lblc=rcalb!
btalc=rcalb?
using group0_4_L4A by auto
from A1 A2 T show (a~!bc)™! = ab tc!
using group_inv_of_three group_inv_of_inv groupO_4_L4C
by simp
qed

Another rearrangement lemma with three elements and equation.

lemma (in group0) groupO_4_L5: assumes Al:f {is commutative on} G
and A2: aeG beG ceG
and A3: ¢ = ab!
shows a = b-c
proof -
from A2 A3 have c-(b~1)~! = a
using inverse_in_group group0_2_L18
by simp
with A1 A2 show thesis using
group_inv_of_inv IsCommutative_def by simp
qed

In abelian groups we can cancel an element with its inverse even if separated
by another element.

lemma (in group0) groupO_4_L6A: assumes Al: f {is commutative on} G
and A2: acG DbeG
shows
aba’l =
a~lba =
a~!'-(b-a)
a-(b-a™!)
proof -

from A1 A2 have

aba! =altab

using inverse_in_group groupO_4_L4A by blast
also from A2 have ... = b

using group0_2_L6 group0_2_L2 by simp
finally show ab-a~! = b by simp
from A1 A2 have

alba=aalb

using inverse_in_group groupO_4_L4A by blast
also from A2 have ... = b

using group0_2_L6 group0_2_L2 by simp
finally show a~!b-a = b by simp

I o o

b
b
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moreover from A2 have a=!b-a = a=!-(b-a)
using inverse_in_group group_oper_assoc by simp
ultimately show a~!'-(b-a) = b by simp
from A1 A2 show a-(b-a™') = b
using inverse_in_group IsCommutative_def groupO_2_L16
by simp
qed

Another lemma about cancelling with two elements.

lemma (in group0) groupO_4_L6AA:
assumes Al: f {is commutative on} G and A2: acG beG
shows
ab tal =p!
using prems inverse_in_group groupO_4_L6A
by auto

Another lemma about cancelling with two elements.

lemma (in group0) groupO_4_L6AB:
assumes Al: f {is commutative on} G and A2: acG beG
shows

a-(ab)~! = b7t
a-(ba”!) = b
proof -

from A2 have a-(a-b) ! = a-(b~ta!)
using group_inv_of_two by simp

also from A2 have ... = ab l.a™!
using inverse_in_group group_oper_assoc by simp
also from A1 A2 have ... = b~!

using group0_4_L6AA by simp
finally show a-(a-b)™! = b~! by simp
from A1 A2 have a-(b-a=!) = a-(a=!'b)
using inverse_in_group IsCommutative_def by simp

also from A2 have ... = b
using inverse_in_group group_oper_assoc groupO_2_L6 groupO_2_L2
by simp
finally show a-(b-a=!) = b by simp
qed

Another lemma about cancelling with two elements.

lemma (in group0) groupO_4_L6AC:
assumes f {is commutative on} G and acG beG
shows a-(ab™1)7! = b
using prems inverse_in_group groupO_4_L6AB group_inv_of_inv
by simp

In abelian groups we can cancel an element with its inverse even if separated
by two other elements.

lemma (in group0) groupO_4_L6B: assumes Al: f {is commutative on} G
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and A2: acG beG ceG

shows

ab-ca”! = bc

a~lbca = bc
proof -

from A2 have
ab-cca”! = a-(b-c)-a!
a~lbca=al(bc)a
using group_op_closed group_oper_assoc inverse_in_group

by auto
with A1 A2 show
ab-ca”l = bc

a~lbca = bc
using group_op_closed group0O_4_L6A
by auto

qed

In abelian groups we can cancel an element with its inverse even if separated
by three other elements.

lemma (in group0) groupO_4_L6C: assumes Al: f {is commutative on} G
and A2: acG beG ceG deG
shows ab-c-da”! = b-cd
proof -
from A2 have ab-c-da”! = a(bcd)a?
using group_op_closed group_oper_assoc
by simp
with A1 A2 show thesis
using group_op_closed groupO_4_L6A
by simp
qed

Another couple of useful rearrangements of three elements and cancelling.

lemma (in group0) groupO_4_L6D:
assumes Al: f {is commutative on} G
and A2: aeG beG ceG
shows

ab l(ac )"l = cb!
(ac) L (bc) = alb
a-(b-(ca”tp 1)) =c¢
abc l(ca™!) =b

proof -
from A2 have T:
aleG bleg ctea
abe G ableG claleg caltea
using inverse_in_group group_op_closed by auto
with A1 A2 show ab '-(ac™!)™! = cb!
using group0_2_L12 group_oper_assoc groupO_4_L6B
IsCommutative_def by simp
from A2 T have (a:c) !-(bc) = c talbc
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using group_inv_of_two group_oper_assoc by simp
also from A1 A2 T have ... = a~lb
using group0_4_L6B by simp
finally show (a-c) '-(b-c) = a~lb
by simp
from A1 A2 T show a-(b-(cca=tb™1)) =c¢
using group_oper_assoc groupO_4_L6B group0_4_L6A
by simp
from T have ab.c™!-(cca™!) = ab-(c7t-(ca™!))
using group_oper_assoc by simp

also from A1 A2 T have ... = b
using group_oper_assoc group0_2_L6 group0_2_L2 group0_4_L6A
by simp
finally show ab-c™!-(c-a”!) = b by simp
qed

Another useful rearrangement of three elements and cancelling.

lemma (in group0) groupO_4_L6E:
assumes Al: f {is commutative on} G
and A2: aeG beG ceG
shows
ab-(ac)”! = bc7!
proof -
from A2 have T: b= ! € ¢ ¢! €@
using inverse_in_group by auto
with A1 A2 have
a-(b™H) " (a(c™H ™ H ™ = cTh ()
using group0_4_L6D by simp
with A1 A2 T show ab-(ac)”! = b.c!
using group_inv_of_inv IsCommutative_def
by simp
qed

A rearrangement with two elements and canceelling, special case of group0_4_L6D
when ¢ = b~ L.

lemma (in group0) groupO_4_L6F:
assumes Al: f {is commutative on} G
and A2: acG beG
shows a-b~!-(ab)~! = b~ 1p~!
proof -
from A2 have b™! € G
using inverse_in_group by simp
with A1 A2 have ab~l-(a-(b"1)"1)71 = p~Lp~!
using group0_4_L6D by simp
with A2 show ab ' (ab)~!' = b lb!
using group_inv_of_inv by simp

qed

Some other rearrangements with four elements. The algorithm for proof as
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in group0_4_L2 works very well here.

lemma (in group0) rearr_ab_gr_4_elemA:
assumes Al: f {is commutative on} G
and A2: acG beG ceG  deG

shows

a-b-c:d = a-d-b-c

a'b-c.d = a-c-(b-d)
proof -

from A1 A2 have ab-c-d = d-(a-b-c)
using IsCommutative_def group_op_closed

by simp

also from A2 have ... = d-a-b-c
using group_op_closed group_oper_assoc
by simp

also from A1 A2 have ... = a-d-b-c
using IsCommutative_def group_op_closed
by simp

finally show a-b-c:d = a-d-b-c
by simp

from A1 A2 have ab-cd = c-(a-b)-d
using IsCommutative_def group_op_closed

by simp

also from A2 have ... = c-a:bd
using group_op_closed group_oper_assoc
by simp

also from A1 A2 have ... = a-.c-bd
using IsCommutative_def group_op_closed
by simp

also from A2 have ... = a-c:-(b-d)
using group_op_closed group_oper_assoc
by simp

finally show ab-c-d = a-c-(b-d)
by simp

qed

Some rearrangements with four elements and inverse that are applications
of rearr_ab_gr_4_elem

lemma (in group0) rearr_ab_gr_4_elemB:
assumes Al: f {is commutative on} G
and A2: aeG beG ceG deG
shows
ab lctda! = ad b ltc!
ab-cd! = ad lbc
abcld7! = acl(bd™h)
proof -
from A2 have T: b € ¢ c ' €6 a! eg
using inverse_in_group by auto
with A1 A2 show
ablctd ! = ad b tc!
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abcd! = adlbc

abcld™! = acl(bd 1)

using rearr_ab_gr_4_elemA by auto
qed

Some rearrangement lemmas with four elements.

lemma (in group0) groupO_4_L7:

assumes Al: f {is commutative on} G

and A2: aeG beG ceG deG

shows

abc:d™! = a-d”!- bc

a-d-(b-d-(c-d))"! = a-(b-c)~t.d!

a-(b-c)-d = ab-d-c

proof -

from A2 have T:
bc € Gd!eGbleq cteq
d'beGcltdeG (ba) ! €a
bd € G bdceG (bdc) ' €6
ad € G bc € G
using group_op_closed inverse_in_group
by auto

with A1 A2 have ab-c:d”! = a-(d"!b-c)
using group_oper_assoc groupO_4_L4A by simp

also from A2 T have a-(d~'b-c) = a-d !bc
using group_oper_assoc by simp

finally show ab-c:d™! = a-d™!- b-c by simp

from A2 T have a-d-(b-d-(c-d))"! = a-d-(d" - (b-dc)™h)
using group_oper_assoc group_inv_of_two by simp

also from A2 T have ... = a-(b-d-c)!
using group_oper_assoc group0_2_L16 by simp
also from A1 A2 have ... = a-(d-(b-c))!
using IsCommutative_def group_oper_assoc by simp
also from A2 T have ... = a-((b-c)~!1.d71)
using group_inv_of_two by simp
also from A2 T have ... = a-(b-c) l.d7!

using group_oper_assoc by simp
finally show a-d-(b-d-(c-d))~! = a-(b-c)~1.d7!
by simp
from A2 have a-(b-c)-d = a-(b-(c-d))
using group_op_closed group_oper_assoc by simp

also from A1 A2 have ... = a-(b-(d-c))
using IsCommutative_def group_op_closed by simp
also from A2 have ... = abd-c

using group_op_closed group_oper_assoc by simp
finally show a-(b-c)-d = ab-d-c by simp
qed

Some other rearrangements with four elements.

lemma (in group0) groupO_4_L8:
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assumes Al: f {is commutative on} G
and A2: acG beG ceG deG
shows
a-(b-c)”! = (a-dtc1)-(db™ 1)
a-b-(c:d) = c-a(b-d)
a-b-(c:d) = a-c-(b-d)
a-(b-c™1)-d = ab-dc!
(ab)-(c:d) "t (bd 1)t = ac?
proof -
from A2 have T:
bc€GabeGd'!eGbletclea
d'beGeclded (ba) ! e
abeG (cd)d ' eG (dH'les dblea
using group_op_closed inverse_in_group
by auto
from A2 have a-(b-c) ™! = a.c”'b~! using group0_2_L14A by blast
moreover from A2 have a-c™! = (a:d™1)-(d-:c™!) using group0_2_L14A
by blast
ultimately have a-(b-c)~! = (a-d™!)-(d-:c™!)-b~! by simp
with A1 A2 T have a-(b-c) '= a-d™!'-(c7td)-b!
using IsCommutative_def by simp
with A2 T show a-(b-c)™! = (a-d 'c™1)-(db™ 1)
using group_op_closed group_oper_assoc by simp
from A2 T have ab-(c-d) = ab-cd
using group_oper_assoc by simp
also have a-b-c-d = c-a-b-d
proof -
from A1 A2 have ab-cd = c-(ab)-d
using IsCommutative_def group_op_closed

by simp
also from A2 have ... = c-a-bd
using group_op_closed group_oper_assoc
by simp
finally show thesis by simp
qed

also from A2 have c-a-b-d = c-a-(b-d)
using group_op_closed group_oper_assoc
by simp

finally show a'b-(c-d) = c-a-(b-d) by simp

with Al A2 show a-b-(c-d) = a-c-(b-d)
using IsCommutative_def by simp

from A1 A2 T show a-(b.c™')-d = abdc™!
using group0_4_L7 by simp

from T have (a-b)-(c:d) !l (bd™1)~! = (ab)-((c:d) L (bd™1)71)
using group_oper_assoc by simp

also from A1 A2 T have ... = (ab)-(c 'd~!-(a-b™ 1))
using group_inv_of_two groupO_2_L12 IsCommutative_def
by simp

also from T have ... = (a-b)-(c™!-(d7'-(db 1))
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using group_oper_assoc by simp
also from A1 A2 T have ... = ac™!
using group_oper_assoc group0O_2_L6 group0_2_L2 IsCommutative_def
group0_2_L16 by simp
finally show (a-b)-(c-d)'-(b-d"1)7! = ac™!
by simp
qed

Some other rearrangements with four elements.

lemma (in group0) groupO_4_L8A:
assumes Al: f {is commutative on} G
and A2: aceG beG ceG deG

shows

ab 1l (cd™!) = ac(®td!)

ab t(cd™!) = acbhb td!
proof -

from A2 have
T: acG b ' € G ceG d' €@
using inverse_in_group by auto

with A1 show ab™!-(c:d™!) = ac:(b~td™h)
by (rule group0_4_L8)

with A2 T show ab !'-(c:d™!) = acb™l.d7!
using group_op_closed group_oper_assoc
by simp

qed

Another rearrangement about equation.

lemma (in group0) groupO_4_L9:

assumes Al: f {is commutative on} G

and A2: acG beG ceG deG

and A3: a = bc hd!

shows

d =batlc!

d=alpbc!

b = ad-c

proof -

from A2 have T:
aled cleg altec becteg
using group_op_closed inverse_in_group
by auto

with A2 A3 have a-(d™!)"! = b.c™!
using group0_2_L18 by simp

with A2 have b-c™! = ad
using group_inv_of_inv by simp

with A2 T have I: a ! (bc™!) =4d
using group0_2_L18 by simp

with A1 A2 T show
d = batc!
d=albc!
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using group_oper_assoc IsCommutative_def by auto
from A3 have a-d-c = (b-c™!-d"!)-d-c by simp

also from A2 T have ... = b-c™!-(d71-d)-c
using group_oper_assoc by simp

also from A2 T have ... = b-clc
using group0_2_L6 group0_2_L2 by simp

also from A2 T have ... = b-(c!-c)
using group_oper_assoc by simp

also from A2 have ... = b

using group0_2_L6 group0_2_L2 by simp
finally have a-d.c = b by simp
thus b = a-d-.c by simp
qed

13.5 Translations

In this section we consider translations. Translations are maps T : G — G
of the form Ty(a) = g-a or Tg(a) = a-g. We also consider two-dimensional
translations Ty : G x G — G x G, where Ty(a,b) = (a-g,b- g) orTy(a,b) =
(9-a,9-0).
constdefs

RightTranslation(G,P,g) = {<a,b> € GxG. P<a,g> = b}

LeftTranslation(G,P,g) = {<a,b> € GxG. P<g,a> = b}

RightTranslation2(G,P,g) =

{<x,y> € (GXG)x(GXG). (P<fst(x),g>, P<snd(x),g>) = y}
LeftTranslation2(G,P,g) =
{<x,y> € (GXG)x(GXG). (P<g,fst(x)>, P<g,snd(x)>) = y}

Translations map G into G. Two dimensional translations map G x G into
itself.

lemma (in group0) groupO_5_L1: assumes Al: geG
shows RightTranslation(G,f,g) : G—G
LeftTranslation(G,f,g) : G—G
RightTranslation2(G,f,g) : (GXG)—(GXG)
LeftTranslation2(G,f,g) : (GXG)—(GXG)
proof -
from Al have VacG. a.g € G VaeG. ga € G
Vx € GxG. <fst(x)-g, snd(x)-g> € GXG
Vx € GXG. <gfst(x),gsnd(x)> € GXG
using group_oper_assocA apply_funtype by auto
then show RightTranslation(G,f,g) : G—G
LeftTranslation(G,f,g) : G—G
RightTranslation2(G,f,g) : (GXG)—(GXG)
LeftTranslation2(G,f,g) : (GXG)—(GXG)
using RightTranslation_def LeftTranslation_def
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RightTranslation2_def LeftTranslation2_def funcl_1_L11A
by auto
qed

The values of the translations are what we expect.

lemma (in group0) groupO_5_L2: assumes Al: gcG acG
shows
RightTranslation(G,f,g) (a) = a.g
LeftTranslation(G,f,g)(a) = ga
using prems groupO_5_L1 RightTranslation_def LeftTranslation_def
funcl_1_L11B by auto

The values of the two-dimensional translations are what we expect.

lemma (in group0) groupO_5_L3: assumes Al: geG acG beG
shows RightTranslation2(G,f,g)<a,b> = <a.g,b-g>
LeftTranslation2(G,f,g)<a,b> = <g-a,gb>
using prems RightTranslation2_def LeftTranslation2_def
group0_5_L1 funci_1_L11B by auto

Composition of left translations is a left translation by the product.

lemma (in group0) groupO_5_L4: assumes Al:gcG heG acG
and A2: T, = LeftTranslation(G,f,g) T, = LeftTranslation(G,f,h)
shows T,(T(a)) = gha
T4(Tp(a)) = LeftTranslation(G,f,gh) (a)
proof -
from A1 have T1:h-a€G g-heG
using group_oper_assocA apply_funtype by auto
with A1 A2 show T,(Tp(a)) = gha
using groupO_5_L2 group_oper_assoc by simp
with A1 A2 T1 show
T4(Tp(a)) = LeftTranslation(G,f,gh)(a)
using group0_5_L2 group_oper_assoc by simp
qed

Composition of right translations is a right translation by the product.

lemma (in group0) groupO_5_L5: assumes Al:gc€G heG acG
and A2: T, = RightTranslation(G,f,g) T, = RightTranslation(G,f,h)
shows T,(Tp(a)) = ah.g
T,(Tp(a)) = RightTranslation(G,f,h-g) (a)
proof -
from A1 have T1: a-h€G h.g €G
using group_oper_assocA apply_funtype by auto
with A1 A2 show T,(T,(a)) = ahg
using group0_5_L2 group_oper_assoc by simp
with A1 A2 T1 show
Ty(Tp(a)) = RightTranslation(G,f,h-g) (a)
using groupO_5_L2 group_oper_assoc by simp
qed
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The image of a set under a composition of translations is the same as the
image under translation by a product.

lemma (in group0) groupO_5_L6: assumes Al: g€G heG and A2: ACG
and A3: T, = RightTranslation(G,f,g) T, = RightTranslation(G,f,h)
shows T,(Tp(A)) = {ah-g. acA}
proof -
from A2 have T1:Va€A. a€G by auto
from A1 A3 have T, : G—=G T, : G—G
using groupO_5_L1 by auto
with A1 A2 T1 A3 show T,(T,(A)) = {ah-.g. acA}
using funcl_1_L15C group0_5_L5 by simp
qed

13.6 0Odd functions
This section is about odd functions.

Odd functions are those that commute with the group inverse: f(a™') =
(f(a)~".

constdefs

Is0dd(G,P,f) = (VaeG. f(GroupInv(G,P)(a)) = GroupInv(G,P)(f(a)) )

Let’s see the definition of an odd function in a more readable notation.

lemma (in group0) groupO_6_L1:
shows Is0dd(G,f,p) «— (VacG. p(a™!) = (p(a))™h
using IsOdd_def by simp

We can express the definition of an odd function in two ways.

lemma (in group0) groupO_6_L2:
assumes Al: p : G—G shows
(VaeG. p(a™) = (p(a)) 1) «— (VaeG. (p(a=)) ! = p(a))
proof
assume VacG. p(a™!) = (p(a))~!
with A1 show VacG. (p(a=1))~! = p(a)
using apply_funtype group_inv_of_inv by simp
next assume A2: VacG. (p(a=!))~! = p(a)
{ fix a assume acG
with A1 A2 have p(a™)) € ¢ ((pa=))"H~' = (pa))!
using apply_funtype inverse_in_group by auto
then have p(a™') = (p(a))~!
using group_inv_of_inv by simp
} then show VacG. p(a™!) = (p(a))~! by simp
qged

end
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14 Group_ZF _1.thy

theory Group_ZF_1 imports Group_ZF
begin

In a typical textbook a group is defined as a set G with an associative
operation such that two conditions hold:

A: there is an element e € G such that for all g € G we have e - a = a and
a-e = a. We call this element a ”unit” or a "neutral element” of the group.

B: for every a € G there exists a b € G such that a - b = e, where e is the
element of G whose existence is guaranteed by A.

The validity of this definition is rather dubious to me, as condition A does
not define any specific element e that can be referred to in condition B - it
merely states that a set of such neutral elements e is not empty. One way
around this is to first use condition A to define the notion of monoid, then
prove the uniqueness of e and then use the condition B to define groups.
However, there is an amusing way to define groups directly without any
reference to the neutral elements. Namely, we can define a group as a non-
empty set G with an assocative operation ”-” such that

C: for every a,b € G the equations a-x = b and y-a = b can be solved in G.

This theory file aims at proving the equivalence of this alternative definition
with the usual definition of the group, as formulated in Group_ZF.thy. The
romantic proofs come from an Aug. 14, 2005, 2006 post by buli on the
matematyka.org forum.

14.1 An alternative definition of group

We will use the multiplicative notation for the group. To do this, we define
a context (locale) similar to group0, that tells Isabelle to interpret a - b as
the value of function P on the pair (a, b).

locale group2 =
fixes P
fixes dot (infixl - 70)
defines dot_def [simp]: a - b = P<a,b>

A set G with an associative operation that satisfies condition C is a group,
as defined in Group_ZF theory file.

theorem (in group2) Group_ZF_1_T1:
assumes Al: G#0 and A2: P {is associative on} G
and A3: VaeG.VbeG. Ix€G. ax = b
and A4: Va€eG.VbeG. JyeG. ya=>b
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shows IsAgroup(G,P)
proof -
from Al obtain a where D1: acG by auto
with A3 obtain x where D2: x€G and D3: ax = a

by auto

from D1 A4 obtain y where D4: ycG and D5: y-a = a
by auto

have T1: VbeG. b = bx A b = yb

proof

fix b assume A5: beG

with D1 A4 obtain y, where D6: y,cG
and D7: yp-a = b by auto

from A5 D1 A3 obtain x;, where D8: x,€G
and D9: a-x, = b by auto

from D7 D3 D9 D5 have
b = yp-(ax) b = (y-a)x, by auto

moreover from D1 D2 D4 D8 D6 A2 have
(y-a)xp = y-(axp) yp-(ax) = (ypadx
using IsAssociative_def by auto

moreover from D7 D9 have
(yp-a)x = bx y-(axy) = yb

by auto
ultimately show b = b-x A b = y-b by simp
qed
moreover have x =y
proof -

from D2 T1 have x = y-x by simp
also from D4 T1 have yx = y by simp
finally show thesis by simp
qed
ultimately have VbeG. bx = b A xb = b by simp
with D2 A2 have IsAmonoid(G,P) using IsAmonoid_def by auto
with A3 show IsAgroup(G,P)
using monoidO_def monoidO.groupO_1_L3 IsAgroup_def
by simp
qed

end
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15 Group_ZF 2.thy

theory Group_ZF_2 imports Group_ZF func_ZF EquivClassl
begin

This theory continues Group_ZF.thy and considers lifting the group struc-
ture to function spaces and projecting the group structure to quotient spaces,
in particular the quotient qroup.

15.1 Lifting groups to function spaces

If we have a monoid (group) G than we get a monoid (group) structure on
a space of functions valued in in G by defining (f - g)(z) := f(z) - g(z). We
call this process ”lifting the monoid (group) to function space. This section
formalizes this ”lifting”.

The lifted operation is an operation on the function space.

assumes Al: F = f {lifted to function space over} X
shows F : (X—G) x (X—G)— (X—G)
proof -
from monoidAsssum have f : GXG—G
using IsAmonoid_def IsAssociative_def by simp
with A1 show thesis
using func_ZF_1_L3 group0_1_L3B by auto
qed

lemma (in monoid0) Group_ZF_2_1_LOA:

The result of the lifted operation is in the function space.

lemma (in monoid0) Group_ZF_2_1_LO:
assumes A1:F = f {lifted to function space over} X
and A2:s:X—G r:X—G
shows F<s,r> : X—G
proof -
from A1 have F : (X—G) X (X—G)— (X—G)
using Group_ZF_2_1_LOA
by simp
with A2 show thesis using apply_funtype
by simp
qed

The lifted monoid operation has a neutral element, namely the constant
function with the neutral element as the value.

lemma (in monoid0) Group_ZF_2_1_L1:
assumes Al: F = f {lifted to function space over} X
and A2: E = ConstantFunction(X,TheNeutralElement(G,f))
shows E : X—G A (Vs€X—G. F<E,s> = s A F<s,E> = s)
proof
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from A2 show T1:E : X—G
using group0_1_L3 funcl_3_L1 by simp
show VscX—G. F<E,s> = s A F<s,E> = s
proof
fix s assume A3:s:X—G
from monoidAsssum have T2:f : GXG—G
using IsAmonoid_def IsAssociative_def by simp
from A3 A1 T1 have
F<E,s> : X—G F<s,E> : X—G s : X—G
using Group_ZF_2_1_LO by auto
moreover from T2 A1 T1 A2 A3 have
VxeX. (F<E,s>) (x) = s(x)
VxeX. (F<s,B>)(x) = s(x)
using func_ZF_1_L4 groupO_1_L3B funcl_3_L2
apply_type groupO_1_L3 by auto
ultimately show
FE,s> = s A F<s,E> = s
using fun_extension_iff by auto
qed
qed

Monoids can be lifted to a function space.

lemma (in monoid0) Group_ZF_2_1_T1:
assumes Al1:F = f {lifted to function space overl} X
shows IsAmonoid(X—G,F)
proof -
from monoidAsssum Al have
F {is associative on} (X—G)
using IsAmonoid_def func_ZF_2_L4 groupO_1_L3B
by auto
moreover from Al have
d E € X—=G. Vs € X—=G. F<E,s> = s A F<g,E> = s
using Group_ZF_2_1_L1 by blast
ultimately show thesis using IsAmonoid_def
by simp
qed

The constant function with the neutral element as the value is the neutral
element of the lifted monoid.

lemma Group_ZF_2_1_L2:
assumes Al:IsAmonoid(G,f)
and A2:F = f {lifted to function space over} X
and A3:E = ConstantFunction(X,TheNeutralElement(G,f))
shows E = TheNeutralElement (X—G,F)
proof -
from A1 A2 have
T1:monoid0(G,f) and T2:monoid0(X—G,F)
using monoidO_def monoidO.Group_ZF_2_1_T1
by auto
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from T1 A2 A3 have
E : X—G A (Vs€X—G. F<E,s> = s A F<s,E> = s)
using monoidO.Group_ZF_2_1_L1 by simp
with T2 show thesis
using monoid0.group0_1_L4 by auto
qed

The lifted operation acts on the functions in a natural way defined by the
group operation.
lemma (in group0) Group_ZF_2_1_L3:

assumes A1:F = f {lifted to function space over} X
and A2:s:X—G r:X—G

and A3:xeX
shows (F<s,r>) (x) = s(x)-r(x)
proof -

from groupAssum A1 A2 A3 show thesis
using IsAgroup_def IsAmonoid_def IsAssociative_def
group0_2_L1 monoid0.groupO_1_L3B func_ZF_1_14
by auto
qed

In the group0 context we can apply theorems proven in monoid0 context to
the lifted monoid.

lemma (in group0) Group_ZF_2_1_L4:
assumes Al1:F = f {lifted to function space overl} X
shows monoid0(X—G,F)
proof -
from A1 show thesis
using group0_2_L1 monoidO.Group_ZF_2_1_T1 monoidO_def
by simp
qed

The compostion of a function f : X — G with the group inverse is a right
inverse for the lifted group. Recall that in the group0 context e is the neutral
element of the group.

lemma (in group0) Group_ZF_2_1_L5:
assumes Al: F = f {lifted to function space over} X
and A2: s : X—G
and A3: i = GroupInv(G,f) O s
shows i: X—G F<s,i> = TheNeutralElement (X—G,F)
proof -
let E = ConstantFunction(X,1)
have E : X—G
using group0_2_L2 funcl_3_L1 by simp
moreover from groupAssum A2 A3 Al have
F<s,i> : X—G using group0_2_T2 comp_fun
Group_ZF_2_1_L4 monoid0.group0_1_L1
by simp
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moreover from groupAssum A2 A3 Al have
VxeX. (F<s,i>)(x) = E(x)
using group0_2_T2 comp_fun Group_ZF_2_1_L3

comp_fun_apply apply_funtype groupO0_2_L6 funcl_3_L2

by simp

moreover from groupAssum Al have
E = TheNeutralElement (X—G,F)
using IsAgroup_def Group_ZF_2_1_L2 by simp

ultimately show F<s,i> = TheNeutralElement (X—G,F)
using fun_extension_iff IsAgroup_def Group_ZF_2_1_L2
by simp

from groupAssum A2 A3 show i: X—G
using group0_2_T2 comp_fun by simp

qed

Groups can be lifted to the function space.

theorem (in group0) Group_ZF_2_1_T2:
assumes Al: F = f {lifted to function space over} X
shows IsAgroup(X—G,F)
proof -
from A1 have IsAmonoid (X—G,F)
using group0_2_L1 monoid0.Group_ZF_2_1_T1
by simp
moreover have
Vs€X—G. 3i€X—G. F<s,i> = TheNeutralElement (X—G,F)
proof
fix s assume A2: s : X—G
let i = GroupInv(G,f) 0 s
from groupAssum A2 have i:X—G
using group0_2_T2 comp_fun by simp
moreover from A1l A2 have
F<s,i> = TheNeutralElement (X—G,F)
using Group_ZF_2_1_L5 by fast
ultimately show di€X—G. F<s,i> = TheNeutralElement (X—G,F)
by auto
qed
ultimately show thesis using IsAgroup_def
by simp
qed

What is the group inverse for the lifted group?

lemma (in group0) Group_ZF_2_1_L6:
assumes Al: F = f {lifted to function space over} X
shows Vsec(X—G). GroupInv(X—G,F)(s) = GroupInv(G,f) O s
proof -
from A1 have group0(X—G,F)
using groupO_def Group_ZF_2_1_T2
by simp
moreover from Al have Vs€X—G. GroupInv(G,f) 0 s : X—G A
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F<s,GroupInv(G,f) 0 s> = TheNeutralElement (X—G,F)
using Group_ZF_2_1_L5 by simp
ultimately have
Vs€(X—G). GroupInv(G,f) 0 s = GroupInv(X—G,F) (s)
by (rule groupO.group0_2_L9A)
thus thesis by simp
qed

What is the group inverse in a subgroup of the lifted group?
lemma (in group0) Group_ZF_2_1_L6A:

assumes Al: F = f {lifted to function space over} X
and A2: IsAsubgroup(H,F)

and A3: g = restrict(F,HxH)

and A4: scH
shows GroupInv(H,g)(s) = GroupInv(G,f) 0 s
proof -

from A1 have T1: groupO(X—G,F)
using groupO_def Group_ZF_2_1_T2
by simp
with A2 A3 A4 have GroupInv(H,g)(s) = GroupInv(X—G,F) (s)
using group0.group0_3_T1 restrict by simp
moreover from T1 Al A2 A4 have
GroupInv(X—G,F) (s) = GroupInv(G,f) O s
using group0.group0_3_L2 Group_ZF_2_1_L6 by blast
ultimately show thesis by simp
qed

If a group is abelian, then its lift to a function space is also abelian.

lemma (in group0) Group_ZF_2_1_L7:
assumes Al: F = £ {lifted to function space over} X
and A2: f {is commutative on} G
shows F {is commutative on} (X—G)
proof-
from A1 A2 have
F {is commutative on} (X—range(f))
using group_oper_assocA func_ZF_2_L2
by simp
moreover from groupAssum have range(f) = G
using group0_2_L1 monoid0.groupO_1_L3B
by simp
ultimately show thesis by simp
qed

15.2 Equivalence relations on groups

The goal of this section is to establish that (under some conditions) given
an equivalence relation on a group or (monoid )we can project the group
(monoid) structure on the quotient and obtain another group.
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The neutral element class is neutral in the projection.

lemma (in monoid0) Group_ZF_2_2_L1:
assumes Al: equiv(G,r) and A2:Congruent2(r,f)
and A3: F = ProjFun2(G,r,f)
and A4: e = TheNeutralElement (G,f)
shows r{e} € G//r A
(Ve € G//r. F<r{e},c> = ¢ A F<c,r{e}> = ¢)
proof
from A4 show Til:r{e} € G//r
using groupO_1_L3 quotientI
by simp
show
Vc € G//r. F<r{e},c> = ¢ A F<c,r{e}> = ¢
proof
fix ¢ assume A5:c € G//r
then obtain g where D1:gcG ¢ = r{g}
using quotient_def by auto
with A1 A2 A3 A4 D1 show
F<r{e},c> = ¢ A F<c,r{e}> = ¢
using group0_1_L3 EquivClass_1_L10 groupO_1_L3
by simp
qed
qed

The projected structure is a monoid.

theorem (in monoid0) Group_ZF_2_2_T1:
assumes Al: equiv(G,r) and A2: Congruent2(r,f)
and A3: F = ProjFun2(G,r,f)
shows IsAmonoid(G//r,F)
proof -
let E = r{TheNeutralElement(G,f)}
from A1 A2 A3 have
E € G//r A (VcEG//r. FKE,c> = ¢ A F<c,E> = ¢)
using Group_ZF_2_2_L1 by simp
hence
dEEG//r. V¥V c€G//r. F<E,c> = ¢ A F<c,E> = ¢
by auto
with monoidAsssum Al A2 A3 show thesis
using IsAmonoid_def EquivClass_2_T2
by simp
qed

The class of the neutral element is the neutral element of the projected
monoid.
lemma Group_ZF_2_2_L1:

assumes Al: IsAmonoid(G,f)

and A2: equiv(G,r) and A3: Congruent2(r,f)
and A4: F = ProjFun2(G,r,f)
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and A5: e = TheNeutralElement (G,f)
shows r{e} = TheNeutralElement(G//r,F)
proof -
from A1 A2 A3 A4 have
T1:monoid0(G,f) and T2:monoid0(G//r,F)
using monoidO_def monoidO.Group_ZF_2_2_T1 by auto
from T1 A2 A3 A4 A5 have r{e} € G//r A
(Ve € G//r. F<r{e},c> = ¢ A F<c,r{e}> = ¢)
using monoidO.Group_ZF_2_2_L1 by simp
with T2 show thesis using monoid0.groupO_1_L4
by auto
qed

The projected operation can be defined in terms of the group operation on
representants in a natural way.

lemma (in group0) Group_ZF_2_2_L2:
assumes Al: equiv(G,r) and A2: Congruent2(r,f)
and A3: F = ProjFun2(G,r,f)
and A4: a€G beG
shows F<r{a},r{b}> = r{ab}
proof -
from A1 A2 A3 A4 show thesis
using EquivClass_1_L10 by simp
qed

The class of the inverse is a right inverse of the class.

lemma (in group0) Group_ZF_2_2_L3:
assumes Al: equiv(G,r) and A2: Congruent2(r,f)
and A3: F = ProjFun2(G,r,f)
and A4: acG
shows F(r{a},r{a"'}) = TheNeutralElement(G//r,F)
proof -
from A1 A2 A3 A4 have
F(r{a},r{a"'}) = r{1}
using inverse_in_group Group_ZF_2_2_L2 group0_2_L6
by simp
with groupAssum A1 A2 A3 show thesis
using IsAgroup_def Group_ZF_2_2_L1 by simp
qed

The group structure can be projected to the quotient space.

theorem (in group0) Group_ZF_3_T2:
assumes Al: equiv(G,r) and A2: Congruent2(r,f)
shows IsAgroup(G//r,ProjFun2(G,r,f))

proof -
let F = ProjFun2(G,r,f)
let E = TheNeutralElement(G//r,F)

from groupAssum Al A2 have IsAmonoid(G//r,F)
using IsAgroup_def monoidO_def monoidO.Group_ZF_2_2_T1
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by simp
moreover have
VceG//r. 3beG//r. F<c,b> = E
proof
fix ¢ assume A3: ¢ € G//r
then obtain g where D1: geG c¢ = r{g}
using quotient_def by auto
let b = r{g~ '}
from D1 have b € G//r
using inverse_in_group quotientI

by simp
moreover from Al A2 D1 have
F<c,b> = E

ultimately show JbeG//r. F<c,b> = E
by auto
qed
ultimately show thesis
using IsAgroup_def by simp
qed

using Group_ZF_2_2_L3 by simp

The group inverse (in the projected group) of a class is the class of the
inverse.

lemma (in group0) Group_ZF_2_2_L4:
assumes Al: equiv(G,r) and
A2: Congruent2(r,f) and
A3: F = ProjFun2(G,r,f) and
Ad: aeG
shows r{a='} = GroupInv(G//r,F) (r{a})
proof -
from A1 A2 A3 have group0(G//r,F)
using Group_ZF_3_T2 groupO_def by simp
moreover from A4 have
r{a} € G//r r{a™'} € G//r
using inverse_in_group quotientI by auto
moreover from A1 A2 A3 A4 have
F(r{a},r{a"'}) = TheNeutralElement(G//r,F)
using Group_ZF_2_2_L3 by simp
ultimately show thesis
by (rule groupO.group0_2_L9)
qed

15.3 Normal subgroups and quotient groups

A normal subgrup N of a group G is such that aba~' belongs to N if a €
G,b € N. Having a group and a normal subgroup N we can create another
group consisting of eqivalence classes of the relation a ~ b =a-b~! € N.
We will refer to this relation as the quotient group relation.
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constdefs
IsAnormalSubgroup(G,f,N) = IsAsubgroup(N,f) A
(VneN.VgeG. f< f< g,n >,GroupInv(G,f)(g) > € N)

QuotientGroupRel(G,f,H) =
{<a,b> € GxG. f<a, GroupInv(G,f)(b)> € H}

QuotientGroupOp(G,f,H) = ProjFun2(G,QuotientGroupRel(G,f,H ),f)

Definition of a normal subgroup in a more readable notation.

lemma (in group0) Group_ZF_2_4_LO:
assumes IsAnormalSubgroup(G,f,H)
and g&€G neH
shows gng! € H
using prems IsAnormalSubgroup_def by simp

The quotient group relation is reflexive.

lemma (in group0) Group_ZF_2_4_L1:
assumes IsAsubgroup(H,f)
shows refl(G,QuotientGroupRel(G,f,H))
using prems groupO_2_L6 groupO_3_L5
QuotientGroupRel_def refl_def by simp

The quotient group relation is symmetric.

lemma (in group0) Group_ZF_2_4_L2:
assumes Al:IsAsubgroup(H,f)
shows sym(QuotientGroupRel(G,f,H))
proof -
{
fix a b assume A2: <a,b> € QuotientGroupRel(G,f,H)
with A1 have (ab™!1)"! € H
using QuotientGroupRel_def groupO_3_T3A

by simp

moreover from A2 have (ab=!)"! = ba!
using QuotientGroupRel_def group0_2_L12
by simp

ultimately have b-a=! € H by simp

with A2 have <b,a> € QuotientGroupRel(G,f,H)
using QuotientGroupRel_def by simp
}

then show thesis using symI by simp
qed

The quotient group relation is transistive.

lemma (in group0) Group_ZF_2_4_L3A:
assumes Al: IsAsubgroup(H,f) and
A2: <a,b> € QuotientGroupRel(G,f,H) and

A3: <b,c> € QuotientGroupRel(G,f,H)
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shows <a,c> € QuotientGroupRel(G,f,H)
proof -
let r = QuotientGroupRel(G,f,H)
from A2 A3 have T1:ac€G beG ceG
using QuotientGroupRel_def by auto
from A1 A2 A3 have (a-b™!)-(bc™!) € H
using QuotientGroupRel_def group0_3_L6
by simp
moreover from T1 have
ac ! = (ab™1)-(bc™h
using groupO_2_L14A by blast
ultimately have a.c™! € H
by simp
with T1 show thesis using QuotientGroupRel_def
by simp
qed

The quotient group relation is an equivalence relation. Note we do not need
the subgroup to be normal for this to be true.

lemma (in group0) Group_ZF_2_4_L3: assumes Al:IsAsubgroup(H,f)
shows equiv(G,QuotientGroupRel (G, ,H))
proof -
let r = QuotientGroupRel(G,f,H)
from A1 have
Vabc. ({a, ) €er A (b, c) €r — (a, ¢c) € 1)
using Group_ZF_2_4_L3A by blast
then have trans(r)
using Foll_L2 by blast
with Al show thesis
using Group_ZF_2_4_L1 Group_ZF_2_4_L2
QuotientGroupRel_def equiv_def
by auto

qed

The next lemma states the essential condition for congruency of the group
operation with respect to the quotient group relation.

lemma (in group0) Group_ZF_2_4_L4:
assumes Al:IsAnormalSubgroup(G,f,H)
and A2:(al,a2) € QuotientGroupRel(G,f,H)
and A3:(b1,b2) € QuotientGroupRel(G,f,H)
shows (al-bl, a2-b2) € QuotientGroupRel (G,f,H)
proof -
from A2 A3 have T1:
aleG a2eG bleG b2eG
al-bl € G a2b2 € G
b1b2™! € H ala2™! € H
using QuotientGroupRel_def groupO_2_L1 monoid0.groupO_1_L1
by auto
with Al show thesis using
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IsAnormalSubgroup_def groupO_3_L6 groupO_2_L15
QuotientGroupRel_def by simp
qed

If the subgroup is normal, the group operation is congruent with respect to
the quotient group relation.

lemma Group_ZF_2_4_L5A:
assumes IsAgroup(G,f)
and IsAnormalSubgroup(G,f,H)
shows Congruent2(QuotientGroupRel (G,f,H),f)
using prems groupO_def groupO.Group_ZF_2_4_L4 Congruent2_def
by simp

The quotient group is indeed a group.

theorem Group_ZF_2_4_T1:
assumes IsAgroup(G,f) and IsAnormalSubgroup(G,f,H)
shows
IsAgroup(G//QuotientGroupRel(G,f ,H) ,QuotientGroupOp(G,f,H))
using prems groupO_def groupO.Group_ZF_2_4_L3 IsAnormalSubgroup_def
Group_ZF_2_4_L5A groupO.Group_ZF_3_T2 QuotientGroupOp_def
by simp

The class (coset)of the neutral element is the neutral element of the quotient
group.

lemma Group_ZF_2_4_L5B:

assumes IsAgroup(G,f) and IsAnormalSubgroup(G,f,H)

and r = QuotientGroupRel(G,f,H)

and e = TheNeutralElement (G,f)

shows r{e} = TheNeutralElement(G//r,QuotientGroupOp(G,f,H))

using prems IsAnormalSubgroup_def groupO_def
IsAgroup_def groupO.Group_ZF_2_4_L3 Group_ZF_2_4_L5A
QuotientGroupOp_def Group_ZF_2_2_L1

by simp

A group element is equivalent to the neutral element iff it is in the subgroup
we divide the group by.

lemma (in group0) Group_ZF_2_4_L5C: assumes acG
shows (a,1) € QuotientGroupRel(G,f,H) «— acH
using prems QuotientGroupRel_def group_inv_of_one group0O_2_L2

by auto

A group element is in H iff its class is the neutral element of G/H.

lemma (in group0) Group_ZF_2_4_L5D:
assumes Al: IsAnormalSubgroup(G,f,H) and
A2: a€G and
A3: r = QuotientGroupRel(G,f,H) and
A4: TheNeutralElement(G//r,QuotientGroupOp(G,f,H)) = e

shows r{a} = e «— (a,1) € r
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proof
assume r{a} = e
with groupAssum prems have
r{1} = r{a} and I: equiv(G,r)
using Group_ZF_2_4_L5B IsAnormalSubgroup_def Group_ZF_2_4_L3
by auto
with A2 have (1,a) € r using eq_equiv_class
by simp
with I show (a,1) € r by (rule equiv_is_sym)
next assume (a,1) € r
moreover from Al A3 have equiv(G,r)
using IsAnormalSubgroup_def Group_ZF_2_4_L3
by simp
ultimately have r{a} = r{1}
using equiv_class_eq by simp
with groupAssum A1 A3 A4 show r{a} = e
using Group_ZF_2_4_L5B by simp
qed

The class of a € G is the neutral element of the quotient G/H iff a € H.

lemma (in group0) Group_ZF_2_4_L5E:
assumes IsAnormalSubgroup(G,f,H) and
a€G and r = QuotientGroupRel(G,f,H) and
TheNeutralElement (G//r,QuotientGroupOp(G,f,H)) = e
shows r{a} = e «+— acH
using prems Group_ZF_2_4_L5C Group_ZF_2_4_L5D

by simp

Essential condition to show that every subgroup of an abelian group is nor-
mal.

lemma (in group0) Group_ZF_2_4_L5:
assumes Al:f {is commutative on} G
and A2:IsAsubgroup(H,f)
and A3:geG heH
shows ghg™! € H
proof -
from A2 A3 have T1:heG g ! € G
using group0_3_L2 inverse_in_group by auto
with A3 A1 have ghg ! = g-lgh
using group0_4_L4A by simp
with A3 T1 show thesis using
group0_2_L6 group0_2_L2
by simp
qed

Every subgroup of an abelian group is normal. Moreover, the quotient group
is also abelian.

lemma Group_ZF_2_4_L6:
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assumes Al: IsAgroup(G,f)
and A2: f {is commutative on} G
and A3: IsAsubgroup(H,f)
shows IsAnormalSubgroup(G,f,H)
QuotientGroupOp(G,f,H) {is commutative on} (G//QuotientGroupRel(G,f,H))
proof -
from A1 A2 A3 show T1: IsAnormalSubgroup(G,f,H) using
groupO_def IsAnormalSubgroup_def groupO.Group_ZF_2_4_L5
by simp
let r = QuotientGroupRel(G,f,H)
from A1 A3 T1 have equiv(G,r) Congruent2(r,f)
using group0_def group0.Group_ZF_2_4_L3 Group_ZF_2_4_L5A
by auto
with A2 show
QuotientGroupOp(G,f,H) {is commutative on} (G//QuotientGroupRel(G,f,H))
using EquivClass_2_T1 QuotientGroupOp_def
by simp
qed

The group inverse (in the quotient group) of a class (coset) is the class of
the inverse.
lemma (in group0) Group_ZF_2_4_L7:

assumes IsAnormalSubgroup(G,f,H)

and acG and r = QuotientGroupRel(G,f,H)

and F = QuotientGroupOp(G,f,H)

shows r{a='} = GroupInv(G//r,F) (r{a})

using groupAssum prems IsAnormalSubgroup_def Group_ZF_2_4_L3

Group_ZF_2_4_L5A QuotientGroupOp_def Group_ZF_2_2_L4
by simp

15.4 Function spaces as monoids

On every space of functions {f : X — X} we can define a natural monoid
structure with composition as the operation. This section explores this fact.

The next lemma states that composition has a neutral element, namely the
identity function on X (the one that maps x € X into itself).

lemma Group_ZF_2_5_L1: assumes Al: F = Composition(X)
shows JIc(X—X). Vfe(X—X). F<I,f> = f A F<f,I> = £
proof-
let T = id(X)
from A1 have
I € X=X A (Vfe(X—=X). F<I,f> = f A F<f,I> = f)
using id_type func_ZF_6_L1A by simp
thus thesis by auto
qed

The space of functions that map a set X into itsef is a monoid with compo-
sition as operation and the identity function as the neutral element.
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lemma Group_ZF_2_5_L2: shows
IsAmonoid (X—X,Composition (X))
id(X) = TheNeutralElement (X—X,Composition(X))
proof -
let T = id(X)
let F = Composition(X)
show IsAmonoid(X—X,Composition(X))
using func_ZF_5_L5 Group_ZF_2_5_L1 IsAmonoid_def
by auto
then have monoid0(X—X,F)
using monoidO_def by simp
moreover have
I € X=X AN (Vfe(X—=X). FI,f> = f A F<£f,I> = f)
using id_type func_ZF_6_L1A by simp
ultimately show I = TheNeutralElement(X—X,F)
using monoid0.group0_1_L4 by auto
qed

This concludes Group_zZF_2 theory.

end
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16 Group_ZF 3.thy

theory Group_ZF_3 imports Group_ZF_2 Finitel
begin

In this theory we consider notions in group theory that are useful for the
construction of real numbers in the Real_ZF_x series of theories.

16.1 Group valued finite range functions

In this section show that the group valued functions f : X — G, with the
property that f(X) is a finite subset of G, is a group. Such functions play
an important role in the construction of real numbers in the Real ZF x.thy
series.

The following proves the essential condition to show that the set of finite
range functions is closed with respect to the lifted group operation.

lemma (in group0) Group_ZF_3_1_L1:
assumes Al: F = f {lifted to function space over} X
and
A2:s € FinRangeFunctions(X,G) r € FinRangeFunctions(X,G)
shows F<s,r> € FinRangeFunctions(X,G)
proof -
let q = F<s,r>
from A2 have T1:s:X—G r:X—G
using FinRangeFunctions_def by auto
with Al have T2:q : X—G
using group0_2_L1 monoid0.Group_ZF_2_1_L0
by simp
moreover have q(X) € Fin(G)
proof -
from A2 have
{s(x). x€X} € Fin(G)
{r(x). x€X} € Fin(®)
using Finitel_L18 by auto
with A1 T1 T2 show thesis using
group_oper_assocA Finitel L15 Group_ZF_2_1_L3 func_imagedef
by simp
qed
ultimately show thesis using FinRangeFunctions_def
by simp
qed

The set of group valued finite range functions is closed with respect to the
lifted group operation.

lemma (in group0) Group_ZF_3_1_L2:
assumes Al: F = f {lifted to function space over} X
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shows FinRangeFunctions(X,G) {is closed under} F
proof -
let A = FinRangeFunctions(X,G)
from Al have Vx€A. VyeA. F<x,y> € A
using Group_ZF_3_1_L1 by simp
then show thesis using IsOpClosed_def by simp
qed

A composition of a finite range function with the group inverse is a finite
range function.

lemma (in group0) Group_ZF_3_1_L3:
assumes Al: s € FinRangeFunctions(X,G)
shows GroupInv(G,f) 0 s € FinRangeFunctions(X,G)
using groupAssum prems group0_2_T2 Finitel_L20 by simp

The set of finite range functions is s subgroup of the lifted group.

theorem Group_ZF_3_1_T1:

assumes Al:IsAgroup(G,f)
and A2:F = f {lifted to function space over} X

and A3:X#0

shows IsAsubgroup(FinRangeFunctions(X,G) ,F)
proof -

let e = TheNeutralElement (G,f)

let S = FinRangeFunctions(X,G)
from A1 have T1:groupO(G,f) using groupO_def
by simp
with A1 A2 have T2:group0(X—G,F)
using group0.Group_ZF_2_1_T2 groupO_def
by simp
moreover have S # 0
proof -
from T1 A3 have
ConstantFunction(X,e) € S
using group0.group0_2_L1 monoid0.groupO_1_L3
Finitel_L17 by simp
thus thesis by auto
qed
moreover have S C X—G
using FinRangeFunctions_def by auto
moreover from A2 T1 have
S {is closed under} F
using group0.Group_ZF_3_1_L2
by simp
moreover from A1 A2 T1 have
Vs € S. GroupInv(X—G,F)(s) € S
using FinRangeFunctions_def groupO.Group_ZF_2_1_L6
group0.Group_ZF_3_1_L3 by simp
ultimately show thesis
using group0.group0_3_T3 by simp
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qed

16.2 Almost homomorphisms

An almost homomorphism is a group valued function defined on a monoid
M with the property that the set { f(m +n) — f(m) — f(n)}mnem is finite.
This term is used by R. D. Arthan in ”"The Eudoxus Real Numbers”. We
use this term in the general group context and use the A‘Campo’s term
"slopes” (see his ”A natural construction for the real numbers”) to mean
an almost homomorphism mapping interegers into themselves. We consider
almost homomorphisms because we use slopes to define real numbers in the
Real _ZF_x series.

HomDiff is an acronym for ”homomorphism difference”. This is the expres-
sion s(mn)(s(m)s(n))~t, or s(m+n)—s(m) —s(n) in the additive notation.
It is equal to the neutral element of the group if s is a homomorphism. Al-
most homomorphisms are defined as those maps s : G — G such that the
homomorphism difference takes only finite number of values on G x G. Al-
though almost homomorphisms can be in principle defined on a monoid with
values in a group, we limit ourselves to the situation where the monoid and
the group are the same. The set of slopes related to a specific group is called
AlmostHoms(G, f). AlHomOpl(G, f) is the group operation on almost ho-
momorphisms defined in a natural way by (s -r)(n) = s(n) - r(n). In the
terminology defined in funcl.thy this is the group operation f (on G) lifted
to the function space G — G and restricted to the set AlmostHoms(G, f).
We also define a composition (binary) operator on almost homomorphisms
in a natural way. We call that operator AlHomOp2 - the second operation
on almost homomorphisms. Composition of almost homomorphisms is used
to define multiplication of real numbers in Real ZF _x.thy series.

constdefs
HomDiff (G,f,s,x) =
f(s(f<fst(x),snd(x)>) ,
(GroupInv(G,f) (f<s(fst(x)),s(snd(x))>)))

AlmostHoms (G,f) =
{s € G—G.{HomDiff(G,f,s,x). x € GXG } € Fin(G)}

AlHomOp1(G,f) =
restrict(f {lifted to function space over} G,
AlmostHoms (G, f) xAlmostHoms (G,f))

AlHomOp2(G,f) =
restrict (Composition(G),AlmostHoms (G,f) xAlmostHoms (G,f))

This lemma provides more readable notation for the HomDiff definition.
Not really intended to be used in proofs, but just to see the definition in the
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notation defined in the group0 locale.

lemma (in group0) Group_ZF_3_2_L1:
shows HomDiff (G,f,s,<m,n>) = s(mn)-(s(m)-s(n))*
using HomDiff_def by simp

The next lemma shows the set from the definition of almost homomorphism
in a different form.

lemma (in group0) Group_ZF_3_2_L1A:
{HomDiff(G,f,s,x). x € GxG } = {s(@mn)-(sm)-s@))~!. <m,n> € GxG}
proof -
have VmeG.VneG. HomDiff(G,f,s,<m,n>) = s(mn)-(s(@m)-s(n)) !
using Group_ZF_3_2_L1 by simp

then show thesis by (rule ZF1_1_L4A)
qed

Let’s define some notation. We inherit the notation and assumptions from
the group0 context (locale) and add some. We will use AH to denote the
set of almost homomorphisms. ~ is the inverse (negative if the group is
the group of integers) of almost homomorphisms, (~ p)(n) = p(n)~!. § will
denote the homomorphism difference specific for the group (HomDiff(G, f)).
The notation s ~ r will mean that s,r are almost equal, that is they are in
the equivalence relation defined by the group of finite range functions (that
is a normal subgroup of almost homomorphisms, if the group is abelian).
We show that this is equivalent to the set {s(n)-7(n)~! : n € G} being
finite. We also add an assumption that the G is abelian as many needed
properties do not hold without that.

locale groupl = group0O +
assumes isAbelian: f {is commutative on} G

fixes AH
defines AH_def [simp]: AH = AlmostHoms(G,f)

fixes Op1
defines Opl_def [simp]: Opl = AlHomOp1(G,f)

fixes Op2
defines Op2_def [simp]: Op2 = AlHomOp2(G,f)

fixes FR
defines FR_def [simp]: FR = FinRangeFunctions(G,G)

fixes neg :: i=i (~_ [90] 91)
defines neg_def [simp]l: ~s = GroupInv(G,f) 0 s

fixes §
defines d_def [simpl: §(s,x) = HomDiff(G,f,s,x)
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fixes AHprod (infix - 69)
defines AHprod_def [simpl: s - r = AlHomOpl(G,f)<s,r>

fixes AHcomp (infix o 70)
defines AHcomp_def [simp]: s o r = AlHomOp2(G,f)<s,r>

fixes AlEq (infix =~ 68)
defines AlEq_def [simp]:
s & r = <s,r> € QuotientGroupRel (AH,Op1,FR)

HomDiff is a homomorphism on the lifted group structure.

lemma (in groupl) Group_ZF_3_2_L1:
assumes Al: s:G—G r:G—G
and A2: x € GXG
and A3: F = f {lifted to function space over} G
shows §(F<s,r>,x) = 0(s,x)-0(r,x)
proof -
let p = F<s,r>
from A2 obtain m n where
D1: x = <m,n> meG neG
by auto
then have Tl:mn € G
using group0_2_L1 monoidO.groupO_1_L1 by simp
with A1 D1 have T2:
s(m)eG s(n)eG r(m) G
r(n)eG s(mn)eG r(mn)eG
using apply_funtype by auto
from A3 A1l have T3:p : G—G
using group0_2_L1 monoid0.Group_ZF_2_1_LO
by simp
from D1 T3 have
5(p,x) = p(mn)-((p(m))~L-(pm))~1)
using Group_ZF_3_2_L1 apply_funtype group_inv_of_two
by simp
also from A3 A1 D1 T1 isAbelian T2 have
... =0(s,x) 0(r,x)
using Group_ZF_2_1_L3 group0_4_L3 Group_ZF_3_2_L1
by simp
finally show thesis by simp
qed

The group operation lifted to the function space over G preserves almost
homomorphisms.

lemma (in groupl) Group_ZF_3_2_L2: assumes Al: s € AH r € AH
and A2: F = f {lifted to function space over} G
shows F<s,r> € AH

proof -
let p = F<s,r>

from A1 A2 have p : G—G
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using AlmostHoms_def groupO_2_L1 monoid0.Group_ZF_2_1_LO
by simp
moreover have
{6(p,x). x € GXG} € Fin(®)
proof -
from A1 have
{6(s,x). x € GXG } € Fin(G)
{5(r,x). x € GXG } € Fin(G)
using AlmostHoms_def by auto
with groupAssum A1 A2 show thesis
using IsAgroup_def IsAmonoid_def IsAssociative_def
Finitel_L15 AlmostHoms_def Group_ZF_3_2_L1
by auto
qed
ultimately show thesis using AlmostHoms_def
by simp
qed

The set of almost homomorphisms is closed under the lifted group operation.

lemma (in groupl) Group_ZF_3_2_L3:
assumes F = f {lifted to function space overl} G
shows AH {is closed under} F
using prems IsOpClosed_def Group_ZF_3_2_L2 by simp

The terms in the homomorphism difference for a function are in the group.

lemma (in groupl) Group_ZF_3_2_L4:
assumes s:G—G and meG neG
shows
mn € G
s(mn) € G
s(m) € Gs(n) € G
6(s,<m,n>) € G
s(m)-s(n) € G
using prems group_op_closed inverse_in_group
apply_funtype HomDiff_def by auto

It is handy to have a version of Group_ZF_3_2_L4 specifically for almost ho-
momorphisms.

corollary (in groupl) Group_ZF_3_2_L4A:
assumes s € AH and meG neG
shows mn € G
s(mn) € G
s(m) € G s € G
6(s,<m,n>) € G
s(m)-s(n) € G
using prems AlmostHoms_def Group_ZF_3_2_L4
by auto

The terms in the homomorphism difference are in the group, a different
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form.

assumes Al:s € AH and A2:x€GXG
shows fst(x)-snd(x) € G
s(fst(x)-snd(x)) € G
s(fst(x)) € G s(snd(x)) € G
0(s,x) € G
s(fst(x))-s(snd(x)) € G
proof -
let m = fst(x)
let n = snd(x)
from A1 A2 show
mn € G s(mn) € G
s(m) € G s(n) € G
s(m)-s(n) € G
using Group_ZF_3_2_L4A
by auto
from A1 A2 have §(s,<m,n>) € G using Group_ZF_3_2_L4A
by simp
moreover from A2 have <m,n> = x by auto
ultimately show §(s,x) € G by simp
qed

lemma (in groupl) Group_ZF_3_2_L4B:

What are the values of the inverse of an almost homomorphism?

lemma (in groupl) Group_ZF_3_2_L5:
assumes s € AH and neG
shows (~s)(n) = (s(n))~!
using prems AlmostHoms_def comp_fun_apply by auto

Homomorphism difference commutes with the inverse for almost homomor-
phisms.

lemma (in groupl) Group_ZF_3_2_L6:
assumes Al:s € AH and A2:x€GXG
shows §(~s,x) = (§(s,x)) !
proof -
let m = fst(x)
let n = snd(x)
have §(~s,x) = (~s) (@n)-((~s) (m) (~s) (n))
using HomDiff_def by simp
from A1 A2 isAbelian show thesis
using Group_ZF_3_2_L4B HomDiff_def
Group_ZF_3_2_L5 group0_4_L4A
by simp
qed

The inverse of an almost homomorphism maps the group into itself.

lemma (in groupl) Group_ZF_3_2_L7:
assumes s € AH
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shows ~s : G—G
using groupAssum prems AlmostHoms_def group0_2_T2 comp_fun by auto

The inverse of an almost homomorphism is an almost homomorphism.

lemma (in groupl) Group_ZF_3_2_L8:
assumes Al: F = f {lifted to function space over} G
and A2: s € AH
shows GroupInv(G—G,F)(s) € AH
proof -
from A2 have {§(s,x). x € GXG} € Fin(G)
using AlmostHoms_def by simp
with groupAssum have
GroupInv(G,f){d(s,x). x € GXG} € Fin(G)
using group0_2_T2 Finitel_L6A by blast
moreover have
GroupInv(G,f){d(s,x). x € GXG} =
{(6(s,x))7 L. x € GxG}
proof -
from groupAssum have
GroupInv(G,f) : G—G
using group0_2_T2 by simp
moreover from A2 have
VxEGXG. 6(s,x)€EG
using Group_ZF_3_2_L4B by simp
ultimately show thesis
using funcl_1_L17 by simp
qed
ultimately have {(§(s,x))"!. x € GXxG} € Fin(G)
by simp
moreover from A2 have
{(5(s,x))7 . x € GxGY = {0(~s,x). x € GXG}
using Group_ZF_3_2_L6 by simp
ultimately have {§(~s,x). x € GXG} € Fin(G)
by simp
with A2 groupAssum Al show thesis
using Group_ZF_3_2_L7 AlmostHoms_def Group_ZF_2_1_L6
by simp
qed

The function that assigns the neutral element everywhere is an almost ho-
momorphism.

lemma (in groupl) Group_ZF_3_2_L9:
ConstantFunction(G,1) € AH
AH-£0
proof -
let z = ConstantFunction(G,1)
have GXxG#0 using group0_2_L1 monoid0.group0_1_L3A
by blast
moreover have VxeGxG. §(z,x) =1
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proof
fix x assume Al:x € G X G
then obtain m n where x = <m,n> m€G neG
by auto
then show §(z,x) =1
using group0_2_L1 monoid0.groupO_1_L1
funcl_3_L2 HomDiff_def groupO_2_L2
group_inv_of_one by simp
qed
ultimately have {§(z,x). x€GxG} = {1} by (rule ZF1_1_L5)
then show z € AH using group0_2_L2 Finitel L16
funcl_3_L1 group0_2_L2 AlmostHoms_def by simp
then show AH#0 by auto
qed

If the group is abelian, then almost homomorphisms form a subgroup of the
lifted group.

lemma Group_ZF_3_2_L10:
assumes Al: IsAgroup(G,f)
and A2: f {is commutative on} G
and A3: F = f {lifted to function space over} G
shows IsAsubgroup(AlmostHoms(G,f) ,F)
proof -
let AH = AlmostHoms(G,f)
from A2 A1 have T1:groupl(G,f)
using groupl_axioms.intro groupO_def groupl_def
by simp
from A1 A3 have group0(G—G,F)
using groupO_def groupO.Group_ZF_2_1_T2 by simp
moreover from T1 have AH#0
using groupl.Group_ZF_3_2_L9 by simp
moreover have T2:AH C G—G
using AlmostHoms_def by auto
moreover from T1 A3 have
AH {is closed under} F
using groupl.Group_ZF_3_2_L3 by simp
moreover from T1 A3 have
Vs€AH. GroupInv(G—G,F)(s) € AH
using groupl.Group_ZF_3_2_L8 by simp
ultimately show IsAsubgroup(AlmostHoms(G,f),F)
using group0.group0_3_T3 by simp
qed

If the group is abelian, then almost homomorphisms form a group with the
first operation, hence we can use theorems proven in group0O context aplied
to this group.

lemma (in groupl) Group_ZF_3_2_L10A:

shows IsAgroup(AH,Opl) groupO(AH,0p1)
using groupAssum isAbelian Group_ZF_3_2_L10 IsAsubgroup_def
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AlHomOp1_def groupO_def by auto

The group of almost homomorphisms is abelian

lemma Group_ZF_3_2_L11: assumes Al: IsAgroup(G,f)
and A2: f {is commutative on} G
shows
IsAgroup(AlmostHoms (G,f) ,A1HomOp1(G,£))
AlHomOp1(G,f) {is commutative on} AlmostHoms(G,f)
proof-
let AH = AlmostHoms(G,f)
let F = f {lifted to function space over} G
from A1 A2 have IsAsubgroup(AH,F)
using Group_ZF_3_2_L10 by simp
then show IsAgroup(AH,AlHomOp1(G,f))
using IsAsubgroup_def AlHomOpl_def by simp
from A1 have F : (G—G) X (G—G)—(G—G)
using IsAgroup_def monoidO_def monoid0.Group_ZF_2_1_LOA
by simp
moreover have AH C G—G
using AlmostHoms_def by auto
moreover from Al A2 have
F {is commutative on} (G—G)
using groupO_def groupO.Group_ZF_2_1_L7
by simp
ultimately show
AlHomOp1(G,f){is commutative on} AH
using func_ZF_4_L1 AlHomOpl_def by simp
qed

The first operation on homomorphisms acts in a natural way on its operands.

lemma (in groupl) Group_ZF_3_2_L12:
assumes s€AH reAH and neG
shows (s:r)(n) = s(n)-r(n)
using prems AlHomOpl_def restrict AlmostHoms_def Group_ZF_2_1_L3
by simp

What is the group inverse in the group of almost homomorphisms?

lemma (in groupl) Group_ZF_3_2_L13:
assumes Al: scAH
shows
GroupInv(AH,0p1) (s) = GroupInv(G,f) 0 s
GroupInv(AH,0pl)(s) € AH
GroupInv(G,f) 0 s € AH
proof -
let F = f {lifted to function space over} G
from groupAssum isAbelian have IsAsubgroup(AH,F)
using Group_ZF_3_2_L10 by simp
with Al show I: GroupInv(AH,0p1) (s) = GroupInv(G,f) O s
using AlHomOpl_def Group_ZF_2_1_L6A by simp
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from A1 show GroupInv(AH,Opl)(s) € AH
using Group_ZF_3_2_L10A groupO.inverse_in_group by simp

with I show GroupInv(G,f) 0 s € AH by simp
qged

The group inverse in the group of almost homomorphisms acts in a natural
way on its operand.

lemma (in groupl) Group_ZF_3_2_L14:
assumes s€AH and neG
shows (GroupInv(AH,Op1)(s))(n) = (s(n)) !
using isAbelian prems Group_ZF_3_2_L13 AlmostHoms_def comp_fun_apply
by auto

The next lemma states that if s, 7 are almost homomorphisms, then s - r~!

is also an almost homomorphism.

lemma Group_ZF_3_2_L15: assumes IsAgroup(G,f)
and f {is commutative on} G
and AH = AlmostHoms(G,f) Opl = AlHomOp1(G,f)
and s € AH r € AH
shows
Opi<s,r> € AH
GroupInv(AH,0p1) (r) € AH
Op1<s,GroupInv(AH,0p1) (r)> € AH
using prems groupO_def groupl_axioms.intro groupl_def
groupl.Group_ZF_3_2_L10A groupO.groupO_2_L1

monoid0.groupO_1_L1 groupO.inverse_in_group by auto

A version of Group_zF_3_2_L15 formulated in notation used in groupl con-
text. States that the product of almost homomorphisms is an almost homo-
morphism and the the product of an almost homomorphism with a (point-

wise) inverse of an almost homomorphism is an almost homomorphism.

corollary (in groupl) Group_ZF_3_2_L16: assumes s € AH r € AH
shows s.r € AH s-(~r) € AH
using prems isAbelian groupO_def groupl_axioms.intro groupl_def
Group_ZF_3_2_L15 Group_ZF_3_2_L13 by auto

16.3 The classes of almost homomorphisms

In the Real ZF x series we define real numbers as a quotient of the group
of integer almost homomorphisms by the integer finite range functions. In
this section we setup the background for that in the general group context.

Finite range functions are almost homomorphisms.

lemma (in groupl) Group_ZF_3_3_L1: FR C AH
proof

fix s assume Al:s € FR

then have T1:{s(n). n € G} € Fin(G)
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{s(fst(x)). x€GXG} € Fin(G)
{s(snd(x)). x€GxG} € Fin(G)
using Finitel_L18 Finitel_L6B by auto
have {s(fst(x)-snd(x)). x € GXG} € Fin(G)
proof -
have VxeGxG. fst(x)-snd(x) € G
using group0_2_L1 monoidO.groupO_1_L1 by simp
moreover from T1 have {s(n). n € G} € Fin(G) by simp
ultimately show thesis by (rule Finitel_L6B)
qed
moreover have
{(s(fst(x))-s(snd(x)))~'. x€GXG} € Fin(G)
proof -
have VgeG. g~! € G using inverse_in_group
by simp
moreover from T1 have
{s(fst(x))-s(snd(x)). x€GXG} € Fin(G)
using group_oper_assocA Finitel L15 by simp
ultimately show thesis
by (rule Finitel_L6C)
qged
ultimately have {d(s,x). x€GxG} € Fin(G)
using HomDiff_def Finitel L15 group_oper_assocA
by simp
with Al show s € AH
using FinRangeFunctions_def AlmostHoms_def
by simp
qed

Finite range functions valued in an abelian group form a normal subgroup
of almost homomorphisms.

lemma Group_ZF_3_3_L2: assumes Al:IsAgroup(G,f)
and A2:f {is commutative on} G
shows
IsAsubgroup(FinRangeFunctions(G,G) ,A1HomOp1(G,f))
IsAnormalSubgroup (AlmostHoms (G,f) ,A1HomOp1(G,f),
FinRangeFunctions(G,G))
proof -
let H1 = AlmostHoms(G,f)
let H2 = FinRangeFunctions(G,G)
let F = £ {lifted to function space over} G
from A1 A2 have T1:groupO(G,f)
monoid0(G,f) groupl(G,f)
using groupO_def groupO.group0_2_L1
groupl_axioms.intro groupl_def
by auto
with Al A2 have IsAgroup(G—G,F)
IsAsubgroup(H1,F) IsAsubgroup(H2,F)
using group0.Group_ZF_2_1_T2 Group_ZF_3_2_L10
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monoidO.groupO0_1_L3A Group_ZF_3_1_T1
by auto
then have
IsAsubgroup(H1NH2,restrict (F,H1xH1))
using group0_3_L7 by simp
moreover from T1 have H1NH2 = H2
using groupl.Group_ZF_3_3_L1 by auto
ultimately show IsAsubgroup(H2,A1HomOp1(G,f))
using AlHomOpl_def by simp
with A1 A2 show IsAnormalSubgroup(AlmostHoms(G,f),A1HomOp1(G,f),
FinRangeFunctions(G,G))
using Group_ZF_3_2_L11 Group_ZF_2_4_L6
by simp
qed

The group of almost homomorphisms divided by the subgroup of finite range
functions is an abelian group.

theorem (in groupl) Group_ZF_3_3_T1:
shows
IsAgroup (AH//QuotientGroupRel (AH,0pl,FR) ,QuotientGroupOp (AH,0p1,FR))
and
QuotientGroupOp(AH,0p1,FR) {is commutative on}
(AH//QuotientGroupRel (AH,0p1,FR))
using groupAssum isAbelian Group_ZF_3_3_L2 Group_ZF_3_2_L10A
Group_ZF_2_4_T1 Group_ZF_3_2_L10A Group_ZF_3_2_L11

Group_ZF_3_3_L2 IsAnormalSubgroup_def Group_ZF_2_4_L6 by auto

It is useful to have a direct statement that the quotient group relation is an
equivalence relation for the group of AH and subgroup FR.

lemma (in groupl) Group_ZF_3_3_L3:
QuotientGroupRel (AH,Op1,FR) C AH x AH
equiv (AH,QuotientGroupRel (AH,Op1,FR))
using groupAssum isAbelian QuotientGroupRel_def
Group_ZF_3_3_L2 Group_ZF_3_2_L10A groupO.Group_ZF_2_4_L3
by auto

The ”almost equal” relation is symmetric.

lemma (in groupl) Group_ZF_3_3_L3A: assumes Al: s~r
shows rxs
proof -
let R = QuotientGroupRel (AH,0p1,FR)
from A1 have equiv(AH,R) and (s,r) € R
using Group_ZF_3_3_L3 by auto
then have (r,s) € R by (rule equiv_is_sym)
then show r~s by simp
qed

Although we have bypassed this fact when proving that group of almost
homomorphisms divided by the subgroup of finite range functions is a group,
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it is still useful to know directly that the first group operation on AH is
congruent with respect to the quotient group relation.

lemma (in groupl) Group_ZF_3_3_L4:
shows Congruent2(QuotientGroupRel (AH,Op1,FR),0pl)
using groupAssum isAbelian Group_ZF_3_2_L10A Group_ZF_3_3_L2
Group_ZF_2_4_L5A by simp

The class of an almost homomorphism s is the neutral element of the quo-
tient group of almost homomorphisms iff s is a finite range function.

lemma (in groupl) Group_ZF_3_3_L5: assumes s € AH and
r = QuotientGroupRel (AH,0Op1,FR) and
TheNeutralElement (AH//r,QuotientGroupOp(AH,Op1,FR)) = e
shows r{s} = e «—— s € FR
using groupAssum isAbelian prems Group_ZF_3_2_L11
groupO_def Group_ZF_3_3_L2 groupO.Group_ZF_2_4_L5E
by simp

The group inverse of a class of an almost homomorphism f is the class of
the inverse of f.

lemma (in groupl) Group_ZF_3_3_L6:
assumes Al: s € AH and
r = QuotientGroupRel (AH,Op1,FR) and
F = ProjFun2(AH,r,0pl)
shows r{~s} = GroupInv(AH//r,F) (x{s})
proof -
from groupAssum isAbelian prems have
r{GroupInv(AH, Opl)(s)} = GroupInv(AH//r,F)(r {s})
using Group_ZF_3_2_L10A Group_ZF_3_3_L2 QuotientGroupOp_def
group0.Group_ZF_2_4_L7 by simp

with Al show thesis using Group_ZF_3_2_L13
by simp
qed

16.4 Compositions of almost homomorphisms

The goal of this section is to establish some facts about composition of almost
homomorphisms. needed for the real numbers construction in Real ZF x.thy
serias. In particular we show that the set of almost homomorphisms is closed
under composition and that composition is congruent with respect to the
equivalence relation defined by the group of finite range functions (a normal
subgroup of almost homomorphisms).

The next formula restates the definition of the homomorphism difference to
express the value an almost homomorphism on a product.

lemma (in groupl) Group_ZF_3_4_L1:
assumes scAH and meG neG
shows s(mn) = s(m)-s(n)-0(s,<m,n>)
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using isAbelian prems Group_ZF_3_2_L4A HomDiff_def groupO_4_L5
by simp

What is the value of a composition of almost homomorhisms?

lemma (in groupl) Group_ZF_3_4_L2:
assumes s€AH recAH and meG
shows (sor)(m) = s(r(m)) s(r(m)) € G
using prems AlmostHoms_def func_ZF_5_L3 restrict AlHomOp2_def
apply_funtype by auto

What is the homomorphism difference of a composition?

lemma (in groupl) Group_ZF_3_4_L3:
assumes Al: s€AH re€AH and A2: meG néeG
shows §(sor,<m,n>) =
0(s,<r(m),r(n)>)-s(d(r,<m,n>))-6(s,<r(m)-r(n),d(r,<m,n>)>)
proof -
from A1 A2 have T1i:
s(r(m))- s(r(m)) € G
0(s,<r(m) ,r(m)>)e G s(d(r,<m,n>)) €G
0(s,<(r(m) - r(m)),0(r,<m,n>)>) € G
using Group_ZF_3_4_L2 AlmostHoms_def apply_funtype
Group_ZF_3_2_L4A groupO_2_L1 monoid0O.groupO_1_L1
by auto
from A1 A2 have J(sor,<m,n>) =
s(r(m)-r(n)-0(r,<m,n>))-(s((x(m)))-s(r(n)))*
using HomDiff_def group0_2_L1 monoidO.groupO_1_L1 Group_ZF_3_4_L2
Group_ZF_3_4_L1 by simp
moreover from A1 A2 have
s(r(m) r(n)-6(r,<m,n>)) =
s(r(m) r(n))-s(6(r,<m,n>))-0(s,<(x(m)-r(n)),d0(r,<m,n>)>)
s(r(m) r(n)) = s(r(m))-s(r(n))-6(s,<r(m),r(n)>)
using Group_ZF_3_2_L4A Group_ZF_3_4_L1 by auto
moreover from T1 isAbelian have
s(r(m))-s(r(n))-0(s,<r(m),r(n)>)-
s(0(r,<m,n>))-0(s,<(r(m)-r(n)),d(r,<m,n>)>)-
(s((rm)))-s(x@)))~! =
0(s,<r(m),r(n)>)-s(5(r,<m,n>))-6(s,<(r(m)-r(n)),d(r,<m,n>)>)
using group0_4_L6C by simp
ultimately show thesis by simp
qed

What is the homomorphism difference of a composition (another form)?
Here we split the homomorphism difference of a composition into a product
of three factors. This will help us in proving that the range of homomorphism
difference for the composition is finite, as each factor has finite range.

lemma (in groupl) Group_ZF_3_4_L4:
assumes Al: scAH recAH and A2: x € GXG
and A3:
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A = §(s,<r(fst(x)),r(snd(x))>)
B = s(§(r,x))
C = 0(s,<(r(fst(x))-r(snd(x))),0(r,x)>)

shows §(sor,x) = A-B-C
proof -
let m = fst(x)
let n = snd(x)
from A1 have s€AH reAH .
moreover from A2 have meG neG
by auto
ultimately have
6(sor,<m,n>) =
0(s,<r(m) ,r(n)>)-s(0(r,<m,n>))-
0(s,<(r(m)-r(n)),d(r,<m,n>)>)
by (rule Group_ZF_3_4_L3)
with A1 A2 A3 show thesis
by auto
qed

The range of the homomorphism difference of a composition of two almost
homomorphisms is finite. This is the essential condition to show that a
composition of almost homomorphisms is an almost homomorphism.

lemma (in groupl) Group_ZF_3_4_L5:
assumes Al: s€AH rcAH
shows {6(Composition(G)<s,r>,x). x € GXG} € Fin(G)
proof -
from A1 have
VxEGXG. <r(fst(x)),r(snd(x))> € GxG
using Group_ZF_3_2_L4B by simp
moreover from Al have
{6(s,x). X€GXG} € Fin(G)
using AlmostHoms_def by simp
ultimately have
{6(s,<r(fst(x)),r(snd(x))>). x€GXG} € Fin(G)
by (rule Finitel_L6B)
moreover have {s(/(r,x)). x€GxG} € Fin(G)
proof -
from A1 have VmeG. s(m) € G
using AlmostHoms_def apply_funtype by auto
moreover from Al have {6(r,x). x€GxG} € Fin(G)
using AlmostHoms_def by simp
ultimately show thesis
by (rule Finitel_L6C)
qed
ultimately have
{6(s,<r(fst(x)) ,r(snd(x))>)-s(6(xr,x)). x€GXG} € Fin(G)
using group_oper_assocA Finitel_L15 by simp
moreover have
{6(s,<(x(fst(x))-r(snd(x))),0(xr,x)>). =xEGXG} € Fin(G)
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proof -
from A1 have
VxeGXG. <(r(fst(x))-r(snd(x))),d(r,x)> € GxG
using Group_ZF_3_2_L4B by simp
moreover from Al have
{6(s,x). x€GxG} € Fin(G)
using AlmostHoms_def by simp
ultimately show thesis by (rule Finitel_L6B)
qed
ultimately have
{6(s,<r(fst(x)) ,r(snd(x))>)-s(6(r,x))-
0(s,<(r(fst(x)) r(snd(x))),d(r,x)>). x€GxG} € Fin(G)
using group_oper_assocA Finitel L15 by simp
moreover from Al have {d(sor,x). x€GxG} =
{0(s,<r(fst(x)) ,r(snd(x))>)-s(d(r,x))-
0(s,<(r(fst(x)) r(snd(x))),d(r,x)>). x€GXG}
using Group_ZF_3_4_L4 by simp
ultimately have {§(sor,x). x€GxG} € Fin(G) by simp
with Al show thesis using restrict AlHomOp2_def
by simp
qed

Composition of almost homomorphisms is an almost homomorphism.

theorem (in groupl) Group_ZF_3_4_T1:
assumes Al: scAH recAH
shows Composition(G)<s,r> € AH sor € AH
proof -
from Al have <s,r> € (G—G)x(G—G)
using AlmostHoms_def by simp
then have Composition(G)<s,r> : G—G
using func_ZF_5_L1 apply_funtype by blast
with A1 show Composition(G)<s,r> € AH
using Group_ZF_3_4_L5 AlmostHoms_def
by simp
with A1 show sor € AH using AlHomOp2_def restrict
by simp
qed

The set of almost homomorphisms is closed under composition. The second
operation on almost homomorphisms is associative.

lemma (in groupl) Group_ZF_3_4_L6: shows
AH {is closed under} Composition(G)
AlHomOp2(G,f) {is associative on} AH
proof -
show AH {is closed under} Composition(G)
using Group_ZF_3_4_T1 IsOpClosed_def by simp
moreover have AH C G—G using AlmostHoms_def
by auto
moreover have
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Composition(G) {is associative on} (G—G)
using func_ZF_5_L5 by simp
ultimately show AlHomOp2(G,f) {is associative on} AH
using func_ZF_4_L3 AlHomOp2_def by simp
qed

Type information related to the situation of two almost homomorphisms.

lemma (in groupl) Group_ZF_3_4_L7:
assumes Al: s€AH recAH and A2: neG
shows
sn) € G (rm) !t ea
s(n)-(rm)) ' € G sx@) €6
proof -
from A1 A2 show
s(n) € G
@)t ea
s(r(n)) € G
s(n)-(rm))~! € G
using AlmostHoms_def apply_type
group0_2_L1 monoidO.groupO_1_L1 inverse_in_group
by auto
qed

Type information related to the situation of three almost homomorphisms.

lemma (in groupl) Group_ZF_3_4_L8:
assumes Al: s€AH r€AH q€AH and A2: neG
shows
q(n) G
s(r(n)) € G
r(n)- (@)t € G
s(r()-(q@) Y € G
§(s,<q@),r(n)-(q@))~1>) € G
proof -
from Al A2 show
gn)e ¢ s(r(m) € ¢ r()-(q))~' € ¢
using AlmostHoms_def apply_type
group0_2_L1 monoid0.groupO_1_L1 inverse_in_group
by auto
with A1 A2 show s(r(n)-(q(n))~!) € G
§(s,<q(n),r(n)-(qn))~*>) € G
using AlmostHoms_def apply_type Group_ZF_3_2_L4A
by auto
qed

A formula useful in showing that the composition of almost homomorphisms
is congruent with respect to the quotient group relation.

lemma (in groupl) Group_ZF_3_4_L9:
assumes Al: s1 € AH r1l € AH s2 € AH r2 € AH
and A2: neG
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shows (silor1) (n)-((s20r2)(n)) ! =
s1(r2(m))- (s2(r2(m))) tsi(ri(n)-(xr2(m))~1)-
§(s1,<r2(n),r1(n)-(x2()) )
proof -
from A1 A2 isAbelian have
(stor1) (n)-((s20r2) (n)) ! =
s1(r2(n)-(r1(n)-(r2(m)) 1) - (s2(x2(n))) !
using Group_ZF_3_4_L2 Group_ZF_3_4_L7 group0_4_L6A
group_oper_assoc by simp
with A1 A2 have (slorl) (n)-((s20r2) (m))~! = s1(r2(n))-
s1(r1(n)-(r2(n))~1)-4(s1,<r2(n),r1(n) - (r2(n)) ~1>).
(s2(r2(n))) !
using Group_ZF_3_4_L8 Group_ZF_3_4_L1 by simp
with Al A2 isAbelian show thesis using
Group_ZF_3_4_L8 group0_4_L7 by simp
qed

The next lemma shows a formula that translates an expression in terms of
the first group operation on almost homomorphisms and the group inverse
in the group of almost homomorphisms to an expression using only the
underlying group operations.

lemma (in groupl) Group_ZF_3_4_L10: assumes Al: s € AH r € AH
and A2: n € G
shows (s-(GroupInv(AH,O0p1) (r))) (@) = s)-(r(n)) !
proof -
from isAbelian A1 A2 show thesis
using Group_ZF_3_2_L13 Group_ZF_3_2_L12 Group_ZF_3_2_L14
by simp
qed

A neccessary condition for two a. h. to be almost equal.

lemma (in groupl) Group_ZF_3_4_L11:
assumes Al: s~r
shows {s(n)-(r(n))~'. neG} € Fin(G)
proof -
from A1 have sc€AH rcAH
using QuotientGroupRel_def by auto
moreover from Al have
{(s:(GroupInv(AH,0p1) (r))) (n). neG}r € Fin(G)
using QuotientGroupRel_def Finitel _L18 by simp
ultimately show thesis
using Group_ZF_3_4_L10 by simp
qed

A sufficient condition for two a. h. to be almost equal.

lemma (in groupl) Group_ZF_3_4_L12: assumes Al: s€AH rcAH
and A2: {s(n)-(r(n))~!. n€G} € Fin(G)
shows s~r
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proof -
from groupAssum isAbelian Al A2 show thesis
using Group_ZF_3_2_L15 AlmostHoms_def
Group_ZF_3_4_L10 Finitel_L19 QuotientGroupRel_def
by simp
qed

Another sufficient consdition for two a.h. to be almost equal. It is actually
just an expansion of the definition of the quotient group relation.

lemma (in groupl) Group_ZF_3_4_L12A: assumes s€AH rcAH
and s-(GroupInv(AH,0p1)(r)) € FR
shows s~r r=xs
proof -
from prems show s~r using prems QuotientGroupRel_def
by simp
then show r~xs by (rule Group_ZF_3_3_L3A)
qed

Another necessary condition for two a.h. to be almost equal. It is actually
just an expansion of the definition of the quotient group relation.

lemma (in groupl) Group_ZF_3_4_L12B: assumes s~r
shows s-(GroupInv(AH,0p1)(r)) € FR
using prems QuotientGroupRel_def by simp

The next lemma states the essential condition for the composition of a. h.
to be congruent with respect to the quotient group relation for the subgroup
of finite range functions.

lemma (in groupl) Group_ZF_3_4_L13:
assumes Al: sl~xs2 rixr2
shows (slorl) = (s20r2)
proof -
have {s1(r2(n))- (s2(r2(n)))~'. neG} € Fin(G)
proof -
from A1 have VneG. r2(n) € G
using QuotientGroupRel_def AlmostHoms_def apply_funtype
by auto
moreover from A1 have {s1(n)-(s2(n))~!. n€G} € Fin(G)
using Group_ZF_3_4_L11 by simp
ultimately show thesis by (rule Finitel_L6B)
qed
moreover have {s1(ri(n)-(r2(n))~"). n € G} € Fin(G)
proof -
from A1 have VneG. s1(n)eG
using QuotientGroupRel_def AlmostHoms_def apply_funtype
by auto
moreover from Al have {ri(n)-(r2(n))~!. neG} € Fin(G)
using Group_ZF_3_4_L11 by simp

ultimately show thesis by (rule Finitel _L6C)
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qed

ultimately have
{s1(r2(n))- (s2(r2(n))) 's1(ri(m)-(r2(n))~1).
neGr € Fin(®)
using group_oper_assocA Finitel_L15 by simp

moreover have
{6(s1,<r2(n),r1(m)-(r2(n)) ~'>). neG} € Fin(G)

proof -
from A1 have VneG. <r2(n),ri(n) - (r2(n)) !> € GxG

using QuotientGroupRel_def Group_ZF_3_4_L7 by auto
moreover from A1 have {§(s1,x). x € GXxG} € Fin(G)
using QuotientGroupRel_def AlmostHoms_def by simp

ultimately show thesis by (rule Finitel_L6B)

qed

ultimately have
{s1(x2(n))- (s2(r2(n))) 's1(ri()-(r2(m))~1)-
§(s1,<r2(n),r1(n)-(r2(m))~'>). neG} € Fin(G@)
using group_oper_assocA Finitel L15 by simp

with Al show thesis using
QuotientGroupRel_def Group_ZF_3_4_L9
Group_ZF_3_4_T1 Group_ZF_3_4_L12 by simp

qed

Composition of a. h. to is congruent with respect to the quotient group
relation for the subgroup of finite range functions. Recall that if an operation
say 70o” on X is congruent with respect to an equivalence relation R then we
can define the operation on the quotient space X/R by [s|go[r]r := [soT]r
and this definition will be correct i.e. it will not depend on the choice of

representants for the classes [z] and [y]. This is why we want it here.

Congruent2(QuotientGroupRel (AH,Op1,FR),0p2)
proof -
show thesis using Group_ZF_3_4_L13 Congruent2_def
by simp
qed

lemma (in groupl) Group_ZF_3_4_L13A:

The homomorphism difference for the identity function is equal to the neu-
tral element of the group (denoted e in the groupl context).

lemma (in groupl) Group_ZF_3_4_L14: assumes Al: x € GXG
shows 6(1d(G),x) =1
proof -
from A1 show thesis using
group0_2_L1 monoidO.groupO_1_L1 HomDiff_def id_conv groupO_2_L6
by simp
qed

The identity function (/(z) = z) on G is an almost homomorphism.

lemma (in groupl) Group_ZF_3_4_L15: id(G) € AH
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proof -
have GXG # 0 using group0_2_L1 monoid0.group0O_1_L3A
by blast
then show thesis using Group_ZF_3_4_L14 groupO_2_L2
id_type AlmostHoms_def by simp
qed

Almost homomorphisms form a monoid with composition. The identity
function on the group is the neutral element there.

lemma (in groupl) Group_ZF_3_4_L16:
shows
IsAmonoid (AH,Op2)
monoidO (AH, 0p2)
id(G) = TheNeutralElement (AH,0p2)
proof-
let i = TheNeutralElement(G—G,Composition(G))
have
IsAmonoid (G—G,Composition(G))
monoid0(G—G,Composition(G))
using monoidO_def Group_ZF_2_5_L2 by auto
moreover have AH {is closed under} Composition(G)
using Group_ZF_3_4_L6 by simp
moreover have AH C G—G
using AlmostHoms_def by auto
moreover have i € AH
using Group_ZF_2_5_L2 Group_ZF_3_4_L15 by simp
moreover have id(G) = i
using Group_ZF_2_5_L2 by simp
ultimately show
IsAmonoid (AH,0p2)
monoid0 (AH,0p2)
id(G) = TheNeutralElement (AH,0p2)
using monoidO.group0_1_T1 groupO_1_L6 AlHomOp2_def monoidO_def
by auto
qed

We can project the monoid of almost homomorphisms with composition to
the group of almost homomorphisms divided by the subgroup of finite range
functions. The class of the identity function is the neutral element of the
quotient (monoid).

theorem (in groupl) Group_ZF_3_4_T2:

assumes Al: R = QuotientGroupRel (AH,Op1,FR)

shows

IsAmonoid (AH//R,ProjFun2(AH,R,0p2))

R{id(G)} = TheNeutralElement (AH//R,ProjFun2(AH,R,0p2))
proof -

have group0(AH,0pl) using Group_ZF_3_2_L10A groupO_def

by simp
with Al groupAssum isAbelian show
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IsAmonoid (AH//R,ProjFun2(AH,R,0p2))
R{id(G)} = TheNeutralElement (AH//R,ProjFun2(AH,R,0p2))
using Group_ZF_3_3_L2 group0.Group_ZF_2_4_L3 Group_ZF_3_4_L13A
Group_ZF_3_4_L16 monoid0.Group_ZF_2_2_T1 Group_ZF_2_2_L1
by auto
qed

16.5 Shifting almost homomorphisms

In this this section we consider what happens if we multiply an almost
homomorphism by a group element. We show that the resulting function is
also an a. h., and almost equal to the original one. This is used only for
slopes (integer a.h.) in Int_ZF_2 where we need to correct a positive slopes
by adding a constant, so that it is at least 2 on positive integers.

If s is an almost homomorphism and ¢ is some constant from the group,
then s- ¢ is an almost homomorphism.

lemma (in groupl) Group_ZF_3_5_L1:
assumes Al: s € AH and A2: ceG and
A3: r = {(x,s(x)-c). x€G}
shows
VxeG. r(x) = s(x)-c
r € AH
s ~T
proof -
from A1 A2 A3 have I: r:G—G
using AlmostHoms_def apply_funtype group_op_closed
ZF_fun_from_total by auto
with A3 show II: VxeG. r(x) = s(x)-c
using ZF_fun_from_tot_val by simp
with isAbelian Al A2 have III:
Vp € GxG. 6(r,p) = 0(s,p)-c”!
using group_op_closed AlmostHoms_def apply_funtype
HomDiff_def group0_4_L7 by auto
have {6(r,p). p € GXG} € Fin(G)
proof -
from A1 A2 have
{6(s,p). p € GXG} € Fin(G) c 'eG
using AlmostHoms_def inverse_in_group by auto
then have {6(s,p)-:c”!. p € GxG} € Fin(G)
using group_oper_assocA Finitel_L16AA
by simp
moreover from III have
{6(r,p). p € GxG} = {6(s,p)-c”'. p € GxG}
by (rule ZF1_1_L4B)
ultimately show thesis by simp
qed
with I show IV: r € AH using AlmostHoms_def

187



by simp

from isAbelian A1 A2 I II have
Vn € G. s(n)-(r(n))~t = ¢!
using AlmostHoms_def apply_funtype groupO_4_L6AB
by auto

then have {s(n)-(r(n))~'. n€G} = {c~'. neG}
by (rule ZF1_1_L4B)

with Al A2 IV show s ~ r
using group0_2_L1 monoid0.groupO_1_L3A

inverse_in_group Group_ZF_3_4_L12 by simp
qed

end
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17 OrderedGroup_ZF.thy

theory OrderedGroup_ZF imports Group_ZF Order_ZF Finite_ZF_1
begin

This theory file defines and shows the basic properties of (partially or lin-
early) ordered groups. We define the set of nonnegative elements and the
absolute value function. We show that in linearly ordered groups finite sets
are bounded and provide a sufficient condition for bounded sets to be finite.
This allows to show in Int_ZF.thy that subsets of integers are bounded iff
they are finite.

17.1 Ordered groups
This section defines ordered groups.

An ordered group is a group equipped with a partial order that is ”transla-
tion invariant”, that isif a < bthena-g < b-gand g-a < g-b. We define the
set of nonnegative elements in the obvious way as G* = {z € G : 1 < z}.
G+ is a similar set, but without the unit. We also define the absolute value
as a ZF-function that is the identity on G* and the group inverse on the
rest of the group. We also define the maximum absolute value of a set, that
is the maximum of the set {|z|.xz € A}. The odd functions are defined as
those having property f(a=') = (f(a))~!. Looks a bit strange in the multi-
plicative notation. For linearly oredered groups a function f defined on the
set of positive elements iniquely defines an odd function of the whole group.
This function is called an odd extension of f.

constdefs
IsAnOrdGroup(G,P,r) =

(IsAgroup(G,P) A rCGxG A IsPartOrder(G,r) A (VgeG. Va b.
<a,b> € r — <P<a,g>,P<b,g> > € © A <P<g,a>,P<g,b> > € r ) )

Nonnegative(G,P,r) = {x€G. <TheNeutralElement(G,P),x> € r}

PositiveSet(G,P,r) =
{x€G. <TheNeutralElement(G,P),x> € r A TheNeutralElement(G,P)# x}

AbsoluteValue(G,P,r) = id(Nonnegative(G,P,r)) U
restrict(GroupInv(G,P),G - Nonnegative(G,P,r))

0OddExtension(G,P,r,f) =

(f U {(a, GroupInv(G,P) (f(GroupInv(G,P)(a)))).

a € GroupInv(G,P) (PositiveSet(G,P,r))} U
{(TheNeutralElement (G,P) ,TheNeutralElement (G,P))})
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We will use a similar notation for ordered groups as for the generic groups.
GT denotes the set of nonnegative elements (that satisfy 1 < a and G is the
set of (strictly) positive elements. -A is the set inverses of elements from A.
I hope that using additive notation for this notion is not too shocking here.
The symbol £° denotes the odd extension of f. For a function defined on
G+ this is the unique odd function on G that is equal to f on G..

locale group3 =
fixes G and P and r
assumes ordGroupAssum: IsAnOrdGroup(G,P,r)

fixes unit (1)
defines unit_def [simp]: 1 = TheNeutralElement(G,P)

fixes groper (infixl - 70)
defines groper_def [simpl: a - b = P<a,b>

fixes inv (_7' [90] 91)
defines inv_def [simpl: x ! = GroupInv(G,P) (x)

fixes lesseq (infix < 68)
defines lesseq_def [simpl: a < b = <a,b> € r

fixes sless (infix < 68)
defines sless_def [simp]l: a < b = a<b A a#b

fixes nonnegative (G1)
defines nonnegative_def [simp]l: G = Nonnegative(G,P,r)

fixes positive (Gy)
defines nonnegative_def [simp]: G4

PositiveSet(G,P,r)

fixes setinv :: i=i (- _ 72)
defines setninv_def [simp]l: -A = GroupInv(G,P) (A)

fixes abs (| _ |)
defines abs_def [simp]l: |al = AbsoluteValue(G,P,r)(a)

fixes oddext (_ °)
defines oddext_def [simp]: f° = OddExtension(G,P,r,f)

In group3 context we can use the theorems proven in the group0 context.

lemma (in group3) OrderedGroup_ZF_1_L1: shows groupO(G,P)
using ordGroupAssum IsAnOrdGroup_def groupO_def by simp

Ordered group (carrier) is not empty. This is a property of monoids, but it
is good to have it handy in the group3 context.
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lemma (in group3) OrderedGroup_ZF_1_L1A: shows G#0
using OrderedGroup_ZF_1_L1 groupO.group0_2_L1 monoid0.groupO_1_L3A
by blast

The next lemma is just to see the definition of the nonnegative set in our
notation.

lemma (in group3) OrderedGroup_ZF_1_L2:
shows geGt «+— 1<g
using ordGroupAssum IsAnOrdGroup_def Nonnegative_def
by auto

The next lemma is just to see the definition of the positive set in our notation.

lemma (in group3) OrderedGroup_ZF_1_L2A:
shows geG; «— (1<g A g#1)
using ordGroupAssum IsAnOrdGroup_def PositiveSet_def
by auto

For total order if g is not in G, then it has to be less or equal the unit.

lemma (in group3) OrderedGroup_ZF_1_L2B:

assumes Al: r {is total on} G and A2: acG-GT

shows a<1
proof -

from A2 have acG —(1<a) using OrderedGroup_ZF_1_L2 by auto

with Al show thesis

using IsTotal_def OrderedGroup_ZF_1_L1 groupO.group0_2_L2 by auto

qed

The group order is reflexive.

lemma (in group3) OrderedGroup_ZF_1_L3: assumes g&cG
shows g<g
using ordGroupAssum prems IsAnOrdGroup_def IsPartOrder_def refl_def
by simp

1 is nonnegative.

lemma (in group3) OrderedGroup_ZF_1_L3A: shows 1€G™
using OrderedGroup_ZF_1_L2 OrderedGroup_ZF_1_L3
OrderedGroup_ZF_1_L1 groupO.group0_2_L2 by simp

In this context a < b implies that both a and b belong to G.

lemma (in group3) OrderedGroup_ZF_1_L4:
assumes a<b shows acG beG
using ordGroupAssum prems IsAnOrdGroup_def by auto

It is good to have transitivity handy.

lemma (in group3) Group_order_transitive:
assumes Al: a<b b<c shows a<c
proof -
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from ordGroupAssum have trans(r)
using IsAnOrdGroup_def IsPartOrder_def
by simp
moreover from Al have <a,b> € r A <b,c> € r by simp
ultimately have <a,c> € r by (rule Foll_L3)
thus thesis by simp
qed

The order in an ordered group is antisymmetric.

lemma (in group3) group_order_antisym:
assumes Al: a<b b<a shows a=b
proof -
from ordGroupAssum Al have
antisym(r) <a,b> € r <b,a> € r
using IsAnOrdGroup_def IsPartOrder_def by auto
then show a=b by (rule Foll_L4)
qed

Transitivity for the strict order: if a < b and b < ¢, then a < c.

lemma (in group3) OrderedGroup_ZF_1_L4A:
assumes Al: a<b and A2: b<c
shows a<c
proof -
from A1 A2 have a<b b<c by auto
then have a<c by (rule Group_order_transitive)
moreover from Al A2 have a#c using group_order_antisym by auto
ultimately show a<c by simp
qed

Another version of transitivity for the strict order: if a < b and b < ¢, then
a<c.

lemma (in group3) group_strict_ord_transit:
assumes Al: a<b and A2: b<c
shows a<c
proof -
from A1 A2 have a<b b<c by auto
then have a<c by (rule Group_order_transitive)
moreover from Al A2 have as#c using group_order_antisym by auto
ultimately show a<c by simp
qed

Strict order is preserved by translations.

lemma (in group3) group_strict_ord_transl_inv:
assumes a<band ceG
shows
a:c < b-c
ca < cb
using ordGroupAssum prems IsAnOrdGroup_def
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OrderedGroup_ZF_1_L4 OrderedGroup_ZF_1_L1 groupO.groupO0_2_L19
by auto

If the group order is total, then the group is ordered linearly.

lemma (in group3) group_ord_total_is_lin:
assumes r {is total on} G
shows IsLinOrder(G,r)
using prems ordGroupAssum IsAnOrdGroup_def Order_ZF_1_L3
by simp

For linearly ordered groups elements in the nonnegative set are greater than
those in the complement.

lemma (in group3) OrderedGroup_ZF_1_L4B:
assumes r {is total on} G
and acG"™ and b € G-GT
shows b<a
proof -
from prems have b<1 1<a
using OrderedGroup_ZF_1_L2 OrderedGroup_ZF_1_L2B by auto
thus thesis by (rule Group_order_transitive)
qed

Ifa<landa#1,thenaecG\GT.

lemma (in group3) OrderedGroup_ZF_1_L4C:
assumes Al: a<l and A2: a#1
shows a € G-GT
proof (rule ccontr)
assume a ¢ G-G©
with ordGroupAssum Al A2 show False
using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_1_L2
OrderedGroup_ZF_1_L4 IsAnOrdGroup_def IsPartOrder_def antisym_def
by auto
qed

An element smaller than an element in G\ GT is in G\ G™.

lemma (in group3) OrderedGroup_ZF_1_L4D:

assumes Al: acG-Gt and A2: b<a

shows beG-G*
proof (rule ccontr)

assume b ¢ G - G

with A2 have 1<b b<a

using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_1_L2 by auto

then have 1<a by (rule Group_order_transitive)

with Al show False using OrderedGroup_ZF_1_L2 by simp
qed

The nonnegative set is contained in the group.

lemma (in group3) OrderedGroup_ZF_1_L4E: shows GT C G
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using OrderedGroup_ZF_1_L2 OrderedGroup_ZF_1_L4 by auto

Taking the inverse on both sides reverses the inequality.

lemma (in group3) OrderedGroup_ZF_1_L5:
assumes Al: a<b shows b 1<a~!
proof -
from A1 have T1: acG beG a~'eG b leG
using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_1_L1
groupO.inverse_in_group by auto
with A1l ordGroupAssum have a-a~'<b-a~! using IsAnOrdGroup_def
by simp
with T1 ordGroupAssum have b~ l1<p= ! (b-a~l!)
using OrderedGroup_ZF_1_L1 group0.group0_2_L6 IsAnOrdGroup_def
by simp
with T1 show thesis using
OrderedGroup_ZF_1_L1 groupO.group0_2_L2 groupO.group_oper_assoc
group0.group0_2_L6 by simp
qed

If an element is smaller that the unit, then its inverse is greater.

lemma (in group3) OrderedGroup_ZF_1_L5A:
assumes Al: a<l shows 1<a™!
proof -
from Al have 17 1<a™! using OrderedGroup_ZF_1_L5

by simp
then show thesis using OrderedGroup_ZF_1_L1 groupO.group_inv_of_one

by simp
qed

If an the inverse of an element is greater that the unit, then the element is
smaller.

lemma (in group3) OrderedGroup_ZF_1_L5AA:
assumes Al: acG and A2: 1<a~!
shows a<1
proof -
from A2 have (a=!) !'<1~! using OrderedGroup_ZF_1_L5
by simp
with A1 show a<1
using OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv groupO.group_inv_of_one
by simp
qed

If an element is nonnegative, then the inverse is not greater that the unit.
Also shows that nonnegative elements cannot be negative

lemma (in group3) OrderedGroup_ZF_1_L5AB:
assumes Al: 1<a shows a~!<1 and —(a<l A a#l)
proof -
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from Al have a—!<17!
using OrderedGroup_ZF_1_L5 by simp
then show a~!<1 using OrderedGroup_ZF_1_L1 group0.group_inv_of_one
by simp
{ assume a<1 and a#l
with A1 have False using group_order_antisym
by blast
} then show —(a<l A a#l) by auto
qed

If two elements are greater or equal than the unit, then the inverse of one
is not greater than the other.

lemma (in group3) OrderedGroup_ZF_1_L5AC:

assumes Al: 1<a 1<b

shows a=! < b
proof -

from Al have a—!<1 1<b

using OrderedGroup_ZF_1_L5AB by auto

then show a=! < b by (rule Group_order_transitive)

qed

Taking negative on both sides reverses the inequality, case with an inverse
on one side.

lemma (in group3) OrderedGroup_ZF_1_L5AD:
assumes Al: b € G and A2: a<b~!
shows b < a~!
proof -
from A2 have (b~1)~1! < a7l
using OrderedGroup_ZF_1_L5 by simp
with A1 show b < a™!
using OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv
by simp
qed

We can cancel the same element on both sides of an inequality.

lemma (in group3) OrderedGroup_ZF_1_L5AE:
assumes Al: acG beG ceG and A2: ab < ac
shows b<c
proof -
from ordGroupAssum A1 A2 have a—l.(ab) < a"l-(ac)
using OrderedGroup_ZF_1_L1 groupO.inverse_in_group
IsAnOrdGroup_def by simp
with A1 show b<c
using OrderedGroup_ZF_1_L1 groupO.group0_2_L16
by simp
qed

We can cancel the same element on both sides of an inequality, a version
with an inverse on both sides.
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lemma (in group3) OrderedGroup_ZF_1_L5AF:
assumes Al: acG beG ceG and A2: ab ! < ac!
shows c<b
proof -
from A1 A2 have (¢! < (b™H~!
using OrderedGroup_ZF_1_L1 groupO.inverse_in_group
OrderedGroup_ZF_1_L5AE OrderedGroup_ZF_1_L5 by simp
with A1 show c<b
using OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv by simp
qed

Taking negative on both sides reverses the inequality, another case with an
inverse on one side.

lemma (in group3) OrderedGroup_ZF_1_L5AG:
assumes Al: a € G and A2: a—!<p
shows b~! < a
proof -
from A2 have b—! < (a=1)-1!
using OrderedGroup_ZF_1_L5 by simp
with A1 show b~! < a
using OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv
by simp
qed

We can multiply the sides of two inequalities.

lemma (in group3) OrderedGroup_ZF_1_L5B:
assumes Al: a<b and A2: c<d
shows a-c < bd
proof -
from A1 A2 have ceG beG using OrderedGroup_ZF_1_L4 by auto
with Al A2 ordGroupAssum have a-c< b-c b-c<b-d
using IsAnOrdGroup_def by auto
then show a-c < b-d by (rule Group_order_transitive)
qed

We can replace first of the factors on one side of an inequality with a greater
one.

lemma (in group3) OrderedGroup_ZF_1_L5C:
assumes Al: c€G and A2: a<b-c and A3: b<b;
shows a<bj-c
proof -
from A1 A3 have b-c < bj-c
using OrderedGroup_ZF_1_L3 OrderedGroup_ZF_1_L5B by simp
with A2 show a<b;-c by (rule Group_order_transitive)
qed

We can replace second of the factors on one side of an inequality with a
greater one.
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lemma (in group3) OrderedGroup_ZF_1_L5D:
assumes Al: beG and A2: a < b-c and A3: c<b;
shows a < b'b;
proof -
from A1 A3 have b-c < b'b;
using OrderedGroup_ZF_1_L3 OrderedGroup_ZF_1_L5B by auto
with A2 show a<b-b; by (rule Group_order_transitive)
qed

We can replace factors on one side of an inequality with greater ones.

lemma (in group3) OrderedGroup_ZF_1_L5E:

assumes Al: a < b-c and A2: b<b; c<c;

shows a < bj-c;
proof -

from A2 have b-c < bj-c; using OrderedGroup_ZF_1_L5B

by simp

with Al show a<b;-c; by (rule Group_order_transitive)

qed

We don’t decrease an element of the group by multiplying by one that is
nonnegative.

lemma (in group3) OrderedGroup_ZF_1_L5F:
assumes Al: 1<a and A2: beG
shows b<a'b b<b-a
proof -
from ordGroupAssum Al A2 have
1b<ab b-1<b-a
using IsAnOrdGroup_def by auto
with A2 show b<ab b<b-a
using OrderedGroup_ZF_1_L1 groupO.group0_2_L2
by auto
qed

We can multiply the right hand side of an inequality by a nonnegative ele-
ment.

lemma (in group3) OrderedGroup_ZF_1_L5G: assumes Al: a<b
and A2: 1<c shows a<b-c a<cb
proof -
from A1 A2 have I: b<b-c and II: b<cb
using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_1_L5F by auto
from A1 I show a<b.-c by (rule Group_order_transitive)
from A1 IT show a<cb by (rule Group_order_transitive)
qed

We can put two elements on the other side of inequality, changing their sign.

lemma (in group3) OrderedGroup_ZF_1_L5H:
assumes Al: a€G beG and A2: ab™! < ¢
shows
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a < cb
cla <b
proof -
from A2 have T: c€G c ! € G
using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_1_L1
group0.inverse_in_group by auto
from ordGroupAssum Al A2 have ab~'b < cb
using IsAnOrdGroup_def by simp
with A1 show a < c¢cb
using OrderedGroup_ZF_1_L1 group0.group0_2_L16
by simp
with ordGroupAssum A2 T have c '.a < ¢ !-(cb)
using IsAnOrdGroup_def by simp
with A1 T show ¢ la < b
using OrderedGroup_ZF_1_L1 groupO.group0_2_L16
by simp
qed

We can multiply the sides of one inequality by inverse of another.

lemma (in group3) OrderedGroup_ZF_1_L5I:
assumes a<b and c<d
shows a-d~! < b¢c™!
using prems OrderedGroup_ZF_1_L5 OrderedGroup_ZF_1_L5B
by simp

We can put an element on the other side of an inequality changing its sign,
version with the inverse.

lemma (in group3) OrderedGroup_ZF_1_L5J:
assumes Al: acG beG and A2: ¢ < ab~!
shows cb < a
proof -
from ordGroupAssum Al A2 have cb < ablb
using IsAnOrdGroup_def by simp
with A1 show cb < a
using OrderedGroup_ZF_1_L1 groupO.group0_2_L16
by simp
qed

We can put an element on the other side of an inequality changing its sign,
version with the inverse.

lemma (in group3) OrderedGroup_ZF_1_L5JA:
assumes Al: acG beG and A2: ¢ < a~lb
shows a-c< b
proof -
from ordGroupAssum A1 A2 have a-c < a-(a~1b)
using IsAnOrdGroup_def by simp
with A1 show a-c< b
using OrderedGroup_ZF_1_L1 groupO.group0_2_L16
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by simp
qed

A special case of OrderedGroup_ZF_1_L5J where ¢ = 1.

corollary (in group3) OrderedGroup_ZF_1_L5K:
assumes Al: a€G beG and A2: 1 < ab~!
shows b < a
proof -
from A1 A2 have 1b < a
using OrderedGroup_ZF_1_L5J by simp
with A1 show b < a
using OrderedGroup_ZF_1_L1 groupO.group0_2_L2
by simp
qed

A special case of OrderedGroup_ZF_1_L5JA where ¢ = 1.

corollary (in group3) OrderedGroup_ZF_1_L5KA:
assumes Al: acG beG and A2: 1 < a~lb
shows a < b
proof -
from A1 A2 have a1l < b
using OrderedGroup_ZF_1_L5JA by simp
with A1 show a < b
using OrderedGroup_ZF_1_L1 groupO.group0_2_L2
by simp
qed

If the order is total, the elements that do not belong to the positive set are
negative. We also show here that the group inverse of an element that does
not belong to the nonnegative set does belong to the nonnegative set.

lemma (in group3) OrderedGroup_ZF_1_L6:
assumes Al: r {is total on} G and A2: acG-G™
shows a<1 a~! € Gt restrict(GroupInv(G,P),G-GT)(a) € G*
proof -
from A2 have T1: acG a¢G't 1€G
using OrderedGroup_ZF_1_L1 groupO.group0_2_L2 by auto
with Al show a<1 using OrderedGroup_ZF_1_L2 IsTotal_def
by auto
then show a~! € G* using OrderedGroup_ZF_1_L5A OrderedGroup_ZF_1_L2
by simp
with A2 show restrict(GroupInv(G,P),G-GT)(a) € GT
using restrict by simp
qed

If a property is invariant with respect to taking the inverse and it is true on
the nonnegative set, than it is true on the whole group.

lemma (in group3) OrderedGroup_ZF_1_L7:
assumes Al: r {is total on} G
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and A2: VaeG'.VbeGT. Q(a,b)
and A3: VacG.VbeG. Q(a,b)—Q(a!,b)
and A4: VacG.VbeG. Q(a,b)—Q(a,b™!)
and A5: a€G beG
shows Q(a,b)
proof (cases acG™)
assume A6: acGt show Q(a,b)
proof (cases beG™)
assume beG™
with A6 A2 show Q(a,b) by simp
next assume bgG™
with A1 A2 A4 A5 A6 have Q(a,(b™1)™1)
using OrderedGroup_ZF_1_L6 OrderedGroup_ZF_1_L1 groupO.inverse_in_group
by simp
with A5 show Q(a,b) using OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv
by simp
qed
next assume a¢Gv’
with A1 A5 have Ti: a~! € G' using OrderedGroup_ZF_1_L6 by simp
show Q(a,b)
proof (cases beGT)
assume beGt
with A2 A3 A5 T1 have Q((a=')~',b)
using OrderedGroup_ZF_1_L1 groupO.inverse_in_group by simp
with A5 show Q(a,b) using OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv
by simp
next assume bgG™
with A1 A2 A3 A4 A5 T1 have Q((a= )", (") ~1)
using OrderedGroup_ZF_1_L6 OrderedGroup_ZF_1_L1 groupO.inverse_in_group
by simp
with A5 show Q(a,b) using OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv
by simp
qed
qed

A lemma about splitting the ordered group ”plane” into 6 subsets. Useful
for proofs by cases.

lemma (in group3) OrdGroup_6cases: assumes Al: r {is total on} G
and A2: aeG beG
shows
1<a A 1<b VvV a<l A b<1 V
a<l AN1<b A1l <ab Va<l A1<b Aab <1 V
1<a Ab<1 A1 < ab V 1<a ADb<l1 ANab <1l
proof -
from A1 A2 have
1<a Vv a<1
1<b V b<1
1 <abVvVab<l1
using OrderedGroup_ZF_1_L1 groupO.group_op_closed group0.group0_2_L2
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IsTotal_def by auto
then show thesis by auto
qed

The next lemma shows what happens when one element of a totally ordered
group is not greater or equal than another.

lemma (in group3) OrderedGroup_ZF_1_L8:
assumes Al: r {is total on} G
and A2: acG DbEG
and A3: —(a<b)
shows b < a a ! < b! a#b b<a

proof -
from A1 A2 A3 show I: b < a using IsTotal_def
by auto
then show a=! < b~! using OrderedGroup_ZF_1_L5 by simp
from A2 have a < a using OrderedGroup_ZF_1_L3 by simp
with I A3 show a#b b < a by auto
qed

If one element is greater or equal and not equal to another, then it is not
smaller or equal.

lemma (in group3) OrderedGroup_ZF_1_L8AA:
assumes Al: a<b and A2: a#b
shows —(b<a)
proof -
{ note A1
moreover assume b<a
ultimately have a=b by (rule group_order_antisym)
with A2 have False by simp
} thus —(b<a) by auto
qed

A special case of OrderedGroup_ZF_1_L8 when one of the elements is the unit.

corollary (in group3) OrderedGroup_ZF_1_L8A:
assumes Al: r {is total on} G
and A2: acG and A3: —(1<a)
shows 1 < a1 1#a a<l
proof -
from A1 A2 A3 have I:
r {is total on} G
1eG acG
-(1<a)
using OrderedGroup_ZF_1_L1 groupO.group0_2_L2
by auto
then have 17! < a1
by (rule OrderedGroup_ZF_1_L8)
then show 1 < a~!
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using OrderedGroup_ZF_1_L1 groupO.group_inv_of_one by simp
from I show 1#a by (rule OrderedGroup_ZF_1_L8)
from A1 I show a<1 using IsTotal_def
by auto
qed

A negative element can not be nonnegative.

lemma (in group3) OrderedGroup_ZF_1_L8B:
assumes Al: a<l and A2: a#1 shows —(1<a)
proof -
{ assume 1<a
with A1 have a=1 using group_order_antisym
by auto
with A2 have False by simp
} thus thesis by auto
qed

An element is greater or equal than another iff the difference is nonpositive.

lemma (in group3) OrderedGroup_ZF_1_L9:
assumes Al: acG beG
shows a<b «— ab™! < 1
proof
assume a < b
with ordGroupAssum A1 have a-b~! < bb~!
using OrderedGroup_ZF_1_L1 group0.inverse_in_group
IsAnOrdGroup_def by simp
with A1 show ab~ ! < 1
using OrderedGroup_ZF_1_L1 group0.group0_2_L6
by simp
next assume A2: ab ! < 1
with ordGroupAssum Al have ab b < 1b
using IsAnOrdGroup_def by simp
with A1 show a < b
using OrderedGroup_ZF_1_L1
group0.group0_2_L16 groupl.group0_2_L2
by simp
qed

We can move an element to the other side of an inequality.

lemma (in group3) OrderedGroup_ZF_1_L9A:
assumes Al: acG beG ceG
shows ab < ¢ «— a < ¢cb~?
proof
assume a'b < c
with ordGroupAssum Al have abb ! < cb!
using OrderedGroup_ZF_1_L1 groupO.inverse_in_group IsAnOrdGroup_def
by simp
with A1 show a < cb~!
using OrderedGroup_ZF_1_L1 groupO.group0_2_L16 by simp
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next assume a < cb!
with ordGroupAssum A1 have ab < cb™!b
using OrderedGroup_ZF_1_L1 groupO.inverse_in_group IsAnOrdGroup_def
by simp
with A1 show ab < ¢
using OrderedGroup_ZF_1_L1 groupO.group0_2_L16 by simp
qed

A one side version of the previous lemma with weaker assuptions.

lemma (in group3) OrderedGroup_ZF_1_L9B:
assumes Al: acG beG and A2: ab ! < ¢
shows a < cb
proof -
from A1 A2 have acG b leG ceG
using OrderedGroup_ZF_1_L1 group0.inverse_in_group
OrderedGroup_ZF_1_L4 by auto
with A1 A2 show a < ¢cb
using OrderedGroup_ZF_1_L9A OrderedGroup_ZF_1_L1
groupO.group_inv_of_inv by simp
qed

We can put en element on the other side of inequality, changing its sign.

lemma (in group3) OrderedGroup_ZF_1_LOC:
assumes Al: acG beG and A2: c<ab
shows
cb™! < a
a~lc <b
proof -
from ordGroupAssum Al A2 have
cb™t < abb!
a~lc < al(ab)
using OrderedGroup_ZF_1_L1 groupO.inverse_in_group IsAnOrdGroup_def
by auto
with A1 show
cb™l < a
a~lc < b
using OrderedGroup_ZF_1_L1 groupO.group0_2_L16
by auto
qed

If an element is greater or equal than another then the difference is nonneg-
ative.

lemma (in group3) OrderedGroup_ZF_1_L9D: assumes Al: a<b
shows 1 < b-a~!
proof -
from A1 have T: acG beG a ! € G
using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_1_L1
groupO.inverse_in_group by auto
with ordGroupAssum Al have aa”l < pal
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using IsAnOrdGroup_def by simp
with T show 1 < b-a~!
using OrderedGroup_ZF_1_L1 groupO.group0_2_L6
by simp
qed

If an element is greater than another then the difference is positive.

lemma (in group3) OrderedGroup_ZF_1_L9E:
assumes Al: a<b a#b
shows 1 < ba! 1 #ba! baleca,

proof -
from Al have T: a€G beG using OrderedGroup_ZF_1_L4
by auto
from A1 show I: 1 < b-a~! using OrderedGroup_ZF_1_L9D
by simp

{ assume ba"! =1
with T have a=b
using OrderedGroup_ZF_1_L1 groupO.groupO_2_L11A
by auto
with A1 have False by simp
} then show 1 # b-a~! by auto
then have b-a~! # 1 by auto
with I show b-a=! € G, using OrderedGroup_ZF_1_L2A
by simp
qed

If the difference is nonnegative, then a < b.

lemma (in group3) OrderedGroup_ZF_1_LOF:
assumes Al: a€G beG and A2: 1 < ba~!
shows a<b
proof -
from A1 A2 have 1-a < b
using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_1_L9A
by simp
with A1 show a<b
using OrderedGroup_ZF_1_L1 group0.group0_2_L2
by simp
qed

If we increase the middle term in a product, the whole product increases.

lemma (in group3) OrderedGroup_ZF_1_L10:
assumes acG beG and c<d
shows a-cb < a-db
using ordGroupAssum prems IsAnOrdGroup_def by simp

A product of (strictly) positive elements is not the unit.

lemma (in group3) OrderedGroup_ZF_1_L11:
assumes Al: 1<a 1<b
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and A2: 1 £ a 1 #b
shows 1 # ab
proof -
from A1 have T1: acG beG
using OrderedGroup_ZF_1_L4 by auto
{ assume 1 = ab
with A1 T1 have a<1l 1<a
using OrderedGroup_ZF_1_L1 groupO.group0_2_L9 OrderedGroup_ZF_1_L5AA

by auto
then have a = 1 by (rule group_order_antisym)
with A2 have False by simp
} then show 1 # ab by auto
qed

A product of nonnegative elements is nonnegative.

lemma (in group3) OrderedGroup_ZF_1_L12:
assumes Al: 1 < a 1 <bD
shows 1 < ab
proof -
from A1 have 11 < ab
using OrderedGroup_ZF_1_L5B by simp
then show 1 < ab
using OrderedGroup_ZF_1_L1 groupO.group0_2_L2
by simp
qed

If a is not greater than b, then 1 is not greater than b-a~!.

lemma (in group3) OrderedGroup_ZF_1_L12A:
assumes Al: a<b shows 1 < b-a~!
proof -
from Al have T: 1 € G a€cG beG
using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_1_L1 groupO.group0_2_L2
by auto
with A1 have 1:a < b
using OrderedGroup_ZF_1_L1 groupO.group0_2_L2
by simp
with T show 1 < b-a~! using OrderedGroup_ZF_1_L9A
by simp
qed

We can move an element to the other side of a strict inequality.

lemma (in group3) OrderedGroup_ZF_1_L12B:
assumes Al: acG beG and A2: ab~ ! < ¢
shows a < cb
proof -
from A1 A2 have ab~!'b < cb
using group_strict_ord_transl_inv by auto
moreover from Al have ab !b = a
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using OrderedGroup_ZF_1_L1 groupO.group0_2_L16
by simp
ultimately show a < cb
by auto
qed

We can multiply the sides of two inequalities, first of them strict and we get
a strict inequality.

lemma (in group3) OrderedGroup_ZF_1_L12C:
assumes Al: a<b and A2: c<d
shows a.c < bd
proof -
from A1l A2 have T: acG beG ceG deG
using OrderedGroup_ZF_1_L4 by auto
with ordGroupAssum A2 have a-c < a.d
using IsAnOrdGroup_def by simp
moreover from A1 T have a-d < bd
using group_strict_ord_transl_inv by simp
ultimately show a-c < b-d
by (rule group_strict_ord_transit)
qed

We can multiply the sides of two inequalities, second of them strict and we
get a strict inequality.

lemma (in group3) OrderedGroup_ZF_1_L12D:
assumes Al: a<b and A2: c<d
shows a-c < bd
proof -
from A1 A2 have T: aeG beG ceG deG
using OrderedGroup_ZF_1_L4 by auto
with A2 have a.c < ad
using group_strict_ord_transl_inv by simp
moreover from ordGroupAssum A1 T have a-d < b-d
using IsAnOrdGroup_def by simp
ultimately show a-c < b-d
by (rule OrderedGroup_ZF_1_L4A)
qed

17.2 The set of positive elements

In this section we study G, - the set of elements that are (strictly) greater
than the unit. The most important result is that every linearly ordered
group can decomposed into {1}, G; and the set of those elements a € G
such that a=! €G,. Another property of linearly ordered groups that we
prove here is that if G,# (), then it is infinite. This allows to show that
nontrivial linearly ordered groups are infinite.

The positive set is closed under the group operation.
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lemma (in group3) OrderedGroup_ZF_1_L13: G; {is closed under} P
proof -
{ fix a b assume a€G; beG,
then have T1: 1 < ab and 1 # ab
using PositiveSet_def OrderedGroup_ZF_1_L11 OrderedGroup_ZF_1_L12
by auto
moreover from T1 have ab € G
using OrderedGroup_ZF_1_L4 by simp
ultimately have a-b € G, using PositiveSet_def by simp
} then show G; {is closed under} P using IsOpClosed_def
by simp
qed

For totally ordered groups every nonunit element is positive or its inverse is
positive.

lemma (in group3) OrderedGroup_ZF_1_L14:
assumes Al: r {is total on} G and A2: acG
shows a=1 V acG, V a~leG,
proof -
{ assume A3: a#l
moreover from Al A2 have a<1l V 1<a
using IsTotal_def OrderedGroup_ZF_1_L1 groupO.group0_2_L2
by simp
moreover from A3 A2 have T1: a=! # 1
using OrderedGroup_ZF_1_L1 groupO.group0_2_L8B
by simp
ultimately have a='€G; V acG,
using OrderedGroup_ZF_1_L5A OrderedGroup_ZF_1_L2A
by auto
} thus a=1 Vv acG, V a~!'€G, by auto
qed

If an element belongs to the positive set, then it is not the unit and its
inverse does not belong to the positive set.

lemma (in group3) OrderedGroup_ZF_1_L15:
assumes Al: acG; shows a#l a_1¢G+
proof -
from A1 show T1: a#1l using PositiveSet_def by auto
{ assume a~! € G,
with A1 have a<1l 1<a
using OrderedGroup_ZF_1_L5AA PositiveSet_def by auto
then have a=1 by (rule group_order_antisym)
with T1 have False by simp
} then show a='¢G, by auto
qed

If a=! is positive, then a can not be positive or the unit.

lemma (in group3) OrderedGroup_ZF_1_L16:
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assumes Al: acG and A2: a~'€G, shows a#l a¢G,
proof -
from A2 have a='#1 (a 1)7! ¢ G,
using OrderedGroup_ZF_1_L15 by auto
with A1l show a#l a¢Gi
using OrderedGroup_ZF_1_L1 groupO.group0_2_L8C groupO.group_inv_of_inv

by auto
qed

For linearly ordered groups each element is either the unit, positive or its
inverse is positive.

lemma (in group3) 0OrdGroup_decomp:
assumes Al: r {is total on} G and A2: acG
shows Exactly_1_of_3_holds (a=1,acG,,a '€Gy)
proof -
from A1 A2 have a=1 V acG, V a leG,
using OrderedGroup_ZF_1_L14 by simp
moreover from A2 have a=1 — (a¢G. A a '¢Gy)
using OrderedGroup_ZF_1_L1 groupO.group_inv_of_one
PositiveSet_def by simp
moreover from A2 have acG; — (a#l A a~'¢G.)
using OrderedGroup_ZF_1_L15 by simp
moreover from A2 have a~'c€G, — (a#l A a¢G,)
using OrderedGroup_ZF_1_L16 by simp
ultimately show Exactly_1_of_3_holds (a=1,a€G,,a '€G,)
by (rule Foll_L5)
qed

1

A if @ is a nonunit element that is not positive, then ¢~ is is positive. This

is useful for some proofs by cases.

lemma (in group3) OrdGroup_cases:
assumes Al: r {is total on} G and A2: acG
and A3: a#l a¢Gy
shows a=! € G,

proof -
from A1 A2 have a=1 V acG, V a 'eG,

using OrderedGroup_ZF_1_L14 by simp

with A3 show a=! € G, by auto

qed

Elements from G\ G4 are not greater that the unit.

lemma (in group3) OrderedGroup_ZF_1_L17:
assumes Al: r {is total on} G and A2: a € G-G;
shows a<1
proof (cases a = 1)
assume a=1
with A2 show a<1 using OrderedGroup_ZF_1_L3 by simp
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next assume a#1
with A1 A2 show a<1
using PositiveSet_def OrderedGroup_ZF_1_L8A
by auto
qed

The next lemma allows to split proofs that something holds for all ¢ € G
into casesa=1,a€ G4, —a € G4.

lemma (in group3) OrderedGroup_ZF_1_L18:
assumes Al: r {is total on} G and A2: beG
and A3: Q(1) and A4: VacG,. Q(a) and A5: VacG,. Q(a™!)
shows Q(b)
proof -
from A1 A2 A3 A4 A5 have Q(b) V Q((b~H 1)
using OrderedGroup_ZF_1_L14 by auto
with A2 show Q(b) using OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv
by simp
qed

All elements greater or equal than an element of G, belong to G,.

lemma (in group3) OrderedGroup_ZF_1_L19:
assumes Al: a € Gy and A2: a<b
shows b € G
proof -
from A1 have I: 1<a and II: a#l
using OrderedGroup_ZF_1_L2A by auto
from I A2 have 1<b by (rule Group_order_transitive)
moreover have b#1
proof -
{ assume b=1
with I A2 have 1<a a<l1
by auto
then have 1=a by (rule group_order_antisym)
with II have False by simp
} then show b#1 by auto
qed
ultimately show b € G
using OrderedGroup_ZF_1_L2A by simp
qed

The inverse of an element of G, cannot be in G,.

lemma (in group3) OrderedGroup_ZF_1_L20:
assumes Al: r {is total on} G and A2: a € Gy
shows a=! ¢ G,
proof -
from A2 have acG using PositiveSet_def
by simp
with A1 have Exactly_1_of_3_holds (a=1,acG,,a '€G,)
using OrdGroup_decomp by simp
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with A2 show a=! ¢ G, by (rule Foll_L7)
qed

The set of positive elements of a nontrivial linearly ordered group is not
empty.

lemma (in group3) OrderedGroup_ZF_1_L21:
assumes Al: r {is total on} G and A2: G # {1}
shows G, # 0
proof -
have 1 € G using OrderedGroup_ZF_1_L1 groupO.group0_2_L2
by simp
with A2 obtain a where acG a#1 by auto
with A1 have acG, V a~'e€G,
using OrderedGroup_ZF_1_L14 by auto
then show G, # 0 by auto
qed

If b €G4, then a < a - b. Multiplying a by a positive elemnt increases a.

lemma (in group3) OrderedGroup_ZF_1_L22:
assumes Al: acG beGy
shows a<ab a # ab ab € G
proof -
from ordGroupAssum Al have a1 < ab
using OrderedGroup_ZF_1_L2A IsAnOrdGroup_def
by simp
with A1 show a<a-b
using OrderedGroup_ZF_1_L1 groupO.group0_2_L2
by simp
then show ab € G
using OrderedGroup_ZF_1_L4 by simp
{ from A1 have acG beG
using PositiveSet_def by auto
moreover assume a = ab
ultimately have b = 1
using OrderedGroup_ZF_1_L1 groupO.group0_2_L7
by simp
with Al have False using PositiveSet_def
by simp
} then show a # ab by auto
qed

If G is a nontrivial linearly ordered hroup, then for every element of G we
can find one in G, that is greater or equal.

lemma (in group3) OrderedGroup_ZF_1_L23:
assumes Al: r {is total on} G and A2: G # {1}
and A3: acG
shows 3beG;. a<b

proof (cases acGy)
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assume A4: acGy then have a<a
using PositiveSet_def OrderedGroup_ZF_1_L3
by simp
with A4 show dbeG;. a<b by auto
next assume a¢G;
with A1 A3 have I: a<1 using OrderedGroup_ZF_1_L17
by simp
from A1l A2 obtain b where II: beG,
using OrderedGroup_ZF_1_L21 by auto
then have 1<b using PositiveSet_def by simp
with I have a<b by (rule Group_order_transitive)
with II show JbeGy. a<b by auto
qed

The G* is G, plus the unit.

lemma (in group3) OrderedGroup_ZF_1_L24: shows GT = G U{1}
using OrderedGroup_ZF_1_L2 OrderedGroup_ZF_1_L2A OrderedGroup_ZF_1_L3A
by auto

What is —G 4, really?
lemma (in group3) OrderedGroup_ZF_1_L25: shows

(-G1) = {a7!. aeGy}
(-Gy) € G
proof -

from ordGroupAssum have I: GroupInv(G,P) : G—G
using IsAnOrdGroup_def group0_2_T2 by simp
moreover have G, C G using PositiveSet_def by auto
ultimately show
(_G+) = {a_l. a€G+}
(-G4) € G
using func_imagedef funcl_1_L6 by auto
qed

If the inverse of a is in G, then a is in the inverse of G.

lemma (in group3) OrderedGroup_ZF_1_L26:
assumes Al: acG and A2: a=! € G,
shows a € (-G.)
proof -
from A1 have a=! € G a = (a~!)~! using OrderedGroup_zZF_1_L1
group0.inverse_in_group groupO.group_inv_of_inv
by auto
with A2 show a € (-G.) using OrderedGroup_ZF_1_L25
by auto
qed

If @ is in the inverse of G, then its inverse is in G..

lemma (in group3) OrderedGroup_ZF_1_L27:
assumes a € (-G;)
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shows a=! € G,

using prems OrderedGroup_ZF_1_L25 PositiveSet_def
OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv

by auto

A linearly ordered group can be decomposed into G4, {1} and —G

lemma (in group3) OrdGroup_decomp?2:
assumes Al: r {is total on} G
shows
G =Gy U (-GU {1}
G+ﬁ(-G+) =0
1 ¢ G+U(_G+)
proof -
{ fix a assume A2: acG
with A1 have acG, V a~leG, V a=1
using OrderedGroup_ZF_1_L14 by auto
with A2 have acG, V ae(-G,) V a=1
using OrderedGroup_ZF_1_L26 by auto
then have a € (G, U (-G )U {1})
by auto
} then have G C G, U (-G,)U {1}
by auto
moreover have G, U (-G;)U {1} C G
using OrderedGroup_ZF_1_L25 PositiveSet_def
OrderedGroup_ZF_1_L1 groupO.group0_2_L2
by auto
ultimately show G = G, U (-G;)U {1} by auto
{ def DA: A = G, N(-G4)
assume G{N(-G;) # 0
with DA have A#0 by simp
then obtain a where acA by auto
with DA have False using OrderedGroup_ZF_1_L15 OrderedGroup_ZF_1_L27
by auto
} then show G;N(-G;) = 0 by auto
show 1 ¢ GLU(-G;)
using OrderedGroup_ZF_1_L27
OrderedGroup_ZF_1_L1 groupO.group_inv_of_one
OrderedGroup_ZF_1_L2A by auto
qed

If a - b~! is nonnegative, then b < a. This maybe used to recover the order
from the set of nonnegative elements and serve as a way to define order by
prescibing that set (see the ” Alternative definitions” section.

lemma (in group3) OrderedGroup_ZF_1_L28:
assumes Al: acG beG and A2: ab~! € GF
shows b<a
proof -
from A2 have 1 < ab ! using OrderedGroup_ZF_1_L2
by simp
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with Al show b<a using OrderedGroup_ZF_1_L5K
by simp
qed

A special case of OrderedGroup_ZF_1_128 when a - b~! is positive.

corollary (in group3) OrderedGroup_ZF_1_L29:
assumes Al: acG beG and A2: ab™! € G,
shows b<a b#a
proof -
from A2 have 1 < ab ! and I: ab™! # 1
using OrderedGroup_ZF_1_L2A by auto
with Al show b<a using OrderedGroup_ZF_1_L5K
by simp
from A1 I show b#a
using OrderedGroup_ZF_1_L1 groupO.group0_2_L6
by auto
qed

A bit stronger that OrderedGroup_zF_1_L29, adds case when two elements
are equal.

lemma (in group3) OrderedGroup_ZF_1_L30:
assumes acG beG and a=b V b-a~! € Gy
shows a<b
using prems OrderedGroup_ZF_1_L3 OrderedGroup_ZF_1_L29
by auto

A different take on decomposition: we can have a =bor a < bor b < a.

lemma (in group3) OrderedGroup_ZF_1_L31:
assumes Al: r {is total on} G and A2: acG b&EG
shows a=b V (a<b A a#b) V (b<a A b#a)
proof -
from A2 have a-b~! € G using OrderedGroup_ZF_1_L1
group0.inverse_in_group groupO.group_op_closed
by simp
with A1 have ab™! =1V ab™! € G, V (ab™1)7! € Gy
using OrderedGroup_ZF_1_L14 by simp
moreover
{ assume ab! =1
then have a-b~!b = 1-b by simp
with A2 have a=b V (a<b A a#b) V (b<a A b#a)
using OrderedGroup_ZF_1_L1
group0.group0_2_L16 groupO.group0_2_L2 by auto }
moreover
{ assume ab~! € G,
with A2 have a=b V (a<b A a#b) V (b<a A b#a)
using OrderedGroup_ZF_1_L29 by auto }
moreover
{ assume (ab"1)71 € G
with A2 have b-a~! € G, using OrderedGroup_ZF_1_L1
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group0.group0_2_L12 by simp
with A2 have a=b V (a<b A a#b) V (b<a A b#a)
using OrderedGroup_ZF_1_129 by auto }
ultimately show a=b V (a<b A a#b) V (b<a A b#a)
by auto
qed

17.3 Intervals and bounded sets

A bounded set can be translated to put it in G and then it is still bounded
above.

lemma (in group3) OrderedGroup_ZF_2_L1:
assumes Al: VgcA. L<g A g<M
and A2: S = RightTranslation(G,P,L_l)
and A3: a € S(A)
shows a < M-L! 1<a
proof -
from A3 have A#0 using funci_1_L13A by fast
then obtain g where gcA by auto
with A1 have T1: LeG MeG L™'eG
using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_1_L1
groupO.inverse_in_group by auto
with A2 have S : G—G using OrderedGroup_ZF_1_L1 groupO.groupO_5_L1
by simp
moreover from Al have T2: ACG using OrderedGroup_ZF_1_L4 by auto
ultimately have S(A) = {S(b). beA} using func_imagedef
by simp
with A3 obtain b where T3: beA a = S(b) by auto
with A1 ordGroupAssum T1 have b-L~!<M-L™! L.L7!1<p-L7!
using IsAnOrdGroup_def by auto
with T3 A2 T1 T2 show a<M-L™! 1<a
using OrderedGroup_ZF_1_L1 groupO.group0_5_L2 groupO.group0_2_L6
by auto
qed

Every bounded set is an image of a subset of an interval that starts at 1.

lemma (in group3) OrderedGroup_ZF_2_L2:

assumes Al: IsBounded(A,r)

shows dB.JgeGT.3T€G—G. A = T(B) A B C Interval(r,1,g)
proof (cases A=0)

assume A2: A=0

let B =0
let g =1
let T = ConstantFunction(G,1)

have geG™ using OrderedGroup_ZF_1_L3A by simp
moreover have T : G—G

using funcl_3_L1 OrderedGroup_ZF_1_L1 groupO.group0_2_L2 by simp
moreover from A2 have A = T(B) by simp
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moreover have B C Interval(r,1l,g) by simp
ultimately show
JB.3geGt.3TeG—G. A = T(B) A B C Interval(r,1,g)
by auto
next assume A3: A0
with A1 obtain L U where D1: VxcA. L<x A x<U
using IsBounded_def IsBoundedBelow_def IsBoundedAbove_def
by auto
with A3 have T1: ACG using OrderedGroup_ZF_1_L4 by auto
from A3 obtain a where acA by auto
with D1 have T2: L<a a<U by auto
then have T3: LeG L™'e G UeG
using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_1_L1
groupO.inverse_in_group by auto

let T = RightTranslation(G,P,L)

let B = RightTranslation(G,P,L=1) (A)
let g = UL7!

have geG™

proof -

from T2 have L<U using Group_order_transitive by fast
with ordGroupAssum T3 have L-L~!<g
using IsAnOrdGroup_def by simp
with T3 show thesis using OrderedGroup_ZF_1_L1 groupO.group0_2_L6
OrderedGroup_ZF_1_L2 by simp
qed
moreover from T3 have T : G—G
using OrderedGroup_ZF_1_L1 groupO.group0_5_L1
by simp
moreover have A = T(B)
proof -
from T3 T1 have T(B) = {a-L !'L. acA}
using OrderedGroup_ZF_1_L1 groupO.group0_5_L6
by simp
moreover from T3 T1 have VacA. aL 'L = a-(L7!L)
using OrderedGroup_ZF_1_L1 groupO.group_oper_assoc by auto
ultimately have T(B) = {a-(L7!L). acA} by simp
with T3 have T(B) = {a-1l. acA}
using OrderedGroup_ZF_1_L1 groupO.group0_2_L6 by simp
moreover from T1 have VacA. a-l=a
using OrderedGroup_ZF_1_L1 groupO.group0_2_L2 by auto
ultimately show thesis by simp
qed
moreover have B C Interval(r,1,g)
proof
fix y assume A4: y € B
def D2: S = RightTranslation(G,P,L~ %)
from D1 have T4: VxeA. L<x A x<U by simp
moreover from D2 have T5: S = RightTranslation(G,P,L~1)
by simp
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moreover from A4 D2 have T6: y € S(A) by simp
ultimately have y<U-L~! using OrderedGroup_ZF_2_L1
by blast
moreover from T4 T5 T6 have 1<y by (rule OrderedGroup_ZF_2_L1)
ultimately show y € Interval(r,1l,g) using Interval_def by auto
qed
ultimately show
JB.3geGt.3TeG—G. A = T(B) A B C Interval(r,1,g)
by auto
qed

If every interval starting at 1 is finite, then every bounded set is finite. I
find it interesting that this does not require the group to be linearly ordered
(the order to be total).

theorem (in group3) OrderedGroup_ZF_2_T1:
assumes Al: VgeGT. Interval(r,1,g) € Fin(G)
and A2: IsBounded(A,r)
shows A € Fin(G)
proof -
from A2 have
JB.JdgeGT.3TeG—G. A = T(B) A B C Interval(r,1l,g)
using OrderedGroup_ZF_2_L2 by simp
then obtain B g T where D1: geG* B C Interval(r,1,g)
and D2: T : G—G A = T(B) by auto
from D1 A1 have B&€Fin(G) using Fin_subset_lemma by blast
with D2 show thesis using Finitel L6A by simp
qed

In linearly ordered groups finite sets are bounded.

theorem (in group3) ord_group_fin_bounded:
assumes r {is total on} G and B€Fin(G)
shows IsBounded(B,r)
using ordGroupAssum prems IsAnOrdGroup_def IsPartOrder_def Finite_ZF_1_T1
by simp

For nontrivial linearly ordered groups if for every element G we can find one
in A that is greater or equal (not necessarily strictly greater), then A can
neither be finite nor bounded above.

lemma (in group3) OrderedGroup_ZF_2_L2A:
assumes Al: r {is total on} G and A2: G # {1}
and A3: VaeG. dbeA. a<b
shows
Va€eG. dbeA. a#b A a<b
—IsBoundedAbove (A,r)
A ¢ Fin(G)
proof -
{ fix a
from A1 A2 obtain c¢c where ¢ € G,
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using OrderedGroup_ZF_1_L21 by auto
moreover assume acG
ultimately have
ac € G and I: a < ac
using OrderedGroup_ZF_1_L22 by auto
with A3 obtain b where II: beA and III: ac < b
by auto
moreover from I III have a<b by (rule OrderedGroup_ZF_1_L4A)
ultimately have JbcA. a#b A a<b by auto
} thus VacG. IbeA. a#b A a<b by simp
with ordGroupAssum Al show
—IsBoundedAbove(A,r)
A ¢ Fin(G)
using IsAnOrdGroup_def IsPartOrder_def
OrderedGroup_ZF_1_L1A Order_ZF_3_L14 Finite_ZF_1_1_L3
by auto
qed

Nontrivial linearly ordered groups are infinite. Recall that Fin(A) is the
collection of finite subsets of A. In this lemma we show that G ¢ Fin(G),
that is that G is not a finite subset of itself. This is a way of saying that
G is infinite. We also show that for nontrivial linearly ordered groups G, is
infinite.

theorem (in group3) Linord_group_infinite:
assumes Al: r {is total on} G and A2: G # {1}
shows
G+ ¢ Fin(®
G ¢ Fin(G)
proof -
from A1 A2 show I: G, ¢ Fin(G)
using OrderedGroup_ZF_1_L23 OrderedGroup_ZF_2_L2A
by simp
{ assume G € Fin(G)
moreover have G, C G using PositiveSet_def by auto
ultimately have G, € Fin(G) using Fin_subset_lemma
by blast
with I have False by simp
} then show G ¢ Fin(G) by auto
qed

A property of nonempty subsets of linearly ordered groups that don’t have
a maximum: for any element in such subset we can find one that is strictly
greater.

lemma (in group3) OrderedGroup_ZF_2_L2B:
assumes Al: r {is total on} G and A2: ACG and
A3: —HasAmaximum(r,A) and A4: xcA
shows JycA. x<y

proof -
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from ordGroupAssum prems have
antisym(r)
r {is total on} G
ACG -—HasAmaximum(r,A) =x€A
using IsAnOrdGroup_def IsPartOrder_def
by auto

then have JycA. (x,y) € r A y#x
using Order_ZF_4_L16 by simp

then show JyecA. x<y by auto

qed

In linearly ordered groups G\ G is bounded above.

lemma (in group3) OrderedGroup_ZF_2_L3:
assumes Al: r {is total on} G shows IsBoundedAbove(G-Gi,r)
proof -
from Al have VaeG-G;. a<l
using OrderedGroup_ZF_1_L17 by simp
then show IsBoundedAbove(G-G.,r)
using IsBoundedAbove_def by auto
qed

In linearly ordered groups if A NG is finite, then A is bounded above.

lemma (in group3) OrderedGroup_ZF_2_L4:
assumes Al: r {is total on} G and A2: ACG
and A3: A N Gy € Fin(G)
shows IsBoundedAbove(A,r)
proof -
have A N (G-G;) C G-G; by auto
with A1 have IsBoundedAbove(A N (G-G4),r)
using OrderedGroup_ZF_2_L3 Order_ZF_3_L13
by blast
moreover from Al A3 have IsBoundedAbove(A N Gy ,r)
using ord_group_fin_bounded IsBounded_def
by simp
moreover from Al ordGroupAssum have
r {is total on} G trans(r) rCGXG
using IsAnOrdGroup_def IsPartOrder_def by auto
ultimately have IsBoundedAbove(A N (G-G4) U A N Gy,r)
using Order_ZF_3_L3 by simp
moreover from A2 have A = A N (G-G.) U A N Gy
by auto
ultimately show IsBoundedAbove(A,r) by simp
qed

If a set —A C G is bounded above, then A is bounded below.

lemma (in group3) OrderedGroup_ZF_2_L5:
assumes Al: ACG and A2: IsBoundedAbove(-A,r)
shows IsBoundedBelow(A,r)

proof (cases A = 0)
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assume A = 0 show IsBoundedBelow(A,r)
using IsBoundedBelow_def by auto
next assume A3: A#£0
from ordGroupAssum have I: GroupInv(G,P) : G—G
using IsAnOrdGroup_def groupO_2_T2 by simp
with A1 A2 A3 obtain u where D: Vac(-A). a<u
using funcl_1_L15A IsBoundedAbove_def by auto
{ fix b assume beA
with A1 I D have b™! < u and T: beG
using func_imagedef by auto
then have u=!<(b7!)~! using OrderedGroup_ZF_1_L5
by simp
with T have u~1<b
using OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv
by simp
} then have VbeA. (u™',b) € r by simp
then show IsBoundedBelow(A,r)
using Order_ZF_3_L9 by blast
qed

if a < b, then the image of the interval a..b by any function is nonempty.

lemma (in group3) OrderedGroup_ZF_2_L6:
assumes a<b and f:G—G
shows f(Interval(r,a,b)) # 0
using ordGroupAssum prems OrderedGroup_ZF_1_L4
Order_ZF_2_L6 Order_ZF_2_L2A
IsAnOrdGroup_def IsPartOrder_def funcl_1_L15A
by auto

17.4 Absolute value and the triangle inequality
The goal of this section is to prove the triangle inequality for ordered groups.

Absolute value maps G into G.

lemma (in group3) OrderedGroup_ZF_3_L1:
AbsoluteValue(G,P,r) : G—G
proof -
let £ = id(G™)
let g = restrict (GroupInv(G,P),G—G+)
have f : GT—G" using id_type by simp
then have f : G"—G using OrderedGroup_ZF_1_LAE
by (rule fun_weaken_type)
moreover have g : G-GT—G
proof -
from ordGroupAssum have GroupInv(G,P) : G—G
using IsAnOrdGroup_def group0_2_T2 by simp
moreover have G-GT C G by auto
ultimately show thesis using restrict_type2 by simp
qed
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moreover have GTN(G-GT) = 0 by blast

ultimately have f U g : GTU(G-GT)—GUG
by (rule fun_disjoint_Un)

moreover have GTU(G-GT) = G using OrderedGroup_ZF_1_L4E
by auto

ultimately show AbsoluteValue(G,P,r) : G—G
using AbsoluteValue_def by simp

qed

If a € GT, then |a| = a.

lemma (in group3) OrderedGroup_ZF_3_L2:
assumes Al: acG' shows |al = a
proof -
from ordGroupAssum have GroupInv(G,P) : G—G
using IsAnOrdGroup_def groupO_2_T2 by simp
with Al show thesis using
funcil_1_L1 OrderedGroup_ZF_1_L4E fun_disjoint_applyl
AbsoluteValue_def id_conv by simp
qed

lemma (in group3) OrderedGroup_ZF_3_L2A:
shows |1| = 1 using OrderedGroup_ZF_1_L3A OrderedGroup_ZF_3_L2
by simp

If @ is positive, then |a| = a.

lemma (in group3) OrderedGroup_ZF_3_L2B:
assumes acG; shows |al = a
using prems PositiveSet_def Nonnegative_def OrderedGroup_ZF_3_L2
by auto

If a € G\ GY, then |a| = a1

lemma (in group3) OrderedGroup_ZF_3_L3:
assumes Al: a € G-G* shows |a] = a7!
proof -
have domain(id(G™)) = G*
using id_type funcl_1_L1 by auto
with Al show thesis using fun_disjoint_apply2 AbsoluteValue_def
restrict by simp
qed

For elements that not greater than the unit, the absolute value is the inverse.

lemma (in group3) OrderedGroup_ZF_3_L3A:
assumes Al: a<l1

shows |a| = a~!
proof (cases a=1)
assume a=1 then show |a| = a~!
using OrderedGroup_ZF_3_L2A OrderedGroup_ZF_1_L1 groupO.group_inv_of_one
by simp
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next assume a#1

with A1 show l|al = a~! using OrderedGroup_ZF_1_L4C OrderedGroup_ZF_3_L3

by simp
qed

In linearly ordered groups the absolute value of any element is in G™.

lemma (in group3) OrderedGroup_ZF_3_L3B:
assumes Al: r {is total on} G and A2: acG
shows |al € G*
proof (cases acG™)
assume a € G then show |al € GT
using OrderedGroup_ZF_3_L2 by simp
next assume a ¢ GT
with A1 A2 show |al € G using OrderedGroup_ZF_3_L3
OrderedGroup_ZF_1_L6 by simp
qed

For linearly ordered groups (where the order is total), the absolute value
maps the group into the positive set.

lemma (in group3) OrderedGroup_ZF_3_L3C:
assumes Al: r {is total on} G
shows AbsoluteValue(G,P,r) : G—GT
proof-
have AbsoluteValue(G,P,r) : G—G using OrderedGroup_ZF_3_L1
by simp
moreover from Al have T2:
VgeG. AbsoluteValue(G,P,r)(g) € G
using OrderedGroup_ZF_3_L3B by simp
ultimately show thesis by (rule funci_1_L1A)
qed

If the absolute value is the unit, then the elemnent is the unit.

lemma (in group3) OrderedGroup_ZF_3_L3D:
assumes Al: acG and A2: |al =1
shows a = 1
proof (cases acGt)
assume a € GT
with A2 show a = 1 using OrderedGroup_ZF_3_L2 by simp
next assume a ¢ GT
with A1 A2 show a = 1 using
OrderedGroup_ZF_3_L3 OrderedGroup_ZF_1_L1 groupO.group0_2_L8A
by auto
qed

In linearly ordered groups the unit is not greater than the absolute value of
any element.

lemma (in group3) OrderedGroup_ZF_3_L3E:
assumes r {is total on} G and a€G
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shows 1 < |al
using prems OrderedGroup_ZF_3_L3B OrderedGroup_ZF_1_L2 by simp

If b is greater than both a and a~!, then b is greater than |al.

lemma (in group3) OrderedGroup_ZF_3_L4:

assumes Al: a<b and A2: a—'< b

shows |al< b
proof (cases acG™)

assume acG™

with Al show |al|< b using OrderedGroup_ZF_3_L2 by simp
next assume ag¢G"

with A1 A2 show |al< b

using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_3_L3 by simp

qed

In linearly ordered groups a < |a|.

lemma (in group3) OrderedGroup_ZF_3_L5:
assumes Al: r {is total on} G and A2: acG
shows a < |al
proof (cases acG™)
assume a € G
with A2 show a < |al
using OrderedGroup_ZF_3_L2 OrderedGroup_ZF_1_L3 by simp
next assume a ¢ GT
with A1 A2 show a < |al
using OrderedGroup_ZF_3_L3B OrderedGroup_ZF_1_L4B by simp
qed

a~! < la| (in additive notation it would be —a < |al.

lemma (in group3) OrderedGroup_ZF_3_L6:
assumes Al: acG shows a—! < |al
proof (cases acG™)
assume a € G
then have T1: 1<a and T2: |al = a using OrderedGroup_ZF_1_L2
OrderedGroup_ZF_3_L2 by auto
then have a~!<1~! using OrderedGroup_ZF_1_L5 by simp
then have T3: a—'<1
using OrderedGroup_ZF_1_L1 groupO.group_inv_of_one by simp
from T3 T1 have a—!<a by (rule Group_order_transitive)
with T2 show a~! < |a| by simp
next assume A2: a ¢ GT
from A1 have |al € G
using OrderedGroup_ZF_3_L1 apply_funtype by auto
with ordGroupAssum have |a|l < |al
using IsAnOrdGroup_def IsPartOrder_def refl_def by simp
with A1 A2 show a~! < |al| using OrderedGroup_ZF_3_L3 by simp
qed

Some inequalities about the product of two elements of a linearly ordered
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group and its absolute value.

lemma (in group3) OrderedGroup_ZF_3_L6A:
assumes r {is total on} G and a€G beG
shows
ab <lal-Ibl
ab~! <lal-Ibl
a~'b <lal-Ibl
a~'b~! <lal-Ibl
using prems OrderedGroup_ZF_3_L5 OrderedGroup_ZF_3_L6
OrderedGroup_ZF_1_L5B by auto

o™t < |al.

lemma (in group3) OrderedGroup_ZF_3_L7:
assumes r {is total on} G and acG
shows |a=1|<|al
using prems OrderedGroup_ZF_3_L5 OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv
OrderedGroup_ZF_3_L6 OrderedGroup_ZF_3_L4 by simp

™t = |al.

lemma (in group3) OrderedGroup_ZF_3_L7A:

assumes Al: r {is total on} G and A2: acG
1| —

shows |a™"| = |al
proof -
from A2 have a~!€G using OrderedGroup_ZF_1_L1 group0.inverse_in_group
by simp

with A1 have |(a=!)~!| < |a=!| using OrderedGroup_ZF_3_L7 by simp
with A1 A2 have |a=!| < |al lal < |a7!|
using OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv OrderedGroup_ZF_3_L7

by auto
then show thesis by (rule group_order_antisym)
qed
la- b7t = |b-a~!. Tt doesn’t look so strange in the additive notation:
la —b] = |b—al.

lemma (in group3) OrderedGroup_ZF_3_L7B:
assumes Al: r {is total on} G and A2: acG beG

shows |la-b™!| = |b-a!|
proof -
from A1 A2 have |[(ab™')~"!'| = |ab~!| using

OrderedGroup_ZF_1_L1 groupO.inverse_in_group groupO.groupO_2_L1
monoid0.group0_1_L1 OrderedGroup_ZF_3_L7A by simp
moreover from A2 have (ab !)"! = ba!
using OrderedGroup_ZF_1_L1 groupO.group0_2_L12 by simp
ultimately show thesis by simp
qed

Triangle inequality for linearly ordered abelian groups. It would be nice to
drop commutativity or give an example that shows we can’t do that.
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theorem (in group3) OrdGroup_triangle_ineq:
assumes Al: P {is commutative on} G
and A2: r {is total on} G and A3: acG beG
shows |ab|l < lal-|bl
proof -
from A1 A2 A3 have
a<lal b < Ibl a=! < Jal b=! < bl
using OrderedGroup_ZF_3_L5 OrderedGroup_ZF_3_L6 by auto
then have ab < |al-Ib| a=!b™! < |al-|b]
using OrderedGroup_ZF_1_L5B by auto
with A1 A3 show |ab|l < |al-|Db]|
using OrderedGroup_ZF_1_L1 groupO.group_inv_of_two IsCommutative_def

OrderedGroup_ZF_3_L4 by simp
qed

We can multiply the sides of an inequality with absolute value.

lemma (in group3) OrderedGroup_ZF_3_L7C:
assumes Al: P {is commutative on} G
and A2: r {is total on} G and A3: acG beG
and A4: |al < c |bl < d
shows |ab| < cd
proof -
from A1 A2 A3 A4 have |abl < |al-|bl
using OrderedGroup_ZF_1_L4 OrdGroup_triangle_ineq
by simp
moreover from A4 have lal-|b| < c-d
using OrderedGroup_ZF_1_L5B by simp
ultimately show thesis by (rule Group_order_transitive)
qed

A version of the OrderedGroup_ZF_3_L7C but with multiplying by the inverse.

lemma (in group3) OrderedGroup_ZF_3_L7CA:
assumes P {is commutative on} G
and r {is total on} G and acG beG
and |lal < c¢c |b] <d
shows |ab~!| < cd
using prems OrderedGroup_ZF_1_L1 groupO.inverse_in_group
OrderedGroup_ZF_3_L7A OrderedGroup_ZF_3_L7C by simp

Triangle inequality with three integers.

lemma (in group3) OrdGroup_triangle_ineq3:
assumes Al: P {is commutative on} G
and A2: r {is total on} G and A3: acG beG ceG
shows |a-b-cl < lal-lbl-lcl
proof -
from A3 have T: ab € G |c| € G
using OrderedGroup_ZF_1_L1 groupO.group_op_closed
OrderedGroup_ZF_3_L1 apply_funtype by auto
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with A1 A2 A3 have |ab-cl < |abl-lc|

using OrdGroup_triangle_ineq by simp
moreover from ordGroupAssum Al A2 A3 T have

labl-lcl < lal-Ibl-lcl

using OrdGroup_triangle_ineq IsAnOrdGroup_def by simp
ultimately show |ab-c| < |al-Ibl-lcl

by (rule Group_order_transitive)
qed

Some variants of the triangle inequality.

lemma (in group3) OrderedGroup_ZF_3_L7D:
assumes Al: P {is commutative on} G
and A2: r {is total on} G and A3: acG beG
and A4: labl| < ¢
shows
lal < c-Ibl
lal < Ibl-c

proof -
from A3 A4 have
T: ab™' € G |bl €G ceG c ! e@
using OrderedGroup_ZF_1_L1
groupO.inverse_in_group groupO.groupO_2_L1 monoidO.groupO_1_L1
OrderedGroup_ZF_3_L1 apply_funtype OrderedGroup_ZF_1_L4

by auto

from A3 have |al = |ab !
using OrderedGroup_ZF_1_L1 group0.group0_2_L16
by simp

with A1 A2 A3 T have lal < lab '|-|b]
using OrdGroup_triangle_ineq by simp
with T A4 show |al < c-|b| using OrderedGroup_ZF_1_L5C
by blast
with T A1l show |al < |bl-c
using IsCommutative_def by simp
from A2 T have ab~! < |ab ']
using OrderedGroup_ZF_3_L5 by simp
moreover from A4 have |ab~!| < c .
ultimately have I: ab™! < ¢
by (rule Group_order_transitive)
with A3 show cla < b
using OrderedGroup_ZF_1_L5H by simp
with A1 A3 T show ac™! < b
using IsCommutative_def by simp
from A1 A3 T I show a < b-c
using OrderedGroup_ZF_1_L5H IsCommutative_def
by auto
qed

225



Some more variants of the triangle inequality.

lemma (in group3) OrderedGroup_ZF_3_L7E:
assumes Al: P {is commutative on} G
and A2: r {is total on} G and A3: acG beG

and A4: lab | < ¢
shows b-c™! < a

proof -
from A3 have ab~! € G

using OrderedGroup_ZF_1_L1
group0.inverse_in_group groupl.group_op_closed

by auto
with A2 have |(ab™1)71| = |ab7!]|

using OrderedGroup_ZF_3_L7A by simp
moreover from A3 have (a-b~!)~! = b.a™!

using OrderedGroup_ZF_1_L1 groupO.group0_2_L12

by simp
ultimately have |b-a~!| = |ab™!|

by simp
with A1 A2 A3 A4 show bc™! < a

using OrderedGroup_ZF_3_L7D by simp

qed
An application of the triangle inequality with four group elements.

lemma (in group3) OrderedGroup_ZF_3_L7F:
assumes Al: P {is commutative on} G
and A2: r {is total on} G and
A3: aeG beG ceG deG
shows |ac”!| < labl|-lcd|-|b-d7 1|

proof -
from A3 have T:
ac' €G ab€G cd€G bd!eG
(cd)' €G (aH'ea
using OrderedGroup_ZF_1_L1
groupO.inverse_in_group groupO.group_op_closed

by auto
with A1 A2 have |(ab)-(c-d) 1 (b-da 1| < labl-|(cd) ][ (bd 1)1

using OrdGroup_triangle_ineq3 by simp
moreover from A2 T have |(c-d)~!| =lc-d|l and |(b-d™!)~!| = |b-d7 |
using OrderedGroup_ZF_3_L7A by auto
-1
= a-c

moreover from A1 A3 have (a-b)-(c-d)~!-(b-d™1)~!
using OrderedGroup_ZF_1_L1 groupO.group0_4_L8
by simp
ultimately show la-c™ | < labl-lcdl-lbd" ]
by simp
qed
la| < L implies L~ < a (it would be —L < a in the additive notation).

lemma (in group3) OrderedGroup_ZF_3_L8:

assumes Al: acG and A2: |al|<L
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shows
L !<a
proof -
from A1 have I: a~—! < |al using OrderedGroup_ZF_3_L6 by simp
from I A2 have a—! < L by (rule Group_order_transitive)
then have L™!<(a=!)~! using OrderedGroup_ZF_1_L5 by simp
with A1 show L~ !'<a using OrderedGroup_ZF_1_L1 group0.group_inv_of_inv
by simp
qed

In linearly ordered groups |a| < L implies a < L (it would be a < L in the
additive notation).

lemma (in group3) OrderedGroup_ZF_3_L8A:
assumes Al: r {is total on} G
and A2: acG and A3: |al|<L
shows
a<L
1<L
proof -
from A1 A2 have I: a < |al using OrderedGroup_ZF_3_L5 by simp
from I A3 show a<L by (rule Group_order_transitive)
from A1 A2 A3 have 1 < |al Jal<L
using OrderedGroup_ZF_3_L3B OrderedGroup_ZF_1_L2 by auto
then show 1<L by (rule Group_order_transitive)
qed

A somewhat generalized version of the above lemma.

lemma (in group3) OrderedGroup_ZF_3_L8B:
assumes Al: acG and A2: |al<L and A3: 1<c
shows (L-¢)~! < a
proof -
from A1 A2 A3 have c 1L 1 < 1.a
using OrderedGroup_ZF_3_L8 OrderedGroup_ZF_1_L5AB
OrderedGroup_ZF_1_L5B by simp
with A1 A2 A3 show (Lc) ! < a
using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_1_L1
groupO.group_inv_of_two groupO.group0_2_L2
by simp
qed

If b is between a and a - ¢, then b-a~! < c.

lemma (in group3) OrderedGroup_ZF_3_L8C:
assumes Al: a<b and A2: ce€G and A3: b<c-a
shows |ba"!| < ¢
proof -
from A1 A2 A3 have ba™! < ¢
using OrderedGroup_ZF_1_L9C OrderedGroup_ZF_1_L4
by simp
moreover have (b-a~1)~1 < ¢
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proof -
from A1l have T: a€G beG
using OrderedGroup_ZF_1_L4 by auto
with A1 have ab~! < 1
using OrderedGroup_ZF_1_L9 by blast
moreover
from A1 A3 have a<c-a
by (rule Group_order_transitive)
with ordGroupAssum T have aa”l < caa”
using OrderedGroup_ZF_1_L1 group0.inverse_in_group
IsAnOrdGroup_def by simp
with T A2 have 1 < ¢
using OrderedGroup_ZF_1_L1
group0.group0_2_L6 groupO.group0_2_L16
by simp
ultimately have ab™! < ¢
by (rule Group_order_transitive)
with T show (b-a 1)1 < ¢
using OrderedGroup_ZF_1_L1 groupO.group0_2_L12
by simp
qed
ultimately show |b-a™!] < ¢
using OrderedGroup_ZF_3_L4 by simp
qed

1

For linearly ordered groups if the absolute values of elements in a set are
bounded, then the set is bounded.

lemma (in group3) OrderedGroup_ZF_3_L9:
assumes Al: r {is total on} G
and A2: ACG and A3: VacA. |lal] <L
shows IsBounded(A,r)
proof -
from A1 A2 A3 have
VachA. a<L VacA. L7 !<a
using OrderedGroup_ZF_3_L8 OrderedGroup_ZF_3_L8A by auto
then show IsBounded(A,r) using
IsBoundedAbove_def IsBoundedBelow_def IsBounded_def
by auto
qed

A slightly more general version of the previous lemma, stating the same fact
for a set defined by separation.

lemma (in group3) OrderedGroup_ZF_3_LO9A:
assumes Al: r {is total on} G
and A2: VxeX. b(x)eG A |b(x) <L
shows IsBounded({b(x). x€X},r)
proof -
from A2 have {b(x). x€X} C G Vaec{b(x). x€X}. |lal] <L
by auto
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with Al show thesis using OrderedGroup_ZF_3_L9 by blast
qed

A special form of the previous lemma stating a similar fact for an image of
a set by a function with values in a linearly ordered group.

lemma (in group3) OrderedGroup_ZF_3_L9B:
assumes Al: r {is total on} G
and A2: f:X—G and A3: ACX
and A4: VxeA. |f(x)] <L
shows IsBounded(f(A),r)
proof -
from A2 A3 A4 have VxeA. f(x) €e G A |[f(x)| <L
using apply_funtype by auto
with A1 have IsBounded({f(x). x€A},r)
by (rule OrderedGroup_ZF_3_L9A)
with A2 A3 show IsBounded(f(A),r)
using func_imagedef by simp
qed

For linearly ordered groups if | < a < u then |a| is smaller than the greater
of [1],|ul.

lemma (in group3) OrderedGroup_ZF_3_L10:
assumes Al: r {is total on} G
and A2: 1<a a<u
shows
lal] < Greater0f(r,|1l,|ul)
proof (cases acG™)
from A2 have T1: |1] € G |lal € G |lul € G
using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_3_L1 apply_funtype
by auto
assume A3: acG™T
with A2 have 1<a a<u
using OrderedGroup_ZF_1_L2 by auto
then have 1<u by (rule Group_order_transitive)
with A2 A3 have |al|<]|u]
using OrderedGroup_ZF_1_L2 OrderedGroup_ZF_3_L2 by simp
moreover from Al T1 have |ul < GreaterOf(r,|1l,|ul)
using Order_ZF_3_L2 by simp
ultimately show |a|l < Greater0f(r,|1], |ul)
by (rule Group_order_transitive)
next assume A4: ag¢Gh
with A2 have T2:
1€G 111 € G lal € G |lul € G a € G-GT
using OrderedGroup_ZF_1_L4 OrderedGroup_ZF_3_L1 apply_funtype
by auto
with A2 have 1 € G-GT using OrderedGroup_ZF_1_L4D by fast
with T2 A2 have |al < 1]
using OrderedGroup_ZF_3_L3 OrderedGroup_ZF_1_L5
by simp
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moreover from Al T2 have |1| < GreaterOf(r,|1l,|ul)
using Order_ZF_3_L2 by simp
ultimately show |al < Greater0f(r,|1l],lul)
by (rule Group_order_transitive)
qed

For linearly ordered groups if a set is bounded then the absolute values are
bounded.

lemma (in group3) OrderedGroup_ZF_3_L10A:
assumes Al: r {is total on} G
and A2: IsBounded(A,r)
shows dL. VacA. |al] < L
proof (cases A=0)
assume A = 0 then show thesis by auto
next assume A3: A=£0
with A2 obtain u 1 where VgeA. 1<g A g<u
using IsBounded_def IsBoundedAbove_def IsBoundedBelow_def
by auto
with A1l have VacA. |al < GreaterOf(r,|1l, ul)
using OrderedGroup_ZF_3_L10 by simp
then show thesis by auto
qed

A slightly more general version of the previous lemma, stating the same fact
for a set defined by separation.

lemma (in group3) OrderedGroup_ZF_3_L11:
assumes Al: r {is total on} G
and A2: IsBounded({b(x).x€X},r)
shows dL. VxeX. |bx)| < L
proof -
from A1 A2 show thesis using OrderedGroup_ZF_3_L10A
by blast
qed

Absolute values of elements of a finite image of a nonempty set are bounded
by an element of the group.

lemma (in group3) OrderedGroup_ZF_3_L11A:
assumes Al: r {is total on} G
and A2: X#0 and A3: {b(x). x€X} € Fin(G)
shows JLeG. VxeX. |[bx)| < L
proof -
from A1 A3 have JL. VxeX. |[b(&x)| <L
using ord_group_fin_bounded OrderedGroup_ZF_3_L11
by simp
then obtain L where I: VxeX. |[b(x)| < L
using OrderedGroup_ZF_3_L11 by auto
from A2 obtain x where x€X by auto
with I show thesis using OrderedGroup_ZF_1_L4
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by blast
qed

In totally oredered groups the absolute value of a nonunit element is in G .

lemma (in group3) OrderedGroup_ZF_3_L12:
assumes Al: r {is total on} G
and A2: acG and A3: a#l
shows |al € G4
proof -
from A1 A2 have |lal € G 1 < |al
using OrderedGroup_ZF_3_L1 apply_funtype
OrderedGroup_ZF_3_L3B OrderedGroup_ZF_1_L2
by auto
moreover from A2 A3 have |al # 1
using OrderedGroup_ZF_3_L3D by auto
ultimately show |al € G,
using PositiveSet_def by auto
qed

17.5 Maximum absolute value of a set

Quite often when considering inequalities we prefer to talk about the abso-
lute values instead of raw elements of a set. This section formalizes some
material that is useful for that.

If a set has a maximum and minimum, then the greater of the absolute
value of the maximum and minimum belongs to the image of the set by the
absolute value function.

lemma (in group3) OrderedGroup_ZF_4_L1:

assumes A C G

and HasAmaximum(r,A) HasAminimum(r,A)

and M = GreaterOf (r, |[Minimum(r,A) |, IMaximum(xr,A) |)

shows M € AbsoluteValue(G,P,r) (A)

using ordGroupAssum prems IsAnOrdGroup_def IsPartOrder_def
Order_ZF_4_L3 Order_ZF_4_L4 OrderedGroup_ZF_3_L1
func_imagedef GreaterOf_def by auto

If a set has a maximum and minimum, then the greater of the absolute value
of the maximum and minimum bounds absolute values of all elements of the
set.

lemma (in group3) OrderedGroup_ZF_4_L2:

assumes Al: r {is total on} G
and A2: HasAmaximum(r,A) HasAminimum(r,A)

and A3: acA
shows |a|< GreaterOf(r, |Minimum(r,A) |, |IMaximum(r,A)|)
proof -

from ordGroupAssum A2 A3 have
Minimum(r,A)< a a< Maximum(r,A)
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using IsAnOrdGroup_def IsPartOrder_def Order_ZF_4_L3 Order_ZF_4_L4
by auto
with Al show thesis by (rule OrderedGroup_ZF_3_L10)
qed

If a set has a maximum and minimum, then the greater of the absolute value
of the maximum and minimum bounds absolute values of all elements of the
set. In this lemma the absolute values of ekements of a set are represented
as the elements of the image of the set by the absolute value function.

lemma (in group3) OrderedGroup_ZF_4_L3:
assumes r {is total on} G and A C G
and HasAmaximum(r,A) HasAminimum(r,A)
and b € AbsoluteValue(G,P,r) (A)
shows b< GreaterOf (r, IMinimum(r,A) |, |[Maximum(r,A)|)
using prems OrderedGroup_ZF_3_L1 func_imagedef OrderedGroup_ZF_4_L2
by auto

If a set has a maximum and minimum, then the set of absolute values also
has a maximum.

lemma (in group3) OrderedGroup_ZF_4_L4:
assumes Al: r {is total on} G and A2: A C G
and A3: HasAmaximum(r,A) HasAminimum(r,A)
shows HasAmaximum(r,AbsoluteValue(G,P,r) (A))
proof -
let M = GreaterOf(r, |[Minimum(r,A) |, |IMaximum(r,A) |)
from A2 A3 have M € AbsoluteValue(G,P,r) (A)
using OrderedGroup_ZF_4_L1 by simp
moreover from A1 A2 A3 have
Vb € AbsoluteValue(G,P,r)(A). b < M
using OrderedGroup_ZF_4_L3 by simp
ultimately show thesis using HasAmaximum_def by auto
qed

If a set has a maximum and a minimum, then all absolute values are bounded
by the maximum of the set of absolute values.

lemma (in group3) OrderedGroup_ZF_4_L5:
assumes Al: r {is total on} G and A2: A C G
and A3: HasAmaximum(r,A) HasAminimum(r,A)

and A4: acA
shows |a| < Maximum(r,AbsoluteValue(G,P,r) (A))
proof -

from A2 A4 have |al| € AbsoluteValue(G,P,r) (A)
using OrderedGroup_ZF_3_L1 func_imagedef by auto
with ordGroupAssum Al A2 A3 show thesis using
IsAnOrdGroup_def IsPartOrder_def OrderedGroup_ZF_4_L4
Order_ZF_4_L3 by simp
qed
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17.6 Alternative definitions

Sometimes it is usful to define the order by prescibing the set of positive
or nonnegative elements. This section deals with two such definitions. One
takes a subset H of G that is closed under the group operation, 1 ¢ H and
for every a € H we have either a € H or a~! € H. Then the order is defined
as a < biff a =bor a'b € H. For abelian groups this makes a linearly
ordered group. We will refer to order defined this way in the comments
as the order defined by a positive set. The context used in this section is
the group0 context defined in Group_ZzF theory. Recall that £ in that context
denotes the group operation (unlike in the previous sections where the group
operation was denoted P.

The order defined by a positive set is the same as the order defined by a
nonnegative set.

lemma (in group0) OrderedGroup_ZF_5_L1:
assumes Al: r = {p € GxG. fst(p) = snd(p) V fst(p) !-snd(p) € H}
shows (a,b) € r «— acG A beG A a~!'b € H U {1}
proof
assume (a,b) € r
with A1 show a€G A beG A a~!'b € H U {1}
using group0_2_L6 by auto
next assume acG A beG A a='b € H U {1}
then have acG A beG A b=(a™')"! V acG A beG A a™'b € H
using inverse_in_group group0_2_L9 by auto
with A1 show (a,b) € r using group_inv_of_inv
by auto
qed

The relation defined by a positive set is antisymmetric.

lemma (in group0) OrderedGroup_ZF_5_L2:
assumes Al: r = {p € GxG. fst(p) = snd(p) V fst(p) '-snd(p) € H}
and A2: VacG. a#l — (acH) Xor (a~'€H)
shows antisym(r)
proof -
{ fix a b assume A3: (a,b) € r (b,a) € r
with A1 have T: acG beG by auto
{ assume A4: a#b
with A1 A3 have a='b € G a!b € H (a™'b)7! € H
using inverse_in_group groupO_2_L1 monoidO.groupO_1_L1 groupO_2_L12
by auto
with A2 have a—!b = 1 using Xor_def by auto
with T A4 have False using group0_2_L11 by auto
} then have a=b by auto
} then show antisym(r) by (rule antisymI)
qed

The relation defined by a positive set is transitive.
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lemma (in group0) OrderedGroup_ZF_5_L3:
assumes Al: r = {p € GxG. fst(p) = snd(p) V fst(p) !-snd(p) € H}
and A2: HCG H {is closed under} f
shows trans(r)
proof -
{ fix a b c assume (a,b) € r (b,c) € r
with A1 have
a€G A beG A a~'b € H U {1}
bEG A c€G A b lc € HU {1}
using OrderedGroup_ZF_5_L1 by auto
with A2 have
I: acG beG ceG
and (a=!'b)-(b~lc) € HU {1}
using inverse_in_group groupO_2_L17 IsOpClosed_def
by auto
moreover from I have a—!':c = (a=!'b)-(b~!-c)
by (rule group0_2_L14A)
ultimately have (a,c) € GxG a'c¢ € HU {1}

by auto
with A1 have (a,c) € r using OrderedGroup_ZF_5_L1
by auto
} then have V abc. (a, b) €er A (b, ¢c) €r — (a, ¢) €
by blast
then show trans(r) by (rule Foll_L2)

qed

The relation defined by a positive set is translation invariant. With our
definition this step requires the group to be abelian.

lemma (in group0) OrderedGroup_ZF_5_L4:
assumes Al: r = {p € GxG. fst(p) = snd(p) V fst(p) !-snd(p) € H}
and A2: f {is commutative on} G
and A3: (a,b) € r and A4: ceG
shows (a:c,bc) € r A (ca,cb) € r
proof
from A1 A3 A4 have
I: acG beG ac € G bc € G
and II: a~'b € H U {1}
using OrderedGroup_ZF_5_L1 group_op_closed
by auto
with A2 A4 have (a-c) !'-(bc) € HU {1}
using group0_4_L6D by simp
with A1 I show (a-c,bc) € r using OrderedGroup_ZF_5_L1
by auto
with A2 A4 I show (ca,cb) € r
using IsCommutative_def by simp
qed

If H C G is closed under the group operation 1 ¢ H and for every a € H
we have either a € H or a~! € H, then the relation ”<” defined bya<b<&
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a~'b € H orders the group G. In such order H may be the set of positive
or nonnegative elements.

lemma (in group0) OrderedGroup_ZF_5_L5:
assumes Al: f {is commutative on} G
and A2: HCG H {is closed under} f
and A3: VacG. a#l — (acH) Xor (a~'€H)
and A4: r = {p € GxG. fst(p) = snd(p) V fst(p) '-snd(p) € H}
shows
IsAnOrdGroup(G,f,r)
r {is total on} G
Nonnegative(G,f,r) = PositiveSet(G,f,r) U {1}
proof -
from groupAssum A2 A3 A4 have
IsAgroup(G,f) rCGxG IsPartOrder(G,r)
using refl_def OrderedGroup_ZF_5_L2 OrderedGroup_ZF_5_L3
IsPartOrder_def by auto
moreover from A1l A4 have
VgeG. Va b. <a,b> € r — (a.g,bg) € r A (ga,gb) €r
using OrderedGroup_ZF_5_L4 by blast
ultimately show IsAnOrdGroup(G,f,r)
using IsAnOrdGroup_def by simp
then show Nonnegative(G,f,r) = PositiveSet(G,f,r) U {1}
using group3_def group3.0rderedGroup_ZF_1_L24
by simp
{ fix ab
assume T: acG beG
then have T1: a='b € G
using inverse_in_group group_op_closed by simp
{ assume <a,b> ¢ r
with A4 T have I: a#b and II: a~!b ¢ H
by auto
from A3 T T1 I have (a='b € H) Xor ((a~!'b)~' € H)
using group0_2_L11 by auto
with A4 T II have <b,a> € r
using Xor_def group0_2_L12 by simp
} then have <a,b> € r V <b,a> € r by auto
} then show r {is total on} G using IsTotal_def
by simp
qed

If the set defined as in OrderedGroup_ZF_5_L4 does not contain the neutral
element, then it is the positive set for the resulting order.

lemma (in group0) OrderedGroup_ZF_5_L6:
assumes f {is commutative on} G
and HCG and 1 ¢ H
and r = {p € GxG. fst(p) = snd(p) V fst(p) '-snd(p) € H}
shows PositiveSet(G,f,r) = H
using prems group_inv_of_one groupO_2_L2 PositiveSet_def
by auto
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The next definition describes how we construct an order relation from the
prescribed set of positive elements.

constdefs
OrderFromPosSet (G,P,H) =
{p € GxG. fst(p) = snd(p) V P(GroupInv(G,P)(fst(p)),snd(p)) € H }

The next theorem rephrases lemmas OrderedGroup_zF_5_L5 and OrderedGroup_ZF_5_L6
using the definition of the order from the positive set OrderFromPosSet. To
simmarize, this is what it says: Suppose that H C G is a set closed under

that group operation such that 1 ¢ H and for every nonunit group element a

either a € H or a~! € H. Define the order as a < biffa=bora ' -b e H.

Then this order makes G into a linearly ordered group such H is the set

of positive elements (and then of course H U {1} is the set of nonnegative
elements).

theorem (in group0) Group_ord_by_positive_set:
assumes f {is commutative on} G
and HCG H {is closed under} f 1 ¢ H
and VacG. a#l — (a€H) Xor (a~'€H)
shows
IsAnOrdGroup(G,f,0OrderFromPosSet (G,f,H))
OrderFromPosSet(G,f,H) {is total on} G
PositiveSet (G, f,0rderFromPosSet(G,f,H)) H
Nonnegative(G,f,0rderFromPosSet(G,f,H)) HU {1}
using prems OrderFromPosSet_def OrderedGroup_ZF_5_L5 OrderedGroup_ZF_5_L6
by auto

17.7 0Odd Extensions

In this section we verify properties of odd extensions of functions defined on
G+. An odd extension of a function f : G4 — G is a function f°: G — G
defined by f°(z) = f(z) if z € G4, f(1) = 1 and f°(z) = (f(z~1))~! for
x < 1. Such function is the unique odd function that is equal to f when
restricted to G.

The next lemma is just to see the definition of the odd extension in the
notation used in the groupl context.

lemma (in group3) OrderedGroup_ZF_6_L1:
shows £f° = £ U {{a, (f(a™ 1)) !). a € -G.} U {(1,1)}
using OddExtension_def by simp

A technical lemma that states that from a function defined on G, with values
in G we have (f(a™1))~! € G.

lemma (in group3) OrderedGroup_ZF_6_L2:
assumes f: G;—G and ac-Gy
shows
fa) e @G
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(fa'Htea

using prems OrderedGroup_ZF_1_L27 apply_funtype
OrderedGroup_ZF_1_L1 groupO.inverse_in_group

by auto

The main theorem about odd extensions. It basically says that the odd
extension of a function is what we want to to be.

lemma (in group3) odd_ext_props:

assumes Al: r {is total on} G and A2: f: G;—G

shows

f¢ : G — G

VacGy. (£°)(a) = f(a)

Vac(-Gy). (£°)(a) = (f(a= 1))t

()@ =1

proof -

from A1 A2 have I:
f: G4L—G
Vac-G,. (f(a™!) !t egq
G+N(-GL) =0
1 ¢ GLU(-G4)
£ =f U {(a, (F@'N7H. a € -6;3 U {(1,1)}
using OrderedGroup_ZF_6_L2 OrdGroup_decomp2 OrderedGroup_ZF_6_L1
by auto

then have £°: Gy U (-Gy) U {1} —GUGU{1}
by (rule funci_1_L11E)

moreover from Al have
G U (-Gp) U{l1r=¢G

GUGU{1} =G
using OrdGroup_decomp2 OrderedGroup_ZF_1_L1 groupO.group0_2_L2
by auto

ultimately show f° : G — G by simp

from I show VaeG,. (£°)(a) = f(a)
by (rule funcl_1_L11E)

from I show Vac(-G,). (f°)(a) = (f(a=1))!
by (rule funcl_1_L11E)

from I show (£°)(1) =1
by (rule funcl_1_L11E)

qed

Odd extensions are odd, of course.

lemma (in group3) oddext_is_odd:
assumes Al: r {is total on} G and A2: f: G, —G

and A3: acG
shows (£°)(a™!) = ((£°)(a)) !
proof -

from A1 A3 have acG, V a € (-G;) V a=1
using OrdGroup_decomp2 by blast

moreover

{ assume acG;
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with A1 A2 have a=! € -G, and (£f°)(a) = f£(a)
using OrderedGroup_ZF_1_L25 odd_ext_props by auto
with A1 A2 have
() @™ = @ H M and E@) = (ED) @)
using odd_ext_props by auto
with A3 have (£°)(a™') = ((£f°)(a))~!
using OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv
by simp }
moreover
{ assume A4: a € -G
with A1 A2 have a=! € G, and (£f°)(a) = (f(a 1)) !
using OrderedGroup_ZF_1_L27 odd_ext_props
by auto
with A1 A2 A4 have (£°)(a™) = ((£°)(a)) ™!
using odd_ext_props OrderedGroup_ZF_6_L2
OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv
by simp }
moreover
{ assume a =1
with A1 A2 have (£f°)(a™!) = ((f°)(a))!
using OrderedGroup_ZF_1_L1 group0.group_inv_of_one
odd_ext_props by simp
}
ultimately show (£°)(a™1) = ((£°)(a))!
by auto
qed

Another way of saying that odd extensions are odd.

lemma (in group3) oddext_is_odd_alt:
assumes Al: r {is total on} G and A2: f: Gy —G
and A3: acG
shows ((£°)(a™)) ™! = (£°)(a)
proof -
from A1 A2 have
f¢ : G — G
VaeG. (£°)(a™h) = ((#2) (@)}
using odd_ext_props oddext_is_odd by auto
then have VacG. ((£°)(a 1))~ = (£°)(a)
using OrderedGroup_ZF_1_L1 groupO.group0_6_L2 by simp
with A3 show ((£°)(a=!))~! = (£°)(a) by simp
qed

17.8 Functions with infinite limits

In this section we consider functions f : G — G with the property that for
f(x) is arbitrarily large for large enough x. More precisely, for every a € G
there exist b € G such that for every > b we have f(z) > a. In a sense
this means that lim, . f(x) = oo, hence the title of this section. We also
prove dual statements for functions such that lim,_,_ f(z) = —oc.
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If an image of a set by a function with infinite positive limit is bounded
above, then the set itself is bounded above.

lemma (in group3) OrderedGroup_ZF_7_L1:
assumes Al: r {is total on} G and A2: G # {1} and
A3: £:G—G and
A4: VaeG.dbeGy . Vx. b<x — a < f(x) and
A5: ACG and
A6: IsBoundedAbove(f(A),r)
shows IsBoundedAbove(A,r)
proof -
{ assume —IsBoundedAbove(A,r)
then have I: Vu. dxeA. - (x<u)
using IsBoundedAbove_def by auto
have VacG. Jycf(h). aly
proof -
{ fix a assume acG
with A4 obtain b where
II: beGy and III: Vx. b<x — a < f(x)
by auto
from I obtain x where IV: xcA and —(x<b)
by auto
with A1 A5 II have
r {is total on} G
x€G beG - (x<b)
using PositiveSet_def by auto
with IITI have a < f(x)
using OrderedGroup_ZF_1_L8 by blast
with A3 A5 IV have Jyef(A). a<y
using func_imagedef by auto
} thus thesis by simp

qed
with A1 A2 A6 have False using OrderedGroup_ZF_2_L2A
by simp
} thus thesis by auto
qed

If an image of a set defined by separation by a function with infinite positive
limit is bounded above, then the set itself is bounded above.

lemma (in group3) OrderedGroup_ZF_7_L2:
assumes Al: r {is total on} G and A2: G # {1} and
A3: X#0 and A4: f:G—G and
A5: Va€eG.3dbeG, . Vy. b<y — a < f(y) and
A6: VxeX. b(x) € G A £(b(x)) < U
shows Ju.VxeX. b(x) < u

proof -
let A = {b(x). xeX}
from A6 have I: ACG by auto
moreover note prems
moreover have IsBoundedAbove(f(A),r)
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proof -
from A4 A6 I have Vzef(Ad). (z,U) € r
using func_imagedef by simp
then show IsBoundedAbove(f(A),r)
by (rule Order_ZF_3_L10)
qed
ultimately have IsBoundedAbove(A,r) using OrderedGroup_ZF_7_L1
by simp
with A3 have Ju.VyeA. y < u
using IsBoundedAbove_def by simp
then show Ju.VxeX. b(x) < u by auto
qed

If the image of a set defined by separation by a function with infinite negative
limit is bounded below, then the set itself is bounded above. This is dual to
OrderedGroup_ZF_7_L2.

lemma (in group3) OrderedGroup_ZF_7_L3:
assumes Al: r {is total on} G and A2: G # {1} and
A3: X0 and A4: f:G—G and
A5: Va€G.3beG, .Vy. b<y — £(y 1) < a and
A6: VxeX. b(x) € G AL < £(b(x))
shows 31.VxeX. 1 < b(x)
proof -
let g = GroupInv(G,P) 0 £ 0 GroupInv(G,P)
from ordGroupAssum have I: GroupInv(G,P) : G—G
using IsAnOrdGroup_def group0_2_T2 by simp
with A4 have II: VxcG. g(x) = (f(x~1))7!
using funcl_1_L18 by simp
note Al A2 A3
moreover from A4 I have g : G—G
using comp_fun by blast
moreover have VacG.3beG,.Vy. b<y — a < g(y)
proof -
{ fix a assume A7: acG
then have a=! € G
using OrderedGroup_ZF_1_L1 group0.inverse_in_group
by simp
with A5 obtain b where
III: beG, and Vy. b<y — f(y~ 1) < a7!
by auto
with IT A7 have Vy. b<y — a < g(y)
using OrderedGroup_ZF_1_L5AD OrderedGroup_ZF_1_L4
by simp
with IIT have dbeG,.Vy. b<y — a < g(y)
by auto
} then show VacG.3beG;.Vy. b<y — a < g(y)
by simp
qed
moreover have VxcX. b(x)™! € ¢ A gb(x)™!) < L7t
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proof-
{ fix x assume x€X
with A6 have
T: b(x) € G b(x)™' € Gand L < £(b(x))
using OrderedGroup_ZF_1_L1 groupO.inverse_in_group
by auto
then have (f(b(x)))~! < L7!
using OrderedGroup_ZF_1_L5 by simp
moreover from II T have (f(b(x)))~! = gb&x)™H
using OrderedGroup_ZF_1_L1 group0.group_inv_of_inv
by simp
ultimately have g(b(x)~!) < L™! by simp
with T have b(x)™! € ¢ A gb(x)~1) < L7!
by simp
} then show VxeX. b(x)"! € G A gb(x)"!) < L7!
by simp
qed
ultimately have Ju.VxeX. (b(x))~! < u
by (rule OrderedGroup_ZF_7_L2)
then have Ju.VxeX. u ! < (b(x)~ 1) !
using OrderedGroup_ZF_1_L5 by auto
with A6 show d1.VxeX. 1 < b(x)
using OrderedGroup_ZF_1_L1 groupO.group_inv_of_inv
by auto
qed

The next lemma combines OrderedGroup_ZF_7_L2 and OrderedGroup_ZF_7_L3
to show that if an image of a set defined by separation by a function with
infinite limits is bounded, then the set itself i bounded.

lemma (in group3) OrderedGroup_ZF_7_L4:
assumes Al: r {is total on} G and A2: G # {1} and
A3: X#£0 and A4: f:G—G and
A5: VaeG.dbeGy.Vy. b<y — a < f(y) and
A6: YacG.3beG, .Vy. b<y — f(y!) < a and
A7: VxeX. b(x) € G AL < £b&) A fbx) <TU
shows IM.VxeX. |b(x)| < M
proof -
from A7 have
I: VxeX. b(x) € G A £(b(x)) < U and
II: VxeX. b(x) € G AL < £(b(x))
by auto
from A1 A2 A3 A4 A5 I have Ju.VxeX. b(x) < u
by (rule OrderedGroup_ZF_7_L2)
moreover from A1 A2 A3 A4 A6 II have d1.VxeX. 1 < b(x)
by (rule OrderedGroup_ZF_7_L3)
ultimately have Ju 1. VxeX. 1<b(x) A b(x) < u
by auto
with A1 have Ju 1.VxeX. |b(x)| < Greater0f(r,I|1l,|ul)
using OrderedGroup_ZF_3_L10 by blast
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then show dM.VxeX. |b(x)| < M
by auto
qed

end
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18 Ring ZF.thy

theory Ring ZF imports Group_ZF
begin

This theory file covers basic facts about rings.

18.1 Definition and basic properties
In this section we define what is a ring and list the basic properties of rings.

We say that three sets (R, A, M) form a ring if (R, A) is an abelian group,
(R, M) is a monoid and A is distributive with respect to M on R. A rep-
resents the additive operation on R. As such it is a subset of (R x R) X R
(recall that in ZF set theory functions are sets). Similarly M represents the
multiplicative operation on R and is also a subset of (R x R) x R. We don’t
require the multiplicative operation to be commutative in the definition of
a ring. We also define the notion of having no zero divisors.
constdefs
IsAring(R,A,M) = IsAgroup(R,A) A (A {is commutative on} R) A
IsAmonoid(R,M) A IsDistributive(R,A,M)

HasNoZeroDivs(R,A,M) = (VacR. VbeR.

M<a,b> = TheNeutralElement(R,A) —
a = TheNeutralElement(R,A) V b = TheNeutralElement(R,A))

Next we define a locale that will be used when considering rings.

locale ring0 =
fixes R and A and M
assumes ringAssum: IsAring(R,A,M)

fixes ringa (infixl + 90)
defines ringa_def [simp]: a+b = A<a,b>

fixes ringminus (- _ 89)
defines ringminus_def [simp]: (-a) = GroupInv(R,A) (a)

fixes ringsub (infixl - 90)
defines ringsub_def [simp]l: a-b = a+(-b)

fixes ringm (infixl - 95)
defines ringm_def [simp]l: ab = M<a,b>

fixes ringzero (0)
defines ringzero_def [simp]: 0 = TheNeutralElement (R,A)
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fixes ringone (1)
defines ringone_def [simp]: 1 = TheNeutralElement (R,M)

fixes ringtwo (2)

defines ringtwo_def [simp]l: 2 = 1+1
fixes ringsq (_? [96] 97)
defines ringsq_def [simp]l: a? = a-a

In the ring0 context we can use theorems proven in some other contexts.

lemma (in ring0) Ring_ZF_1_L1: shows
monoidO(R,M)
groupO(R,A)
A {is commutative on} R
using ringAssum IsAring_def groupO_def monoidO_def by auto

The additive operation in a ring is distributive with respect to the multi-
plicative operation.

lemma (in ring0) ring oper_distr: assumes Al: ac€R beR c€R
shows
a-(btc) = ab + ac
(btc)-a = b-a + ca
using ringAssum prems IsAring_def IsDistributive_def by auto

Zero and one of the ring are elements of the ring. The negative of zero is
Zero.

lemma (in ring0) Ring ZF_1_L2:
shows OcR 1eR (-0) =0
using Ring_ZF_1_L1 group0.group0_2_L2 monoid0.groupO_1_L3
group0.group_inv_of_one by auto

The next lemma lists some properties of a ring that require one element of
a ring.

lemma (in ring0) Ring_ZF_1_L3: assumes a€cR

shows

(-a) € R
(-(-a)) = a
at0 = a
O+a = a
a-l = a
l.a = a
a-a = 0
a-0 a
2-a = ata
(-a)+a =0

using prems Ring_ZF_1_L1 groupO.inverse_in_group groupO.group_inv_of_inv
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group0.group0_2_L6 group0.group0_2_L2 monoid0.groupO_1_L3
Ring_ZF_1_L2 ring_oper_distr
by auto

Properties that require two elements of a ring.

lemma (in ring0) Ring_ZF_1_L4: assumes Al: acR b&R

shows

atb € R

a-b € R

ab € R

atb = b+a

using ringAssum prems Ring ZF_1_L1 Ring ZF_1_L3
group0.group0_2_L1 monoid0.groupO_1_L1
IsAring _def IsCommutative_def

by auto

Any element of a ring multiplied by zero is zero.

lemma (in ring0) Ring_ ZF_1_L6:
assumes Al: x€R shows 00x =0 x0 =0

proof -
def D1: a = x1
def D2: b = x-0
def D3: ¢ = 1x
def D4: d = 0x

from A1 D1 D2 D3 D4 have

a+b=x(1+0) c+d=(1+0)x

using Ring ZF_1_L2 ring_oper_distr by auto
moreover from D1 D3 have x-(1 + 0) =a (1 + 0)x = ¢

using Ring_ZF_1_L2 Ring_ZF_1_L3 by auto
ultimately have a + b = a and T1: ¢ + d = ¢ by auto
moreover from Al D1 D2 D3 D4 have

a€R beRand T2: c € R d € R

using Ring_ZF_1_L2 Ring ZF_1_L4 by auto
ultimately have b = 0 using

Ring_ZF_1_L1 groupO.group0_2_L7 by simp
moreover from T2 T1 have 4 = 0 using

Ring ZF_1_L1 groupO.group0_2_L7 by simp
moreover from D2 D4 have b = x:0 d = 0-x by auto
ultimately show x:0 = 0 0-x = 0 by auto

qed

Negative can be pulled out of a product.

lemma (in ring0) Ring ZF_1_L7:
assumes Al: acR beR

shows

(-a)-b = -(a'b)

a-(-b) = -(a'b)

(-a)b = a-(-b)
proof -
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from A1 have I:
ab € R (-a) € R ((-a)b) € R
(-b) € R a-(-b) € R
using Ring ZF_1_L3 Ring ZF_1_L4 by auto
moreover have (-a)b + ab = 0
and II: a-(-b) + ab =0
proof -
from A1 I have
(ca)b + ab = ((-a)+ a)b
a-(-b) + ab= a-((-b)+b)
using ring_oper_distr by auto
moreover from Al have
((-a)+ a)b =0
a-((-b)+b) = 0
using Ring_ZF_1_L1 groupO.groupO_2_L6 Ring ZF_1_L6
by auto
ultimately show
(-a)b + ab =0
a-(-b) + ab =0
by auto
qed
ultimately show (-a)b = -(a'b)
using Ring ZF_1_L1 groupO.group0_2_L9 by simp
moreover from I II show a-(-b) = -(a'b)
using Ring ZF_1_L1 groupO.group0_2_L9 by simp
ultimately show (-a)-b = a-(-b) by simp
qed

Minus times minus is plus.

lemma (in ring0) Ring ZF_1_L7A: assumes acR b&R
shows (-a)-(-b) = ab
using prems Ring_ZF_1_L3 Ring_ZF_1_L7 Ring ZF_1_L4
by simp

Subtraction is distributive with respect to multiplication.

lemma (in ring0) Ring ZF_1_L8: assumes acR beR c€R
shows
a-(b-c) = ab - ac
(b-c)-a = ba - ca
using prems Ring_ZF_1_L3 ring_oper_distr Ring_ZF_1_L7 Ring ZF_1_L4
by auto

Other basic properties involving two elements of a ring.

lemma (in ring0) Ring ZF_1_L9: assumes a€R beR
shows
(-b)-a = (-a)-b
(-(atb)) = (-a)-b
(-(a-b)) = ((-a)+b)
a-(-b) = atb
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using prems ringAssum IsAring_def
Ring_ZF_1_L1 groupO.group0_4_L4 groupO.group_inv_of_inv
by auto

If the difference of two element is zero, then those elements are equal.

lemma (in ring0) Ring ZF_1_L9A:
assumes Al: a€R beR and A2: a-b = 0
shows a=b
proof -
from A1 A2 have
groupO(R,A)
acR beR
A(a,GroupInv(R,A) (b)) = TheNeutralElement(R,A)
using Ring_ZF_1_L1 by auto
then show a=b by (rule groupO.group0_2_L11A)
qed

Other basic properties involving three elements of a ring.

lemma (in ring0) Ring ZF_1_L10:
assumes acR beR c€R
shows

a+(b+c) a+b+c

a-(b+tc) = a-b-c

a-(b-c) = a-b+c

using prems ringAssum Ring ZF_1_L1 groupO.group_oper_assoc
IsAring_def groupO.groupO_4_L4A by auto

Another property with three elements.

lemma (in ring0) Ring ZF_1_L10A:
assumes Al: acR beR ceR
shows a+(b-c) = atb-c
using prems Ring_ZF_1_L3 Ring ZF_1_L10 by simp

Associativity of addition and multiplication.

lemma (in ring0) Ring_ ZF_1_L11:
assumes acR beR c€R
shows
atbtc = at+(btc)
ab-c = a-(b-c)
using prems ringAssum Ring ZF_1_L1 groupO.group_oper_assoc
IsAring_def IsAmonoid_def IsAssociative_def
by auto

An interpretation of what it means that a ring has no zero divisors.

lemma (in ring0) Ring ZF_1_L12:
assumes HasNoZeroDivs(R,A,M)
and acR a#0 beER Db#0
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shows ab#0
using prems HasNoZeroDivs_def by auto

In rings with no zero divisors we can cancel nonzero factors.

lemma (in ring0) Ring ZF_1_L12A:
assumes Al: HasNoZeroDivs(R,A,M) and A2: ac€R be&R ce€R
and A3: a-c = b.c and A4d: c#0
shows a=b
proof -
from A2 have T: a=c € R a-b € R
using Ring ZF_1_L4 by auto
with A1 A2 A3 have a-b = 0 V c=0
using Ring_ZF_1_L3 Ring_ZF_1_L8 HasNoZeroDivs_def

by simp
with A2 A4 have acR beR a-b =0
by auto
then show a=b by (rule Ring_ZF_1_L9A)
qed

In rings with no zero divisors if two elements are different, then after mul-
tiplying by a nonzero element they are still different.

lemma (in ring0) Ring ZF_1_L12B:
assumes Al: HasNoZeroDivs(R,A,M)
a€R  DbeER ceR  a#b c#0
shows a-«c # b
using Al Ring ZF_1_L12A by auto

In rings with no zero divisors multiplying a nonzero element by a nonone
element changes the value.

lemma (in ring0) Ring_ZF_1_L12C:
assumes Al: HasNoZeroDivs(R,A,M) and
A2: a€R DbeR and A3: O0#a 1#b
shows a # ab
proof -
{ assume a = ab
with A1 A2 have a = 0 V b-1 = 0
using Ring ZF_1_L3 Ring ZF_1_L2 Ring ZF_1_L8
Ring_ZF_1_L3 Ring_7ZF_1_L2 Ring 7ZF_1_L4 HasNoZeroDivs_def
by simp
with A2 A3 have False
using Ring_ZF_1_L2 Ring_ZF_1_L9A by auto
} then show a # ab by auto
qed

If a square is nonzero, then the element is nonzero.

lemma (in ring0) Ring ZF_1_L13:
assumes acR and a? # 0
shows a#0
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using prems Ring_ZF_1_L2 Ring ZF_1_L6 by auto

Square of an element and its opposite are the same.

lemma (in ring0) Ring_ ZF_1_L14:
assumes acR shows (-a)? = ((a)?)
using prems Ring ZF_1_L7A by simp

Adding zero to a set that is closed under addition results in a set that is
also closed under addition. This is a property of groups.

lemma (in ring0) Ring_ ZF_1_L15:
assumes H C R and H {is closed under} A
shows (H U {0}) {is closed under} A
using prems Ring ZF_1_L1 groupO.group0_2_L17 by simp

Adding zero to a set that is closed under multiplication results in a set that
is also closed under multiplication.

lemma (in ring0) Ring_ ZF_1_L16:
assumes Al: H C R and A2: H {is closed under} M
shows (H U {0}) {is closed under} M
using prems Ring ZF_1_L2 Ring ZF_1_L6 IsOpClosed_def
by auto

The ring is trivial iff 0 = 1.

lemma (in ring0) Ring ZF_1_L17: shows R = {0} «— 0=1
proof
assume R = {0}
then show 0=1 using Ring ZF_1_L2
by blast
next assume Al: 0 = 1
then have R C {0}
using Ring_ZF_1_L3 Ring_ZF_1_L6 by auto
moreover have {0} C R using Ring ZF_1_L2 by auto
ultimately show R = {0} by auto
qed

The sets {m - z.x € R} and {—m - x.z € R} are the same.

lemma (in ring0) Ring_ZF_1_L18: assumes Al: meR
shows {m-x. x€R} = {(-m)-x. x€R}
proof
{ fix a assume a € {mx. x€R}
then obtain x where x€R and a = mx
by auto
with A1 have (-x) € R and a = (-m)-(-x)
using Ring_ZF_1_L3 Ring ZF_1_L7A by auto
then have a € {(-m)-x. x€R}
by auto
} then show {mx. x€R} C {(-m)-x. x€R}
by auto
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next
{ fix a assume a € {(-m)-x. x€R}
then obtain x where x€R and a = (-m)-x
by auto
with A1 have (-x) € R and a = m-(-x)
using Ring_ZF_1_L3 Ring_ZF_1_L7 by auto
then have a € {mx. x€R} by auto
} then show {(-m)-x. x€R} C {mx. x€R}
by auto
qed

18.2 Rearrangement lemmas

In happens quite often that we want to show a fact like (a + b)c + d =
(ac+d—e)+ (be+e)in rings. This is trivial in romantic math and probably
there is a way to make it trivial in formalized math. However, I don’t know
any other way than to tediously prove each such rearrangement when it is
needed. This section collects facts of this type.

Rearrangements with two elements of a ring.

lemma (in ring0) Ring ZF_2_L1: assumes ac€R beR
shows a+b-a = (b+l)-a
using prems Ring ZF_1_L2 ring oper_distr Ring ZF_1_L3 Ring ZF_1_L4
by simp

Raearrangements with two elements and cancelling.

lemma (in ring0) Ring_ZF_2_L1A: assumes acR beR
shows

at(b-a) = b
using prems Ring ZF_1_L1 groupO.group0_2_L16 groupO.groupO_4_L6A
by auto

In commutative rings a— (b+1)c = (a—d—c)+(d—bc). For unknown reasons
we have to use the raw set notation in the proof, otherwise all methods fail.

lemma (in ring0) Ring_ ZF_2_L2:
assumes Al: acR bc&R c&R deR
shows a-(b+1)-c = (a-d-c)+(d-b-c)
proof -
def D1: B == b-c
from ringAssum have A {is commutative on} R
using IsAring_def by simp
moreover from Al D1 have acR B € R c€R deR
using Ring ZF_1_14 by auto
ultimately have A(a, GroupInv(R,A)(A(B, c))) =

250



A(A(A(a, GroupInv(R, A)(d)),GroupInv(R, A)(c)),
A(d,GroupInv(R, A)(B)))
using Ring ZF_1_L1 groupO.group0_4_L8 by blast
with D1 Al show thesis
using Ring_ZF_1_L2 ring_oper_distr Ring_ZF_1_L3 by simp
qed

Rerrangement about adding linear functions.

lemma (in ring0) Ring ZF_2_L3:
assumes Al: acR beR ceR deR x€R
shows (a:x + b) + (cx + d) = (atc)-x + (b+d)
proof -
from A1 have
groupO(R,A)
A {is commutative on} R
ax € R beR c¢x € R deR
using Ring_ZF_1_L1 Ring ZF_1_L4 by auto
then have A(A<a-x,b>,A<c-x,d>) = A{A<a-x,cx>,A<b,d>)
by (rule groupO.group0O_4_L8)
with Al show
(a'x + b) + (cx +d) = (atc)x + (b+d)
using ring_oper_distr by simp
qed

Rearrangement with three elements

lemma (in ring0) Ring ZF_2_L4:
assumes M {is commutative on} R
and ac€R beR ceR
shows a:-(b-c) = a-cb
using prems IsCommutative_def Ring ZF_1_L11
by simp

Some other rearrangements with three elements.

lemma (in ring0) ring_rearr_3_elemA:
assumes Al: M {is commutative on} R and
A2: aeR beR ceR
shows
a-(a:c) - b-(-b-c)
a-(-b-c) + b-(a-c)
proof -
from A2 have T:
bc &€ R aa &€ R bb &R
b-(b.c) € R a-(bc) €R
using Ring ZF_1_L4 by auto
with A2 show
a-(a:c) - b-(-bc) = (aa + b'b)-c
using Ring ZF_1_L7 Ring ZF_1_L3 Ring ZF_1_L11
ring_oper_distr by simp
from A2 T have

(a-a + b'b)-c
0
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a-(-b-c) + b-(ac) = (-a-(bc)) + bac
using Ring ZF_1_L7 Ring ZF_1_L11 by simp

also from A1 A2 T have ... = 0
using IsCommutative_def Ring ZF_1_L11 Ring ZF_1_L3
by simp
finally show a-(-b-c) + b-(ac) =0
by simp
qed

Some rearrangements with four elements. Properties of abelian groups.

lemma (in ring0) Ring_ZF_2_L5:
assumes acR beR ceR  deR

shows

a-b-c-d=a-d-b-c¢c
a+b+c-d=a-d+b+c
a+b-c-d=a-c+ (b-4d
a+b+c+d=a+c+ (b+d

using prems Ring ZF_1_L1 groupO.rearr_ab_gr_4_elemB

groupO.rearr_ab_gr_4_elemA by auto

Two big rearranegements with six elements, useful for proving properties of
complex addition and multiplication.

lemma (in ring0) Ring_ZF_2_L6:
assumes Al: acR beR ceR deR ecR feR
shows
a-(cce - df) - b-(c:f + de)
(a:c - b-d)-e - (ad + b-c)-f
a-(cf + de) + b-(ce - d-f)
(a-c - b-d)-f + (ad + b-c)-e
a-(cte) - b-(d+f) = ac - b-d + (ae - b-f)
a-(d+f) + b-(c+e) = a-d + b.c + (a-f + be)
proof -
from A1 have T:
ce€R df € R cf € R de €R
aac € R bde R ad €R bceR
bf € R ae &€ R be &R af €R
a-cce € R adf €R
b.ccf € R bde €R
b.cce € R bdf € R
a-ccf € R ade € R
a-ce - a-d-f

m
f=cl=c = AR~

a-cce - bde €
a-c-f + ade €
a-c:f - bdf €
a-c + ae € R
ad + aaf € R
using Ring ZF_1_14 by auto

with A1 show a-(c-e - d-f) - b-(c:-f + de) =
(a:c - b-d)-e - (ad + b-c)-f
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using Ring ZF_1_L8 ring oper_distr Ring ZF_1_L11
Ring_ZF_1_L10 Ring_ZF_2_L5 by simp

from A1 T show
a-(c:f + de) + b-(ce - df) =
(a:c - b-d)f + (ad + b-c)-e
using Ring_ZF_1_L8 ring_oper_distr Ring ZF_1_L11
Ring_ZF_1_L10A Ring ZF_2_L5 Ring ZF_1_L10
by simp

from Al T show
a-(cte) - b-(d+f) = a.c - b-d + (a-e - b-f)
a-(d+f) + b-(cte) = ad + b.c + (a-f + b-e)
using ring oper_distr Ring ZF_1_L10 Ring ZF_2_L5
by auto

qed

end

253



19 Ring ZF _1.thy

theory Ring ZF_1 imports Ring ZF Group_ZF_3

begin

This theory is devoted to the part of ring theory specific the construction of
real numbers in the Real_ZF_x series of theories. The goal is to show that
classes of almost homomorphisms form a ring.

19.1 The ring of classes of almost homomorphisms

Almost homomorphisms do not form a ring as the regular homomorphisms
do because the lifted group operation is not distributive with respect to
composition — we have so (r-¢q) # sor-soq in general. However, we do
have so (r-q) =~ sor-soq in the sense of the equivalence relation defined
by the group of finite range functions (that is a normal subgroup of almost
homomorphisms, if the group is abelian). This allows to define a natural
ring structure on the classes of almost homomorphisms.

The next lemma provides a formula useful for proving that two sides of the
distributive law equation for almost homomorphisms are almost equal.

lemma (in groupl) Ring ZF_1_1_L1:
assumes Al: s€AH rcAH q€AH and A2: neG
shows
((so(r-q)) (n))-(((sor)-(soq)) (n)) ~!= §(s,<r(n),q(n)>)
((r-q)os) () = ((ros)-(qgos)) (n)
proof -
from groupAssum isAbelian A1 have T1:
r-q € AH sor € AH soq € AH (sor)-(soq) € AH
ros € AH qos € AH (ros)-(qos) € AH
using Group_ZF_3_2_L15 Group_ZF_3_4_T1 by auto
from A1 A2 have T2: r(n) € G q(n) € G s(n) € G
s(r(m)) € G s(q(m)) € G 6(s,<r(n),q()>) € G
s(r(n))-s(q(n)) € G r(s(n)) € G q(s(n)) € G
r(s(n))-q(s(m)) € G
using AlmostHoms_def apply_funtype Group_ZF_3_2_L4B
groupO_2_L1 monoid0.groupO_1_L1 by auto
with T1 Al A2 isAbelian show
((so(r-q)) (n))-(((sor)-(soq)) (n)) ~!= §(s,<r(n),qn)>)
((r-q)os) (m) = ((ros)-(qos)) (n)
using Group_ZF_3_2_L12 Group_ZF_3_4_L2 Group_ZF_3_4_L1 groupO_4_L6A
by auto
qed

The sides of the distributive law equations for almost homomorphisms are
almost equal.

lemma (in groupl) Ring ZF_1_1_L2:
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assumes Al: scAH rcAH qcAH

shows

so(r.q) =~ (sor)-(soq)

(r-q)os = (ros)-(qos)

proof -

from A1 have VneG. <r(n),q(n)> € GxG
using AlmostHoms_def apply_funtype by auto

moreover from Al have {0(s,x). x € GXG} € Fin(G)
using AlmostHoms_def by simp

ultimately have {j(s,<r(n),q(n)>). neG} € Fin(G)
by (rule Finitel_L6B)

with Al have
{((so(x-q)) (m))-(((sor)-(soq@)) (m))~'. n € G} € Fin(G)
using Ring ZF_1_1_L1 by simp

moreover from groupAssum isAbelian Al Al have
so(r-q) € AH (sor)-(soq) € AH
using Group_ZF_3_2_L15 Group_ZF_3_4_T1 by auto

ultimately show so(r-q) ~ (sor)-(soq)
using Group_ZF_3_4_L12 by simp

from groupAssum isAbelian Al have
(r-q)os : G—G (ros)-(qos) : G—G
using Group_ZF_3_2_L15 Group_ZF_3_4_T1 AlmostHoms_def
by auto

moreover from Al have
VneG. ((r-q)os)(m) = ((ros)-(qos))(n)
using Ring _ZF_1_1_L1 by simp

ultimately show (r-q)os = (ros)-(qos)
using fun_extension_iff by simp

qed

The essential condition to show the distributivity for the operations defined
on classes of almost homomorphisms.

lemma (in groupl) Ring ZF_1_1_L3:
assumes Al: R = QuotientGroupRel (AH,Op1,FR)
and A2: a € AH//R b € AH//R c € AH//R
and A3: A = ProjFun2(AH,R,0pl) M = ProjFun2(AH,R,0p2)
shows M(a,A<b,c>) = A(M<a,b>,M<a,c>) A
M(A<b,c>,a) = A(M<b,a>,M<c,a>)
proof
from A2 obtain s q r where D1: s€AH rcAH q€AH
a = R{s} b = R{q} c = R{r}
using quotient_def by auto
from A1 have T1l:equiv(AH,R)
using Group_ZF_3_3_L3 by simp
with Al A3 D1 groupAssum isAbelian have
M< a,A<b,c> > = R{so(q-r)}
using Group_ZF_3_3_L4 EquivClass_1_L10

Group_ZF_3_2_L15 Group_ZF_3_4_L13A by simp

also have R{so(q:r)} = R{(soq)-(sor)}
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proof -
from T1 D1 have equiv(AH,R) so(qg-r)=(soq)-(sor)
using Ring ZF_1_1_L2 by auto
with A1 show thesis using equiv_class_eq by simp
qed
also from A1 T1 D1 A3 have
R{(soq)-(sor)} = A(M<a,b>,M<a,c>)
using Group_ZF_3_3_L4 Group_ZF_3_4_T1 EquivClass_1_L10
Group_ZF_3_3_L3 Group_ZF_3_4_L13A EquivClass_1_L10 Group_ZF_3_4_T1
by simp
finally show M(a,A<b,c>) = A(M<a,b>,M<a,c>) by simp
from A1 A3 T1 D1 groupAssum isAbelian show
M(A<b,c>,a) = A(M<b,a>,M<c,a>)
using Group_ZF_3_3_L4 EquivClass_1_L10 Group_ZF_3_4_L13A
Group_ZF_3_2_L15 Ring_ZF_1_1_L2 Group_ZF_3_4_T1 by simp
qed

The projection of the first group operation on almost homomorphisms is
distributive with respect to the second group operation.

lemma (in groupl) Ring ZF_1_1_L4:
assumes Al: R = QuotientGroupRel (AH,Op1l,FR)
and A2: A = ProjFun2(AH,R,0Opl1) M = ProjFun2(AH,R,0p2)
shows IsDistributive(AH//R,A,M)
proof -
from A1 A2 have Vac(AH//R) .Vbe(AH//R) .V ce(AH//R).
M(a,A<b,c>) = A(M<a,b>, M<a,c>) A
M(A<b,c>, a) = A(M<b,a>,M<c,a>)
using Ring ZF_1_1_L3 by simp

then show thesis using IsDistributive_def by simp
qed

The classes of almost homomorphisms form a ring.

theorem (in groupl) Ring ZF_1_1_T1:
assumes R = QuotientGroupRel(AH,0p1,FR)
and A = ProjFun2(AH,R,Opl) M = ProjFun2(AH,R,0p2)
shows IsAring(AH//R,A,M)
using prems QuotientGroupOp_def Group_ZF_3_3_T1 Group_ZF_3_4_T2
Ring ZF_1_1_L4 IsAring_def by simp

end
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20 OrderedRing ZF.thy

theory OrderedRing ZF imports Ring_ ZF OrderedGroup_ZF
begin

In this theory file we consider ordered rings.

20.1 Definition and notation
This section defines ordered rings and sets up appriopriate notation.

We define ordered ring as a commutative ring with linear order that is
preserved by translations and such that the set of nonnegative elements is
closed under multiplication. Note that this definition does not guarantee
that there are no zero divisors in the ring.

constdefs

IsAnOrdRing(R,A,M,r) =

( IsAring(R,A,M) A (M {is commutative on} R) A
rCRXR A IsLinOrder(R,r) A

(Va b. V c€R. <a,b> € r — (A<a,c>,A<b,c>) € ) A
(Nonnegative(R,A,r) {is closed under} M))

The next context (locale) defines notation used for ordered rings. We do
that by extending the notation defined in the ring0 locale and adding some
assumptions to make sure we are talking about ordered rings in this context.

locale ringl = ring0 +
assumes mult_commut: M {is commutative on} R
fixes r
assumes ordincl: r € RxR
assumes linord: IsLinOrder(R,r)

fixes lesseq (infix < 68)
defines lesseq_def [simp]l: a < b = <a,b> € r

fixes sless (infix < 68)
defines sless_def [simp]l: a < b = a<b A a#b

assumes ordgroup: Va b. V c€R. a<b — atc < b+c
assumes pos_mult_closed: Nonnegative(R,A,r) {is closed under} M

fixes abs (| _ I)

257



defines abs_def [simp]l: |al = AbsoluteValue(R,A,r)(a)

fixes positiveset (Ry)
defines positiveset_def [simp]l: R, = PositiveSet(R,A,r)

The next lemma assures us that we are talking about ordered rings in the
ringl context.

lemma (in ringl) OrdRing ZF_1_L1: shows IsAnOrdRing(R,A,M,r)
using ring0_def ringAssum mult_commut ordincl linord ordgroup
pos_mult_closed IsAnOrdRing_def by simp

We can use theorems proven in the ringl context whenever we talk about
an ordered ring.

lemma OrdRing_ZF_1_L2: assumes IsAnOrdRing(R,A,M,r)
shows ringl(R,A,M,r)
using prems IsAnOrdRing_def ringl_axioms.intro ringO_def ringl_def
by simp

In the ringl context a < b implies that a, b are elements of the ring.

lemma (in ringl) OrdRing_ZF_1_L3: assumes a<b
shows ac€R beR
using prems ordincl by auto

Ordered ring is an ordered group, hence we can use theorems proven in the
group3 context.

lemma (in ringl) OrdRing ZF_1_L4: shows
IsAnOrdGroup(R,A,r)
r {is total on} R
A {is commutative on} R
group3(R,A,r)
proof -
{ fix a b g assume Al: g€R and A2: a<b
with ordgroup have a+g < b+g
by simp
moreover from ringAssum Al A2 have
atg = gta b+g = g+b
using OrdRing ZF_1_L3 IsAring def IsCommutative_def by auto
ultimately have
atg < btg gta < g+b
by auto
} hence
VgeR. Va b. a<b — atg < b+g A gta < g+b
by simp
with ringAssum ordincl linord show
IsAnOrdGroup(R,A,r)
group3(R,A,r)
r {is total on} R
A {is commutative on} R
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using IsAring_def Order_ZF_1_L2 IsAnOrdGroup_def group3_def IsLinOrder_def
by auto
qed

The order relation in rings is transitive.

lemma (in ringl) ring ord_transitive: assumes Al: a<b b<c
shows a<c
proof -
from A1 have
group3(R,A,r) (a,b) € r (b,c) €
using OrdRing_ZF_1_L4 by auto
then have (a,c) € r by (rule group3.Group_order_transitive)
then show a<c by simp
qed

Transitivity for the strict order: if a < b and b < ¢, then a < ¢. Property of
ordered groups.

lemma (in ringl) ring_strict_ord_trans:
assumes Al: a<b and A2: b<c
shows a<c
proof -
from A1 A2 have
group3(R,A,r)
(a,b) € r A a#b (b,c) € r
using OrdRing_ZF_1_L4 by auto
then have (a,c) € r A a#c by (rule group3.0OrderedGroup_ZF_1_L4A)
then show a<c by simp
qed

Another version of transitivity for the strict order: if a < b and b < ¢, then
a < c. Property of ordered groups.

lemma (in ringl) ring_strict_ord_transit:
assumes Al: a<b and A2: b<c
shows a<c
proof -
from A1 A2 have
group3(R,A,r)
(a,b) € r (b,c) € r A b#c
using OrdRing ZF_1_L4 by auto
then have (a,c) € r A a#c by (rule group3.group_strict_ord_transit)
then show a<c by simp
qed

The next lemma shows what happens when one element of an ordered ring
is not greater or equal than another.

lemma (in ringl) OrdRing ZF_1_L4A: assumes Al: acR beR
and A2: —(a<b)
shows b < a (-a) < (-b) a#b
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proof -
from A1 A2 have I:
group3(R,A,r)
r {is total on} R
a€R bDeER (a, b) ¢r
using OrdRing_ZF_1_L4 by auto
then have (b,a) € r by (rule group3.0rderedGroup_ZF_1_L8)
then show b < a by simp
from I have (GroupInv(R,A)(a),GroupInv(R,A) (b)) € r
by (rule group3.0rderedGroup_ZF_1_L8)
then show (-a) < (-b) by simp
from I show a#b by (rule group3.0OrderedGroup_ZF_1_18)
qed

A special case of OrdRing_ZF_1_L4A when one of the constants is 0. This is
useful for many proofs by cases.

corollary (in ringl) ord_ring_split2: assumes Al: acR
shows a<0 Vv (0<a A a#0)
proof -
{ from Al have I: a€R O€R
using Ring_ZF_1_L2 by auto
moreover assume A2: —(a<0)
ultimately have 0<a by (rule OrdRing_ ZF_1_L4A)
moreover from I A2 have a#0 by (rule OrdRing ZF_1_L4A)
ultimately have 0<a A a#0 by simp}
then show thesis by auto
qed

Taking minus on both sides reverses an inequality.

lemma (in ringl) OrdRing ZF_1_L4B: assumes a<b
shows (-b) < (-a)
using prems OrdRing ZF_1_L4 group3.0OrderedGroup_ZF_1_L5
by simp

The next lemma just expands the condition that requires the set of non-
negative elements to be closed with respect to multiplication. These are
properties of totally ordered groups.

lemma (in ringl) OrdRing_ZF_1_L5:
assumes 0<a 0<b
shows 0 < ab
using pos_mult_closed prems OrdRing ZF_1_L4 group3.0rderedGroup_ZF_1_L2
IsOpClosed_def by simp

Double nonnegative is nonnegative.

lemma (in ringl) OrdRing_ZF_1_L5A: assumes Al: 0<a
shows 0<2-a
using prems OrdRing_ZF_1_L4 group3.0rderedGroup_ZF_1_L5G
OrdRing_ZF_1_L3 Ring_ZF_1_L3 by simp
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A sufficient (somewhat redundant) condition for a structure to be an ordered
ring. It says that a commutative ring that is a totally ordered group with
respect to the additive operation such that set of nonnegative elements is
closed under multiplication, is an ordered ring.

lemma OrdRing ZF_1_L6:
assumes
IsAring(R,A,M)
M {is commutative on} R
Nonnegative(R,A,r) {is closed under} M
IsAnOrdGroup(R,A,r)
r {is total on} R
shows IsAnOrdRing(R,A,M,r)
using prems IsAnOrdGroup_def Order_ZF_1_L3 IsAnOrdRing_def
by simp

a <biff a—b<0. This is a fact from OrderedGroup.thy, where it is stated
in multiplicative notation.

lemma (in ringl) OrdRing ZF_1_L7:
assumes acR beR
shows a<b «— a-b < 0
using prems OrdRing ZF_1_L4 group3.0rderedGroup_ZF_1_L9
by simp

Negative times positive is negative.

lemma (in ringl) OrdRing ZF_1_L8:
assumes Al: a<0 and A2: 0<b
shows ab < 0
proof -
from A1 A2 have T1: acR b&eR ab € R
using OrdRing ZF_1_L3 Ring ZF_1_L4 by auto
from A1 A2 have 0<(-a)-b
using OrdRing_ ZF_1_L4 group3.0rderedGroup_ZF_1_L5A OrdRing ZF_1_L5
by simp
with T1 show ab < 0
using Ring ZF_1_L7 OrdRing ZF_1_L4 group3.0rderedGroup_ZF_1_L5AA
by simp
qed

We can multiply both sides of an inequality by a nonnegative ring element.
This property is sometimes (not here) used to define ordered rings.

lemma (in ringl) OrdRing ZF_1_L9:
assumes Al: a<b and A2: 0<c
shows
a-c < b-c
ca < cb
proof -
from A1 A2 have Ti:
ac€R bER ceR ac € R bwc € R

261



using OrdRing_ZF_1_L3 Ring ZF_1_L4 by auto
with A1 A2 have (a-b):c < 0

using OrdRing ZF_1_L7 OrdRing ZF_1_L8 by simp
with T1 show a-c < b-c

using Ring_ZF_1_L8 OrdRing_ZF_1_L7 by simp
with mult_commut T1 show c-a < cb

using IsCommutative_def by simp

qed

A special case of OrdRing_ZF_1_L9: we can multiply an inequality by a pos-
itive ring element.

lemma (in ringl) OrdRing ZF_1_L9A:
assumes Al: a<b and A2: c€R,
shows
a-c < b-c
ca < cb
proof -
from A2 have 0 < c using PositiveSet_def
by simp
with Al show ac < bc ca < cb
using OrdRing ZF_1_L9 by auto
qed

A square is nonnegative.

lemma (in ringl) OrdRing ZF_1_L10:
assumes Al: acR shows 0<(a?)
proof (cases 0<a)
assume 0<a
then show 0<(a?) using OrdRing_ZF_1_L5
by simp
next assume —(0<a)
with A1 have 0<((-a)?)
using OrdRing_ ZF_1_L4 group3.0rderedGroup_ZF_1_L8A
OrdRing_ZF_1_L5 by simp
with A1 show 0<(a?) using Ring_ZF_1_L14
by simp
qed

1 is nonnegative.

corollary (in ringl) ordring_one_is_nonneg: shows 0 < 1
proof -
have 0 < (12) using Ring_ZF_1_L2 OrdRing_ZF_1_L10
by simp
then show 0 < 1 using Ring_ZF_1_L2 Ring ZF_1_L3
by simp
qed

In nontrivial rings one is positive.

lemma (in ringl) ordring one_is_pos: assumes 0#1
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shows 1 € Ry
using prems Ring ZF_1_L2 ordring_one_is_nonneg PositiveSet_def
by auto

Nonnegative is not negative. Property of ordered groups.

lemma (in ringl) OrdRing ZF_1_L11: assumes 0<a
shows —(a<0 A a#0)
using prems OrdRing ZF_1_L4 group3.0rderedGroup_ZF_1_L5AB
by simp

A negative element cannot be a square.

lemma (in ringl) OrdRing ZF_1_L12:
assumes Al: a<0 a#0
shows —(3beR. a = (b?))
proof -
{ assume JbeR. a = (b?)
with A1 have False using OrdRing ZF_1_L10 OrdRing ZF_1_L11
by auto
} then show thesis by auto
qed

If a <b, then 0 <b—a.

lemma (in ringl) OrdRing ZF_1_L13: assumes a<b
shows 0 < b-a
using prems OrdRing ZF_1_L4 group3.0rderedGroup_ZF_1_L9D
by simp

If a < b, then 0 < b — a.

lemma (in ringl) OrdRing ZF_1_L14: assumes a<b a#b
shows
0 < b-a 0 # b-a
b-a ¢ R+
using prems OrdRing_ZF_1_L4 group3.0rderedGroup_ZF_1_L9E
by auto

If the difference is nonnegative, then a < b.

lemma (in ringl) OrdRing ZF_1_L15:
assumes acR beR and 0 < b-a
shows a<b
using prems OrdRing_ ZF_1_L4 group3.0rderedGroup_ZF_1_L9F
by simp

A nonnegative number is does not decrease when multiplied by a number
greater or equal 1.
lemma (in ringl) OrdRing ZF_1_L16:
assumes Al: 0<a and A2: 1<b
shows a<a-b
proof -
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from A1 A2 have T: ac€R beR ab € R
using OrdRing ZF_1_L3 Ring ZF_1_L4 by auto

from A1 A2 have 0 < a-(b-1)
using OrdRing_ZF_1_L13 OrdRing ZF_1_L5 by simp

with T show a<ab
using Ring_ZF_1_L8 Ring_ZF_1_L2 Ring_ZF_1_L3 OrdRing_ZF_1_L15
by simp

qed

We can multiply the right hand side of an inequality between nonnegative
ring elements by an element greater or equal 1.

lemma (in ringl) OrdRing ZF_1_L17:

assumes Al: 0<a and A2: a<b and A3: 1<c

shows a<b-c
proof -

from A1 A2 have 0<b by (rule ring_ord_transitive)

with A3 have b<b.-c using OrdRing_ZF_1_L16

by simp

with A2 show a<b-c by (rule ring_ord_transitive)

qed

Strict order is preserved by translations.

lemma (in ringl) ring_strict_ord_trans_inv:
assumes a<b and c€R
shows
atc < b+c
cta < c+b
using prems OrdRing ZF_1_L4 group3.group_strict_ord_transl_inv
by auto

We can put an element on the other side of a strict inequality, changing its
sign.
lemma (in ringl) OrdRing ZF_1_L18:

assumes acR beR and a-b < ¢

shows a < c+b

using prems OrdRing ZF_1_L4 group3.0rderedGroup_ZF_1_L12B
by simp

We can add the sides of two inequalities, the first of them strict, and we get
a strict inequality. Property of ordered groups.

lemma (in ringl) OrdRing ZF_1_L19:
assumes a<b and c<d
shows a+c < b+d
using prems OrdRing ZF_1_L4 group3.0rderedGroup_ZF_1_L12C
by simp

We can add the sides of two inequalities, the second of them strict and we
get a strict inequality. Property of ordered groups.
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lemma (in ringl) OrdRing_ZF_1_L20:
assumes a<b and c<d
shows a+c < b+d
using prems OrdRing_ZF_1_L4 group3.0rderedGroup_ZF_1_L12D
by simp

20.2 Absolute value for ordered rings

Absolute value is defined for ordered groups as a function that is the identity
on the nonnegative set and the negative of the element (the inverse in the
multiplicative notation) on the rest. In this section we consider properties
of absolute value related to multiplication in ordered rings.

Absolute value of a product is the product of absolute values: the case when
both elements of the ring are nonnegative.

lemma (in ringl) OrdRing ZF_2_L1:
assumes 0<a 0<b
shows |a-b| = |al-Ibl
using prems OrdRing ZF_1_L5 OrdRing ZF_1_L4
group3.0rderedGroup_ZF_1_L2 group3.0rderedGroup_ZF_3_L2
by simp

The absolue value of an element and its negative are the same.

lemma (in ringl) OrdRing ZF_2_L2: assumes acR
shows |-al = |al
using prems OrdRing ZF_1_L4 group3.0rderedGroup_ZF_3_L7A by simp

The next lemma states that |a - (=b)| = |[(—a) - b] = |(—a) - (=b)| = |a - b|.

lemma (in ringl) OrdRing ZF_2_L3:
assumes acR beR

shows

| (-a)-bl = |abl|
la-(-b) | = l|abl|
[(-a)-(-b)| = |aDbl

using prems Ring ZF_1_L4 Ring ZF_1_L7 Ring ZF_1_LT7A
OrdRing_ZF_2_L2 by auto

This lemma allows to prove theorems for the case of positive and negative
elements of the ring separately.

lemma (in ringl) OrdRing ZF_2_L4: assumes acR and —(0<a)
shows 0 < (-a) O0#a
using prems OrdRing_ ZF_1_L4 group3.0rderedGroup_ZF_1_L8A
by auto

Absolute value of a product is the product of absolute values.

lemma (in ringl) OrdRing ZF_2_L5:
assumes Al: acR beR
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shows labl = |al-Ibl
proof (cases 0<a)
assume A2: 0<a show |abl| = |al-|b|
proof (cases 0<b)
assume 0<b
with A2 show |ab| = |al:|b]
using OrdRing ZF_2_L1 by simp
next assume —(0<b)

with A1 A2 have |a-(-b)| = |al-|-bl
using OrdRing_ZF_2_L4 OrdRing_ZF_2_L1 by simp
with A1 show |abl = |al-|bl
using OrdRing ZF_2_L2 OrdRing ZF_2_L3 by simp
qed

next assume —(0<a)
with A1 have A3: 0 < (-a)
using OrdRing_ZF_2_L4 by simp
show |ab| = |al-|bl
proof (cases 0<b)
assume 0<b

with A3 have |(-a)-b|l = [-al-|bl
using OrdRing_ZF_2_L1 by simp
with A1 show |ab| = |al-|b]

using OrdRing_ZF_2_L2 OrdRing_ZF_2_L3 by simp
next assume —(0<b)
with A1 A3 have |(-a)-(-b)| = |-al-|-Dbl|
using OrdRing ZF_2_L4 OrdRing ZF_2_L1 by simp
with A1 show |abl = |al-|bl
using OrdRing ZF_2_L2 OrdRing ZF_2_L3 by simp
qed
qed

Triangle inequality. Property of linearly ordered abelian groups.

lemma (in ringl) ord_ring_triangle_ineq: assumes a€R bR
shows |a+b| < |al+|b]|
using prems OrdRing_ZF_1_L4 group3.0rdGroup_triangle_ineq
by simp

Ifa<candb<e¢ thena+b<2-c.

lemma (in ringl) OrdRing ZF_2_L6:
assumes a<c b<c shows a+b < 2.c
using prems OrdRing_ZF_1_L4 group3.0rderedGroup_ZF_1_L5B
OrdRing_ZF_1_L3 Ring ZF_1_L3 by simp

20.3 Positivity in ordered rings
This section is about properties of the set of positive elements R. .

The set of positive elements is closed under ring addition. This is a property
of ordered groups, we just reference a theorem from OrderedGroup_ZF theory
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in the proof.

lemma (in ringl) OrdRing ZF_3_L1: shows R; {is closed under} A
using OrdRing_ZF_1_L4 group3.0rderedGroup_ZF_1_L13
by simp

Every element of a ring can be either in the postitive set, equal to zero or
its opposite (the additive inverse) is in the positive set. This is a property of
ordered groups, we just reference a theorem from OrderedGroup_ZzF theory.

lemma (in ringl) OrdRing ZF_3_L2: assumes acR
shows Exactly_1_of_3_holds (a=0, acR;,, (-a) € Ry)
using prems OrdRing ZF_1_L4 group3.0rdGroup_decomp
by simp

If a ring element a # 0, and it is not positive, then —a is positive.

lemma (in ringl) OrdRing ZF_3_L2A: assumes ac€R a#0 a ¢ R,
shows (-a) € R4
using prems OrdRing_ZF_1_L4 group3.0rdGroup_cases
by simp

R, is closed under multiplication iff the ring has no zero divisors.

lemma (in ringl) OrdRing ZF_3_L3:
shows (R; {is closed under} M)«— HasNoZeroDivs(R,A,M)
proof
assume Al: HasNoZeroDivs(R,A,M)
{ fix a b assume a€R; DbeER,
then have 0<a a#0 0<b b#0
using PositiveSet_def by auto
with A1 have ab € Ry
using OrdRing ZF_1_L5 Ring_ZF_1_L2 OrdRing ZF_1_L3 Ring ZF_1_L12
OrdRing_ZF_1_L4 group3.0rderedGroup_ZF_1_L2A
by simp
} then show R, {is closed under} M using IsOpClosed_def
by simp
next assume A2: R; {is closed under} M
{ fix a b assume A3: acR beR and a#0 b#0
with A2 have |ab| € R4
using OrdRing ZF_1_L4 group3.0rderedGroup_ZF_3_L12 IsOpClosed_def
OrdRing_ZF_2_L5 by simp
with A3 have ab # 0
using PositiveSet_def Ring ZF_1_L4
OrdRing_ZF_1_L4 group3.0rderedGroup_ZF_3_L2A
by auto
} then show HasNoZeroDivs(R,A,M) using HasNoZeroDivs_def
by auto
qed

Another (in addition to OrdRing_ZF_1_L6 sufficient condition that defines
order in an ordered ring starting from the positive set.
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theorem (in ring0) ring_ord_by_positive_set:
assumes
Al: M {is commutative on} R and
A2: PCR P {is closed under} A 0 ¢ P and
A3: VaeR. a#0 — (a€P) Xor ((-a) € P) and
A4: P {is closed under} M and
A5: r = OrderFromPosSet(R,A,P)
shows
IsAnOrdGroup(R,A,r)
IsAnOrdRing(R,A,M,r)
r {is total on} R
PositiveSet(R,A,r) = P
Nonnegative(R,A,r) = P U {0}
HasNoZeroDivs(R,A,M)
proof -
from A2 A3 A5 show
I: IsAnOrdGroup(R,A,r) r {is total on} R and
II: PositiveSet(R,A,r) = P and
III: Nonnegative(R,A,r) = P U {0}
using Ring ZF_1_L1 groupO.Group_ord_by_positive_set
by auto
from A2 A4 III have Nonnegative(R,A,r) {is closed under} M
using Ring ZF_1_L16 by simp
with ringAssum Al I show IsAnOrdRing(R,A,M,r)
using OrdRing ZF_1_L6 by simp
with A4 II show HasNoZeroDivs(R,A,M)
using OrdRing_ZF_1_L2 ringl.OrdRing ZF_3_L3
by auto
qed

Nontrivial ordered rings are infinite. More precisely we assume that the
neutral element of the additive operation is not equal to the multiplicative
neutral element and show that the the set of positive elements of the ring is
not a finite subset of the ring and the ring is not a finite subset of itself.

theorem (in ringl) ord_ring_infinite: assumes 0#1
shows
Ry ¢ Fin(R)
R ¢ Fin(R)
using prems Ring_ZF_1_L17 OrdRing_ZF_1_L4 group3.Linord_group_infinite
by auto

lemma (in ringl) OrdRing ZF_3_L4:
assumes 0#1 and VacR. dbeB. a<b
shows
—IsBoundedAbove (B, 1)
B ¢ Fin(R)
using prems Ring ZF_1_L17 OrdRing ZF_1_L4 group3.0rderedGroup_ZF_2_L2A
by auto
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If m is greater or equal the multiplicative unit, then the set {m-n:n € R}
is infinite (unless the ring is trivial).

lemma (in ringl) OrdRing ZF_3_L5: assumes Al: 0#1 and A2: 1<m
shows
{mx. x€R;} ¢ Fin(R)
{m-x. x€R} ¢ Fin(R)
{(-m)-x. x€R} ¢ Fin(R)
proof -
from A2 have T: meR using OrdRing ZF_1_L3 by simp
from A2 have 0<1 1<m
using ordring_one_is_nonneg by auto
then have I: 0<m by (rule ring_ord_transitive)
let B = {mx. x€R;}
{ fix a assume A3: acR
then have a<0 VvV (0<a A a#0)
using ord_ring_split2 by simp
moreover
{ assume A4: a<0
from A1 have m'1 € B using ordring_one_is_pos
by auto
with T have meB using Ring_ZF_1_L3 by simp
moreover from A4 I have a<m by (rule ring_ord_transitive)
ultimately have 3beB. a<b by blast }
moreover
{ assume A4: 0<a A a#0
with A3 have m-a € B using PositiveSet_def
by auto
moreover
from A2 A4 have l-a < m-a using OrdRing ZF_1_L9
by simp
with A3 have a < m-a using Ring ZF_1_L3
by simp
ultimately have 3beB. a<b by auto }
ultimately have 3beB. a<b by auto
} then have VacR. 3beB. a<b
by simp
with A1 show B ¢ Fin(R) using OrdRing ZF_3_L4
by simp
moreover have B C {m-x. x€R}
using PositiveSet_def by auto
ultimately show {mx. x€R} ¢ Fin(R) using Fin_subset
by auto
with T show {(-m)-x. x€R} ¢ Fin(R) using Ring ZF_1_L18
by simp
qed

If m is less or equal than the negative of multiplicative unit, then the set
{m-n:n € R} is infinite (unless the ring is trivial).
lemma (in ringl) OrdRing ZF_3_L6: assumes Al: 0#1 and A2: m < -1
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shows {m'x. x€R} ¢ Fin(R)
proof -
from A2 have (-(-1)) < -m
using OrdRing_ZF_1_L4B by simp
with A1 have {(-m)-x. x€R} ¢ Fin(R)
using Ring_ZF_1_L2 Ring_ZF_1_L3 OrdRing_ZF_3_L5
by simp
with A2 show {mx. x€R} ¢ Fin(R)
using OrdRing ZF_1_L3 Ring ZF_1_L18 by simp
qed

All elements greater or equal than an element of Ry belong to R,. Property
of ordered groups.

lemma (in ringl) OrdRing ZF_3_L7: assumes Al: a € Ry and A2: a<b
shows b € Ry
proof -
from A1 A2 have
group3(R,A,r)
a € PositiveSet(R,A,r)
(a,b) € r
using OrdRing ZF_1_L4 by auto
then have b € PositiveSet(R,A,r)
by (rule group3.0rderedGroup_ZF_1_L19)
then show b € R, by simp
qed

A special case of OrdRing_ZF_3_L7: a ring element greater or equal than 1 is
positive.

corollary (in ringl) OrdRing ZF_3_L8: assumes Al: 0#1 and A2: 1<a
shows a € Ry
proof -
from A1 A2 have 1 € Ry 1<a
using ordring_one_is_pos by auto
then show a € Ry by (rule OrdRing_ZF_3_L7)
qed

Adding a positive element to a strictly increases a. Property of ordered
groups.
lemma (in ringl) OrdRing ZF_3_L9: assumes Al: a€R beR,

shows a < a+b a # a+b

using prems OrdRing ZF_1_L4 group3.0rderedGroup_ZF_1_L22

by auto

A special case of OrdRing_ZF_3_L9: in nontrivial rings adding one to a in-
creases a.

corollary (in ringl) OrdRing ZF_3_L10: assumes Al: 0#1 and A2: a€cR
shows a < a+l a # a+l
using prems ordring_one_is_pos OrdRing_ZF_3_L9
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by auto

If a is not greater than b, then it is strictly less than b + 1.

lemma (in ringl) OrdRing ZF_3_L11: assumes Al: 0#1 and A2: a<b
shows a< b+l
proof -
from A1 A2 have I: b < b+l
using OrdRing_ZF_1_L3 OrdRing_ZF_3_L10 by auto
with A2 show a< b+l by (rule ring_strict_ord_transit)
qed

For any ring element a the greater of a and 1 is a positive element that is
greater or equal than m. If we add 1 to it we get a positive element that is
strictly greater than m. This holds in nontrivial rings.

lemma (in ringl) OrdRing ZF_3_L12: assumes Al: 0#1 and A2: a€R
shows
a < Greater0f(r,1,a)
Greater0f(r,1,a) € Ry
Greater0f(r,1,a) + 1 € Ry
a < Greater0f(r,1,a) + 1 a # GreaterOf(r,l,a) + 1
proof -
from linord have r {is total on} R using IsLinOrder_def
by simp
moreover from A2 have 1 € R acR
using Ring ZF_1_L2 by auto
ultimately have
1 < Greater0f(r,1,a) and
I: a < Greater0f(r,1,a)
using Order_ZF_3_L2 by auto
with A1 show
a < Greater0Of(r,1,a) and
Greater0f(r,1,a) € Ry
using OrdRing_ZF_3_L8 by auto
with Al show GreaterOf(r,l,a) + 1 € Ry
using ordring_one_is_pos OrdRing ZF_3_L1 IsOpClosed_def
by simp
from A1 I show
a < Greater0f(r,l,a) + 1 a # Greater0f(r,1,a) + 1
using OrdRing_ZF_3_L11 by auto
qed

We can multiply strict inequality by a positive element.

lemma (in ringl) OrdRing ZF_3_L13:
assumes Al: HasNoZeroDivs(R,A,M) and
A2: a<b and A3: ceRy
shows
a-c < b-c
ca<chb
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proof -
from A2 A3 have T: ac€R DbeR ceR c#0
using OrdRing ZF_1_L3 PositiveSet_def by auto
from A2 A3 have a-c < b-c using OrdRing ZF_1_L9A
by simp
moreover from A1 A2 T have ac # bc
using Ring ZF_1_L12A by auto
ultimately show a.c < b-c by simp
moreover from mult_commut T have ac = c-a and b.c = ¢cb
using IsCommutative_def by auto
ultimately show c-a < c-b by simp
qed

A sufficient condition for an element to be in the set of positive ring elements.

lemma (in ringl) OrdRing ZF_3_L14: assumes 0<a and a#0
shows a € Ry
using prems OrdRing ZF_1_L3 PositiveSet_def
by auto

If a ring has no zero divisors, the square of a nonzero element is positive.

lemma (in ringl) OrdRing ZF_3_L15:
assumes HasNoZeroDivs(R,A,M) and a€R a#0
shows 0 < a? a? £ 0 a2€RJr
using prems OrdRing ZF_1_L10 Ring_ZF_1_L12 OrdRing_ZF_3_L14
by auto

In rings with no zero divisors we can (strictly) increase a positive element
by multiplying it by an element that is greater than 1.

lemma (in ringl) OrdRing ZF_3_L16:
assumes HasNoZeroDivs(R,A,M) and a € Ry and 1<b 1#b
shows a<ab a # ab
using prems PositiveSet_def OrdRing ZF_1_L16 OrdRing_ZF_1_L3
Ring ZF_1_L12C by auto

If the right hand side of an inequality is positive we can multiply it by a
number that is greater than one.

lemma (in ringl) OrdRing ZF_3_L17:

assumes Al: HasNoZeroDivs(R,A,M) and A2: beR, and

A3: a<b and A4: 1<c

shows a<b-c
proof -

from A1 A2 A4 have b < b-c

using OrdRing_ZF_3_L16 by auto

with A3 show a<b-c by (rule ring strict_ord_transit)

qed

We can multiply a right hand side of an inequality between positive numbers
by a number that is greater than one.
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lemma (in ringl) OrdRing_ ZF_3_L18:
assumes Al: HasNoZeroDivs(R,A,M) and A2: a € R, and
A3: a<b and A4: 1<c
shows a<b-c
proof -
from A2 A3 have b € Ry using OrdRing ZF_3_L7
by blast
with A1 A3 A4 show a<b-c
using OrdRing_ZF_3_L17 by simp
qed

In ordered rings with no zero divisors if at least one of a, b is not zero, then
a? +b? > 0, in particular a® + b? # 0.

lemma (in ringl) OrdRing ZF_3_L19:
assumes Al: HasNoZeroDivs(R,A,M) and A2: acR beR and
A3: a #0 VDb #0
shows 0 < a? + b?
proof -
{ assume a # 0
with A1 A2 have 0 < a2 a%2 # 0
using OrdRing_ZF_3_L15 by auto
then have 0 < a? by auto
moreover from A2 have 0 < b2
using OrdRing ZF_1_L10 by simp
ultimately have 0 + 0 < a? + b2
using OrdRing_ZF_1_L19 by simp
hence 0 < a? + b?
using Ring_ZF_1_L2 Ring ZF_1_L3 by simp }
moreover
{ assume A4: a = 0
then have a? + b? = 0 + b
using Ring ZF_1_L2 Ring ZF_1_L6 by simp
also from A2 have ... = b?
using Ring ZF_1_L4 Ring ZF_1_L3 by simp
finally have a? + b? = b2 by simp
moreover
from A3 A4 have b # 0 by simp
with A1 A2 have 0 < b? and b? # 0
using OrdRing ZF_3_L15 by auto
hence 0 < b? by auto
ultimately have 0 < a? + b?> by simp }
ultimately show 0 < a’? + b?
by auto
qed

2

end
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21 Field_ZF.thy

theory Field_ZF imports Ring_ ZF
begin

This theory covers basic facts about fields.

21.1 Definition and basic properties
In this section we define what is a field and list the basic properties of fields.

Field is a notrivial commutative ring such that all non-zero elements have an
inverse. We define the notion of being a field as a statement about three sets.
The first set, denoted K is the carrier of the field. The second set, denoted A
represents the additive operation on X (recall that in ZF set theory functions
are sets). The third set M represents the multiplicative operation on K.

constdefs
IsAfield(K,A,M) =
(IsAring(K,A,M) A (M {is commutative on} K) A
TheNeutralElement (K,A) # TheNeutralElement (K,M) A
(Va€K. a#TheNeutralElement (K,A)—
(3bek. M(a,b) = TheNeutralElement (K,M))))

The field0 context extends the ring0O context adding field-related assump-
tions and notation related to the multiplicative inverse.
locale field0 = ring0 K +

assumes mult_commute: M {is commutative on} K

assumes not_triv: 0 # 1

assumes inv_exists: Va€K. a#0 — (IbeK. ab = 1)

fixes non_zero (Kp)
defines non_zero_def [simp] : Ko = K-{0}

fixes inv (_7' [96] 97)
defines inv_def [simp]: a~! = GroupInv(Ky,restrict(M,KyxKg)) (a)

The next lemma assures us that we are talking fields in the field0 context.

lemma (in field0) Field_ZF_1_L1: shows IsAfield(X,A,M)
using ringAssum mult_commute not_triv inv_exists IsAfield_def
by simp

We can use theorems proven in the field0 context whenever we talk about
a field.

lemma Field_ZF_1_L2: assumes IsAfield(K,A,M)
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shows fieldO(K,A,M)
using prems IsAfield_def fieldO_axioms.intro ring0O_def fieldO_def
by simp

Let’s have an explicit statement that the multiplication in fields is commu-
tative.

lemma (in field0) field_mult_comm: assumes acK beckK
shows a'b = ba
using mult_commute prems IsCommutative_def by simp

Fields do not have zero divisors.

lemma (in field0) field_has_no_zero_divs: shows HasNoZeroDivs(K,A,M)
proof -
{ fix 2 b assume Al: acKk beK and A2: ab = 0 and A3: b#0
from inv_exists A1 A3 obtain ¢ where I: ceK and II: bc =1
by auto
from A2 have a'b-c = 0-c by simp
with A1 I have a-(bc) =0
using Ring ZF_1_L11 Ring_ZF_1_L6 by simp
with A1 IT have a=0 using Ring_ZF_1_L3 by simp }
then have VacK.VbeK. ab = 0 — a=0 V b=0 by auto
then show thesis using HasNoZeroDivs_def by auto
qed

K (the set of nonzero field elements is closed with respect to multiplication.

lemma (in field0) Field_ZF_1_L2: Ky {is closed under} M
using Ring ZF_1_L4 field_has_no_zero_divs Ring ZF_1_L12
IsOpClosed_def by auto

Any nonzero element has a right inverse that is nonzero.

lemma (in fieldO) Field_ZF_1_L3: assumes Al: a€cK
shows dbeKy. ab =1
proof -
from inv_exists Al obtain b where bcK and ab = 1
by auto
with not_triv A1l show Jb€Ky. ab =1
using Ring ZF_1_L6 by auto
qed

If we remove zero, the field with multiplication becomes a group and we can
use all theorems proven in group0 context.

theorem (in field0) Field_ZF_1_L4: shows
IsAgroup (Ko, restrict(M,KoxKp))
group0 (Ko ,restrict (M,KoxKp))
1 = TheNeutralElement (Kg,restrict (M,KgxKgp))
proof-
let £ = restrict(M,KoxKg)
have
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M {is associative on} K
Ko € K Ko {is closed under} M
using Field_ZF_1_L1 IsAfield_def IsAring_def IsAgroup_def
IsAmonoid_def Field_ZF_1_L2 by auto
then have f {is associative on} Ky
using func_ZF_4_L3 by simp
moreover
from not_triv have
I: 1€Ky A (VaeKy. f(l,a) = a A f(a,1) = a)
using Ring_ZF_1_L2 Ring ZF_1_L3 by auto
then have Jne€Kq. VacKq. f(n,a) = a A f(a,n) = a
by blast
ultimately have II: IsAmonoid(Kp,f) using IsAmonoid_def
by simp
then have monoid0(Kg,f) using monoidO_def by simp
moreover note I
ultimately show 1 = TheNeutralElement (Kg,f)
by (rule monoid0.groupO_1_L4)
then have VacKq.3beKy. f(a,b) = TheNeutralElement (Ko,f)
using Field_ZF_1_L3 by auto
with II show IsAgroup(Kp,f) by (rule definition_of_group)
then show group0(Kp,f) using groupO_def by simp
qed

The inverse of a nonzero field element is nonzero.

lemma (in field0) Field_ZF_1_L5: assumes Al: ackK a#0
shows a=! € Ky (@2 €Ky a'tekK al#0
proof -
from A1 have a € Ky by simp
then show a~! € Ky using Field_ZF_1_L4 group0.inverse_in_group
by auto
then show (a2 €Ky a ' €K al#0
using Field_ZF_1_L2 IsOpClosed_def by auto
qed

The inverse is really the inverse.

lemma (in field0) Field_ZF_1_L6: assumes Al: a€K a#0
shows aa™' =1 alta=1
proof -
let f = restrict(M,KoxKg)
from A1 have
group0 (Ko, )
a € Kg
using Field_ZF_1_L4 by auto
then have
f(a,GroupInv(Kg, f)(a)) = TheNeutralElement (Kg,f) A
f(GroupInv(Kp,f) (a),a) = TheNeutralElement(Ky, f)
by (rule group0.groupO_2_L6)

with A1 show aa= ! =1 ala=1
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using Field_ZF_1_L5 Field_ZF_1_L4 by auto
qed
A lemma with two field elements and cancelling.

lemma (in field0) Field_ZF_1_L7: assumes acK beK b#0
shows
abb !l =a
ab lb =a
using prems Field_ZF_1_L5 Ring_ ZF_1_L11 Field_ZF_1_L6 Ring ZF_1_L3
by auto

21.2 Equations and identities

This section deals with more specialized identities that are true in fields.

a/(a?) = a.

lemma (in field0) Field_ZF_2_L1: assumes Al: a€K a#0

shows a-(a71)2 = a!
proof -
have a-(a=!)? = a-(a~'-a”!) by simp
also from A1 have ... = (aa™!)-a7!
using Field_ZF_1_L5 Ring ZF_1_L11
by simp
also from A1 have ... = a—!
using Field_ZF_1_L6 Field _ZF_1_L5 Ring ZF_1_L3
by simp
finally show a-(a=')? = a=! by simp
qed

If we multiply two different numbers by a nonzero number, the results will
be different.

lemma (in field0) Field_ZF_2_L2:
assumes ack beK ceK a#b c#0
shows a-c™! # b.c™!
using prems field_has_no_zero_divs Field_ZF_1_L5 Ring_ZF_1_L12B
by simp

We can put a nonzero factor on the other side of non-identity (is this the
best way to call it7) changing it to the inverse.

lemma (in field0) Field_ZF_2_L3:
assumes Al: acK beK Db#0 cc€K and A2: ab # ¢
shows a # cb™!
proof -
from A1 A2 have abb ! # cb!
using Ring ZF_1_L4 Field_ZF_2_L2 by simp
with A1 show a # c-b~! using Field_ZF_1_L7
by simp
qed
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If if the inverse of b is different than a, then the inverse of a is different than
b.

lemma (in field0) Field_ZF_2_L4:
assumes acK a#0 and b~! # a
shows a=! # b
using prems Field_ZF_1_L4 groupO.groupO_2_L11B
by simp

An identity with two field elements, one and an inverse.

lemma (in field0) Field_ZF_2_L5:
assumes a€k beK b#0
shows (1 + ab)b™! =a + b!
using prems Ring ZF_1_L4 Field_ZF_1_L5 Ring ZF_1_L2 ring_oper_distr

Field_ZF_1_L7 Ring_ZF_1_L3 by simp

An identity with three field elements, inverse and cancelling.

lemma (in field0) Field_ZF_2_L6: assumes Al: a€K beK b#0 ce€kK
shows a-b-(cb™!) = ac
proof -
from A1 have T: ab € K b~! € K
using Ring ZF_1_14 Field_ZF_1_L5 by auto
with mult_commute Al have ab-(cb™!) = ab-(b~'-c)
using IsCommutative_def by simp
moreover
from A1 T have ab € K b ! € K c€kK
by auto
then have a-bb~!'.c = ab-(b~!-c)
by (rule Ring_ ZF_1_L11)
ultimately have ab-(c:-b™!) = a-b-b~!.c by simp
with A1 show ab-(cb™!) = ac
using Field_ZF_1_L7 by simp
qed

end
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22 OrderedField ZF.thy

theory OrderedField_ZF imports OrderedRing ZF Field_ZF
begin

This theory covers basic facts about ordered fiels.

22.1 Definition and basic properties

Ordered field is a notrivial ordered ring such that all non-zero elements have
an inverse. We define the notion of being a ordered field as a statement about
four sets. The first set, denoted K is the carrier of the field. The second set,
denoted A represents the additive operation on K (recall that in ZF set theory
functions are sets). The third set M represents the multiplicative operation
on K. The fourth set r is the order relation on K.

constdefs
IsAnOrdField(K,A,M,r) = (IsAnOrdRing(K,A,M,r) A
(M {is commutative on} K) A
TheNeutralElement (K,A) # TheNeutralElement (K,M) A
(Va€K. a#TheNeutralElement (K,A) —
(3beK. M{a,b) = TheNeutralElement (K,M))))

The next context (locale) defines notation used for ordered fields. We do
that by extending the notation defined in the ringl context that is used for
oredered rings and adding some assumptions to make sure we are talking
about ordered fields in this context. We should rename the carrier from R
used in the ringl context to K, more appriopriate for fields. Theoretically
the Isar locale facility supports such renaming, but we experienced diffculties
using some lemmas from ringl locale after renaming.

locale fieldl = ringl +
assumes mult_commute: M {is commutative on} R
assumes not_triv: 0 # 1
assumes inv_exists: Va€R. a#0 — (dbeR. ab = 1)

fixes non_zero (Rg)
defines non_zero_def [simp]: Ry = R-{0}

fixes inv (_~! [96] 97)
defines inv_def [simp]: a~l = GroupInv(Rg,restrict(M,RgxRg)) (a)

The next lemma assures us that we are talking fields in the field1 context.

lemma (in fieldl) OrdField_ZF_1_L1: shows IsAnOrdField(R,A,M,r)
using OrdRing_ZF_1_L1 mult_commute not_triv inv_exists IsAnOrdField_def
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by simp

Ordered field is a field, of course.

lemma OrdField_ZF_1_L1A: assumes IsAnOrdField(K,A,M,r)
shows IsAfield(X,A,M)
using prems IsAnOrdField_def IsAnOrdRing_def IsAfield_def
by simp

Theorems proven in field0 (about fields) context are valid in the field1
context (about ordered fields).

lemma (in fieldl) OrdField_ZF_1_L1B: shows fieldO(R,A,M)
using OrdField_ZF_1_L1 OrdField_ZF_1_L1A Field ZF_1_L2
by simp

We can use theorems proven in the fieldl context whenever we talk about
an ordered field.

lemma OrdField_ZF_1_L2: assumes IsAnOrdField(K,A,M,r)
shows fieldl(K,A,M,r)
using prems IsAnOrdField_def OrdRing ZF_1_L2 ringl_def
IsAnOrdField_def fieldl_axioms_def fieldl_def
by auto

In ordered rings the existence of a right inverse for all positive elements
implies the existence of an inverse for all non zero elements.

lemma (in ringl) OrdField_ZF_1_L3:
assumes Al: VacR;. JbeR. ab = 1 and A2: ceR c#0
shows IbcR. cb =1
proof (cases c€Ry)
assume ccRy
with Al show JbeR. c¢b = 1 by simp
next assume c¢R;
with A2 have (-c) € R,
using OrdRing_ZF_3_L2A by simp
with Al obtain b where beR and (-c)b =1
by auto
with A2 have (-b) € R c(-b) =1
using Ring_ ZF_1_L3 Ring ZF_1_L7 by auto
then show JbeR. cb = 1 by auto
qed

Ordered fields are easier to deal with, because it is sufficient to show the
existence of an inverse for the set of positive elements.

lemma (in ringl) OrdField_ZF_1_L4:
assumes 0 # 1 and M {is commutative on} R
and VacR;. JbeR. ab =1
shows IsAnOrdField(R,A,M,r)
using prems OrdRing ZF_1_L1 OrdField_ZF_1_L3 IsAnOrdField_def
by simp
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The set of positive field elements is closed under multiplication.

lemma (in fieldl) OrdField_ZF_1_L5: shows R; {is closed under} M
using OrdField_ZF_1_L1B fieldO.field_has_no_zero_divs OrdRing ZF_3_L3
by simp

The set of positive field elements is closed under multiplication: the explicit
version.

lemma (in fieldl) pos_mul_closed:
assumes Al: 0 <a 0<b
shows 0 < ab
proof -

from Al have a € Ry and b € Ry

using OrdRing_ZF_3_L14 by auto
then show 0 < ab

using OrdField_ZF_1_L5 IsOpClosed_def PositiveSet_def
by simp
qed

In fields square of a nonzero element is positive.

lemma (in fieldl) OrdField_ZF_1_L6: assumes acR a#0
shows a? € R,

using prems OrdField_ZF_1_L1B fieldO.field_has_no_zero_divs
OrdRing_ZF_3_L15 by simp

The next lemma restates the fact Field_ZF that out notation for the field

inverse means what it is supposed to mean.

lemma (in fieldl) OrdField_ZF_1_L7: assumes a€R a#0
shows a:-(a™!) =1 (aHDa=1

using prems OrdField_ZF_1_L1B field0.Field_ZF_1_L6
by auto

A simple lemma about multiplication and cancelling of a positive field ele-
ment.

lemma (in fieldl) OrdField_ZF_1_L7A:
assumes Al: acR b € Ry

shows

abb ! = a

ab lb =a
proof -

by auto

from A1 have b€R b#0 using PositiveSet_def
with A1 show abb~!

a and ab !b = a

using OrdField_ZF_1_L1B field0.Field_ZF_1_L7
by auto

qed

Some properties of the inverse of a positive element.
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lemma (in fieldl) OrdField_ZF_1_L8: assumes Al: a € Ry
shows a=! ¢ R, a(@® =1 (@Ha=1
proof -
from A1 have I: acR a#0 using PositiveSet_def
by auto
with A1 have a-(a71)? € Ry
using OrdField_ZF_1_L1B field0.Field_ZF_1_L5 OrdField_ZF_1_L6
OrdField_ZF_1_L5 IsOpClosed_def by simp
with I show a=! € R,
using OrdField_ZF_1_L1B field0.Field_ZF_2_L1
by simp
from I show a(a™') =1 (@ Ha=1
using OrdField_ZF_1_L7 by auto
qed

If a < b, then (b—a)~! is positive.

lemma (in fieldl) OrdField_ZF_1_L9: assumes a<b
shows (b-a)~! € Ry
using prems OrdRing ZF_1_L14 OrdField_ZF_1_L8
by simp

In ordered fields if at least one of a,b is not zero, then a? + b*> > 0, in
particular a? 4+ b # 0 and exists the (multiplicative) inverse of a? + b%.

lemma (in fieldl) OrdField_ZF_1_L10:
assumes Al: acR beR and A2: a # 0 V b # 0
shows 0 < a2 + b> and JccR. (a® + b?)c =1
proof -
from A1 A2 show 0 < a? + b?
using OrdField_ZF_1_L1B field0.field_has_no_zero_divs
OrdRing_ZF_3_L19 by simp
then have
(a2 + b))~ € Rand (a2 + b?)- (a2 + ) =1
using OrdRing ZF_1_L3 PositiveSet_def OrdField_ZF_1_L8
by auto
then show JccR. (a? + b?)-c = 1 by auto
qed

22.2 Inequalities
In this section we develop tools to deal inequalities in fields.

We can multiply strict inequality by a positive element.

lemma (in fieldl) OrdField_ZF_2_L1:
assumes a<b and c€R,
shows a-c < b.c
using prems OrdField_ZF_1_L1B fieldO.field_has_no_zero_divs
OrdRing_ZF_3_L13
by simp
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A special case of OrdField_zF_2_L1 when we multiply an inverse by an ele-
ment.

lemma (in fieldl) OrdField_ZF_2_L2:
assumes Al: acR, and A2: a=! < b
shows 1 < b-a
proof -
from A1 A2 have (a~!)-a < ba
using OrdField_ZF_2_L1 by simp
with Al show 1 < b-a
using OrdField_ZF_1_L8 by simp
qed

We can multiply an inequality by the inverse of a positive element.

lemma (in fieldl) OrdField_ZF_2_L3:
assumes a<b and c€R;, shows a-(c7!) < b-(c™!)
using prems OrdField_ZF_1_L8 OrdRing_ZF_1_L9A
by simp

We can multiply a strict inequality by a positive element or its inverse.

lemma (in fieldl) OrdField_ZF_2_L4:
assumes a<b and c€R;
shows
a-c < bc
ca <cb
ac”! < bc7!
using prems OrdField_ZF_1_L1B field0.field_has_no_zero_divs
OrdField_ZF_1_L8 OrdRing_ZF_3_L13 by auto

We can put a positive factor on the other side of an inequality, changing it
to its inverse.

lemma (in fieldl) OrdField_ZF_2_L5:
assumes Al: acR beR; and A2: ab < c
shows a < cb !
proof -
from A1 A2 have abb™! < cb™!
using OrdField_ZF_2_L3 by simp
with A1 show a < cb~! using OrdField_ZF_1_L7A
by simp
qed

We can put a positive factor on the other side of an inequality, changing it
to its inverse, version with a product initially on the right hand side.

lemma (in fieldl) OrdField_ZF_2_L5A:
assumes Al: beR ceR; and A2: a < bc
shows a-c™! < b
proof -
from A1 A2 have ac™! < b.cc!
using OrdField_ZF_2_L3 by simp
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with A1 show a-c™! < b using OrdField_ZF_1_L7A
by simp
qed

We can put a positive factor on the other side of a strict inequality, changing
it to its inverse, version with a product initially on the left hand side.

lemma (in fieldl) OrdField_ZF_2_L6:
assumes Al: a€R beR; and A2: ab < ¢
shows a < cb~!
proof -
from A1 A2 have abb ! < cb~!
using OrdField_ZF_2_L4 by simp
with A1 show a < cb~! using OrdField_ZF_1_L7A
by simp
qed

We can put a positive factor on the other side of a strict inequality, changing
it to its inverse, version with a product initially on the right hand side.

lemma (in fieldl) OrdField_ZF_2_L6A:
assumes Al: beR ceR; and A2: a < bc
shows a-c™! < b
proof -
from A1 A2 have a-c™! < b-c.c™!
using OrdField_ZF_2_L4 by simp
with A1 show a.c™! < b using OrdField_ZF_1_LT7A
by simp
qed

Sometimes we can reverse an inequality by taking inverse on both sides.

lemma (in fieldl) OrdField_ZF_2_L7:
assumes Al: acR; and A2: a=! < b
shows b1 < a
proof -
from A1 have a=! € R, using OrdField_ZF_1_L8
by simp
with A2 have b € R, using OrdRing_ ZF_3_L7
by blast
then have T: b € R, b~ ! € R, using OrdField_ZF_1_L8
by auto
with A1 A2 have b 'a™'a < b !ba
using OrdRing_ZF_1_L9A by simp
moreover
from A1 A2 T have
b~! € R acR a#0 bER b#0
using PositiveSet_def OrdRing ZF_1_L3 by auto
then have b='a''a = b! and b !'ba=a
using OrdField_ZF_1_L1B field0.Field_ZF_1_L7
field0.Field_ZF_1_L6 Ring ZF_1_L3
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by auto
ultimately show b~! < a by simp
qed

Sometimes we can reverse a strict inequality by taking inverse on both sides.

lemma (in fieldl) OrdField_ZF_2_L8:
assumes Al: acR, and A2: a=! < b
shows b~! < a
proof -
from Al A2 have a~! € Ry a~ ! <b
using OrdField_ZF_1_L8 by auto
then have b € R, using OrdRing ZF_3_L7
by blast
then have beR b#0 using PositiveSet_def by auto
with A2 have b~! # a
using OrdField_ZF_1_L1B field0.Field_ZF_2_L4
by simp
with A1 A2 show b~! < a
using OrdField_ZF_2_L7 by simp
qed

A technical lemma about solving a strict inequality with three field elements

and inverse of a difference.

lemma (in fieldl) OrdField_ZF_2_L19:

assumes Al: a<b and A2: (b-a)~ ! < ¢
shows 1 + a-c < b-c

proof -

from A1 A2 have (b-a)~! e Ry (b-a)~! < ¢
using OrdField_ZF_1_L9 by auto
then have T1: ¢ € Ry using OrdRing ZF_3_L7 by blast
with A1 A2 have T2:
acR bER cE€R c#0 c ! €R
using OrdRing ZF_1_L3 OrdField_ZF_1_L8 PositiveSet_def
by auto
with A1 A2 have ¢! + a < b-a + a
using OrdRing ZF_1_L14 OrdField_ZF_2_L8 ring_strict_ord_trans_inv
by simp
with T1 T2 have (c7! + a)-c < bc
using Ring_ ZF_2_L1A OrdField_ZF_2_L1 by simp
with T1 T2 show 1 + a.c < b-c
using ring_oper_distr OrdField_ZF_1_L8
by simp

qed

22.3 Definition of real numbers

The only purpose of this section is to define what does it mean to be a model
of real numbers.
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We define model of real numbers as any quadruple (7) of sets (K, A, M,r)
such that (K, A, M, r) is an ordered field and the order relation r is complete,
that is every set that is nonempty and bounded above in this relation has a
supremum.

constdefs
IsAmodel0fReals(K,A,M,r) = IsAnOrdField(X,A,M,r) A (r {is complete})

end
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23 Int_ZF.thy

theory Int_ZF imports OrderedGroup_ZF Finite_ZF_1 Int Nat_ZF
begin

This theory file is an interface between the old-style Isabelle (ZF logic)
material on integers and the IsarMathLib project. Here we redefine the
meta-level operations on integers (addition and multiplication) to convert
them to ZF-functions and show that integers form a commutative group with
respect to addition and commutative monoid with respect to multiplication.
Similarly, we redefine the order on integers as a relation, that is a subset of
Z x Z. We show that a subset of intergers is bounded iff it is finite.

23.1 Addition and multiplication as ZF-functions.

In this section we provide definitions of addition and multiplication as sub-
sets of (Z x Z) x Z. We use the $ < (higher order) relation defined in the
standard Int theory to define a subset of Z x Z that constitutes the ZF order
relation corresponding to it. We define positive integers using the notion of
positive set from the OrderedGroup theory.

constdefs
IntegerAddition = { <x,c> € (intxint)xint. fst(x) $+ snd(x) = c}

IntegerMultiplication =
{ <x,c> € (intxint) xint. fst(x) $x snd(x) = c}

IntegerOrder = {p € intxint. fst(p) $< snd(p)}

PositiveIntegers = PositiveSet(int,IntegerAddition,IntegerOrder)

IntegerAddition and IntegerMultiplication are functions on intxint.

lemma Int_ZF_1_L1:
IntegerAddition : intxint — int
IntegerMultiplication : intXint — int
proof -
have
{<x,c> € (intxint)xint. fst(x) $+ snd(x) = c} € intxint—int
{<x,c> € (intxint)xint. fst(x) $Xx snd(x) = c} € intxint—int
using funcl_1_L11A by auto
then show IntegerAddition : intxint — int
IntegerMultiplication : intXint — int
using IntegerAddition_def IntegerMultiplication_def by auto
qed

The next context (locale) defines notation used for integers. We define 0 to
denote the neutral element of addition, 1 as the unit of the multiplicative
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monoid. We introduce notation m<n for integers and write m..n to denote
the integer interval with endpoints in m and n. abs(m) means the absolute
value of m. This is a function defined in OrderedGroup that assigns x to
itself if x is positive and assigns the opposite of x if z < 0. Unforunately we
cannot use the |-| notation as in the OrderedGroup theory as this notation has
been hogged by the standard Isabelle’s Int theory. The notation -A where A
is a subset of integers means the set {—m : m € A}. The symbol maxf (£,M)
denotes tha maximum of function f over the set A. We also introduce a
similar notation for the minimum.

locale int0O =

fixes ints (Z)
defines ints_def [simp]l: Z = int

fixes ia (infixl + 69)
defines ia_def [simp]: a+b = IntegerAddition<a,b>

fixes iminus :: i=i (- _ 72)
defines rminus_def [simp]: -a = GroupInv(Z,IntegerAddition) (a)

fixes isub (infixl - 69)
defines isub_def [simp]l: a-b = a+ (- b)

fixes imult (infixl - 70)
defines imult_def [simp]: a-b = IntegerMultiplication<a,b>

fixes setneg :: i=i (- _ 72)
defines setneg_def [simp]l: -A = GroupInv(Z,IntegerAddition) (A)

fixes izero (0)
defines izero_def [simp]: O = TheNeutralElement(Z,IntegerAddition)

fixes ione (1)
defines ione_def [simp]: 1 = TheNeutralElement(Z,IntegerMultiplication)

fixes itwo (2)

defines itwo_def [simp]: 2 = 1+1
fixes ithree (3)
defines itwo_def [simp]l: 3 = 2+1

fixes nonnegative (Z%)
defines nonnegative_def [simp]:
Z* = Nonnegative(Z,IntegerAddition,IntegerOrder)

fixes positive (Zy)

defines positive_def [simp]:
Z, = PositiveSet(Z,IntegerAddition,IntegerOrder)
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fixes abs
defines abs_def [simp]:
abs(m) = AbsoluteValue(Z,IntegerAddition,IntegerOrder) (m)

fixes lesseq (infix < 60)
defines lesseq_def [simp]l: m < n = (m,n) € IntegerOrder

fixes interval (infix .. 70)
defines interval_def [simp]l: m..n = Interval(IntegerOrder,m,n)

fixes maxf
defines maxf_def [simp]: maxf(f,A) = Maximum(IntegerOrder,f(A))

fixes minf
defines minf_def [simp]l: minf(f,A) = Minimum(IntegerOrder,f(A))

Integer Addition adds integers and IntegerMultiplication multiplies integers.
This states that the ZF functions IntegerAddition and IntegerMultiplication
give the same results as the higher-order $+ and $x defined in the standard
Int theory.

lemma (in int0) Int_ZF_1_L2: assumes Al: a € Z b € Z
shows
atb = a $+ b
ab=a$x b
proof -
let x = <a,b>
let ¢ = a $+b
let d =a $x b
from A1 have
<x,c> € {<x,c> € (ZxZ)xZ. fst(x) $+ snd(x) = c}
<x,d> € {<x,d> € (ZxZ)xZ. fst(x) $x snd(x) = d}
by auto
then show a+b = a $+ b ab =a $x b
using IntegerAddition_def IntegerMultiplication_def
Int_ZF_1_L1 apply_iff by auto
qed

Integer addition and multiplication are associative.

lemma (in int0) Int_ZF_1_L3:
assumes x€Z yeZ z€eZ
shows x+y+z = x+(y+z) =xyz = x-(y-2z)
using prems Int_ZF_1_L2 zadd_assoc zmult_assoc by auto

Integer addition and multiplication are commutative.

lemma (in int0) Int_ZF_1_L4:
assumes x€Z yeEZ
shows x+y = y+tx xy = yx
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using prems Int_ZF_1_L2 zadd_commute zmult_commute
by auto

Zero is neutral for addition and one for multiplication.

lemma (in int0) Int_ZF_1_L5: assumes Al:x€Z
shows ($# 0) + x = x A x + ($# 0) = x
($# 1Dx = x A x($# 1) = x
proof -
from A1l show ($# 0) + x = x A x + ($# 0) = x
using Int_ZF_1_L2 zadd_intO Int_ZF_1_L4 by simp
from A1 have ($# 1)x = x
using Int_ZF_1_L2 zmult_intl by simp
with A1 show ($# 1)x = x A x($# 1) = x
using Int_ZF_1_14 by simp
qed

Zero is neutral for addition and one for multiplication.

lemma (in int0) Int_ZF_1_L6: shows ($# 0)eZ A
(VxeZ. ($# 0)+x = x A x+($# 0) = x)
($# LeZ N
VxeZ. ($# 1)x =x A x($# 1) = x)
using Int_ZF_1_L5 by auto

Integers with addition and integers with multiplication form monoids.

theorem (in int0) Int_ZF_1_T1: shows
IsAmonoid(Z,IntegerAddition)
IsAmonoid(Z,IntegerMultiplication)
proof -
have
JecZ. Vx€Z. e+x = x N x+te = X
JeeZ. Vx€Z. ex = x N\ xe =X
using int0.Int_ZF_1_L6 by auto
then show IsAmonoid(Z,IntegerAddition)
IsAmonoid(Z,IntegerMultiplication) using
IsAmonoid_def IsAssociative_def Int_ZF_1_L1 Int_ZF_1_L3
by auto
qed

Zero is the neutral element of the integers with addition and one is the
neutral element of the integers with multiplication.

lemma (in int0) Int_ZF_1_L8: ($# 0) =0 ($# 1) =1
proof -
have monoid0(Z,IntegerAddition)
using Int_ZF_1_T1 monoid0_def by simp
moreover have
($# 0)eZ A
(VxeZ. IntegerAddition($# 0,x) = x A
IntegerAddition(x ,$# 0) = x)
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using Int_ZF_1_L6 by auto

ultimately have ($# 0) = TheNeutralElement(Z,IntegerAddition)
by (rule monoid0.groupO_1_L4)

then show ($# 0) = 0 by simp

have monoid0(int,IntegerMultiplication)
using Int_ZF_1_T1 monoidO_def by simp

moreover have ($# 1) € int A
(Vxe€int. IntegerMultiplication($# 1, x) = x A
IntegerMultiplication(x ,$# 1) = x)
using Int_ZF_1_L6 by auto

ultimately have
($# 1) = TheNeutralElement (int,IntegerMultiplication)
by (rule monoid0.groupO_1_L4)

then show ($# 1) = 1 by simp

qed

0 and 1, as defined in int0 context, are integers.

lemma (in int0) Int_ZF_1_18A: shows 0 € Z 1 € Z
proof -

have ($# 0) € Z ($# 1) € Z by auto

then show 0 € Z 1 € Z using Int_ZF_1_L8 by auto
qed

Zero is not one.

lemma (in intO) int_zero_not_one: shows 0 # 1
proof -

have ($# 0) # ($# 1) by simp

then show 0 # 1 using Int_ZF_1_18 by simp
qed

The set of integers is not empty, of course.

lemma (in int0) int_not_empty: shows Z # 0
using Int_ZF_1_L8A by auto

The set of integers has more than just zero in it.

lemma (in int0) int_not_trivial: shows Z # {0}
using Int_ZF_1_L8A int_zero_not_one by blast

Each integer has an inverse (in the addition sense).

lemma (in int0) Int_ZF_1_19: assumes Al: g € Z
shows 3 beZ. gtb = 0
proof -
from Al have g+ $-g = 0
using Int_ZF_1_L2 Int_ZF_1_L8 by simp
thus thesis by auto
qed

Integers with addition form an abelian group. This also shows that we can
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apply all theorems proven in the proof contexts (locales) that require the
assumpion that some pair of sets form a group like locale groupo.

theorem Int_ZF_1_T2: shows
IsAgroup(int,IntegerAddition)
IntegerAddition {is commutative on} int
groupO(int,IntegerAddition)
using int0.Int_ZF_1_T1 int0.Int_ZF_1_L9 IsAgroup_def
groupO_def int0.Int_ZF_1_L4 IsCommutative_def by auto

What is the additive group inverse in the group of integers?

lemma (in int0) Int_ZF_1_L9A: assumes Al: meZ
shows $-m = -m
proof -
from A1 have m€int $-m € int IntegerAddition<m,$-m> =
TheNeutralElement (int,IntegerAddition)
using zminus_type Int_ZF_1_L2 Int_ZF_1_L8 by auto
then have $-m = GroupInv(int,IntegerAddition) (m)
using Int_ZF_1_T2 groupO.group0_2_L9 by blast
then show thesis by simp
qed

Subtracting integers corresponds to adding the negative.

lemma (in int0) Int_ZF_1_L10: assumes Al: meZ neZ
shows m-n = m $+ $-n
using prems Int_ZF_1_T2 groupO.inverse_in_group Int_ZF_1_L9A Int_ZF_1_L2
by simp

Negative of zero is zero.
lemma (in int0) Int_ZF_1_L11: shows (-0) =0
using Int_ZF_1_T2 group0.group_inv_of_one by simp
A trivial calculation lemma that allows to subtract and add one.

lemma Int_ZF_1_L12:
assumes meint shows m $- $#1 $+ $#1 = m
using prems eq_zdiff_iff by auto

A trivial calculation lemma that allows to subtract and add one, version
with ZF-operation.
lemma (in int0) Int_ZF_1_L13: assumes meZ

shows (m $- $#1) + 1 = m

using prems Int_ZF_1_L8A Int_ZF_1_L2 Int_ZF_1_L8 Int_ZF_1_L12

by simp

Adding or subtracing one changes integers.

lemma (in int0) Int_ZF_1_L14: assumes Al: mcZ
shows
m+l # m
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m-1 # m
proof -
{ assume m+l = m
with A1 have
group0(Z ,IntegerAddition)
neZ 1€Z
IntegerAddition(m,1) = m
using Int_ZF_1_T2 Int_ZF_1_L8A by auto
then have 1 = TheNeutralElement(Z,IntegerAddition)
by (rule groupO.group0_2_L7)
then have False using int_zero_not_one by simp
} then show I: m+l # m by auto
{ from A1 have m - 1 + 1 =m
using Int_ZF_1_L8A Int_ZF_1_T2 groupO.group0_2_L16
by simp
moreover assume m-1 = m
ultimately have m + 1 = m by simp
with I have False by simp
} then show m-1 # m by auto
qed

If the difference is zero, the integers are equal.

lemma (in int0) Int_ZF_1_L15:
assumes Al: meZ neZ and A2: m-n = 0
shows m=n
proof -
let G = Z
let £ = IntegerAddition
from A1 A2 have
group0(G, f)
meG neaG
f(m, GroupInv(G, f)(n)) = TheNeutralElement(G, f)
using Int_ZF_1_T2 by auto
then show m=n by (rule groupO.group0_2_L11A)
qed

23.2 Integers as an ordered group

In this section we define order on integers as a relation, that is a subset of
Z x Z and show that integers form an ordered group.

The next lemma interprets the order definition one way.

lemma (in int0) Int_ZF_2_L1:
assumes Al: meZ neZ and A2: m $< n
shows m < n
proof -
from A1 A2 have <m,n> € {x€ZxZ. fst(x) $< snd(x)}
by simp
then show thesis using IntegerOrder_def by simp
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qed

The next lemma interprets the definition the other way.

lemma (in int0) Int_ZF_2_L1A: assumes Al: m < n
shows m $< n meZ neZ
proof -
from A1l have <m,n> € {peZxZ. fst(p) $< snd(p)}
using IntegerOrder_def by simp
thus m $< n meZ neZ by auto
qed

Integer order is a relation on integers.

lemma Int_ZF_2_L1B: IntegerOrder C intXxint
proof
fix x assume x€IntegerOrder
then have x € {p€intxint. fst(p) $< snd(p)}
using IntegerOrder_def by simp
then show x€intxint by simp
qed

The way we define the notion of being bounded below, its sufficient for the
relation to be on integers for all bounded below sets to be subsets of integers.

lemma (in int0) Int_ZF_2_L1C:
assumes Al: IsBoundedBelow(A,IntegerOrder)
shows ACZ
proof -
from A1 have
IntegerOrder C ZxZ
IsBoundedBelow (A, IntegerOrder)
using Int_ZF_2_L1B by auto
then show ACZ by (rule Order_ZF_3_L1B)
qed

The order on integers is reflexive.

lemma (in int0) int_ord_is_refl: shows refl(Z,IntegerOrder)
using Int_ZF_2_L1 zle_refl refl_def by auto

The essential condition to show antisymmetry of the order on integers.

lemma (in int0) Int_ZF_2_L3:

assumes Al: m < n n <m

shows m=n
proof -

from A1 have m $< n n $< m meZ nc”Z

using Int_ZF_2_L1A by auto

then show m=n using zle_anti_sym by auto

qed

The order on integers is antisymmetric.
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lemma (in int0) Int_ZF_2_L4: antisym(IntegerOrder)
proof -
have Vmn. m <n An<m— m=n
using Int_ZF_2_L3 by auto
then show thesis using imp_conj antisym_def by simp
qed

The essential condition to show that the order on integers is transitive.

lemma Int_ZF_2_L5:
assumes Al: (m,n) € IntegerOrder (n,k) € IntegerOrder
shows (m,k) € IntegerOrder
proof -
from A1 have Ti: m $< n n $< k and T2: m€int k€int
using int0.Int_ZF_2_L1A by auto
from T1 have m $< k by (rule zle_trans)
with T2 show thesis using int0.Int_ZF_2_L1 by simp
qed

The order on integers is transitive. This version is stated in the int0 context
using notation for integers.

lemma (in int0) Int_order_transitive:
assumes Al: m<n n<k
shows m<k
proof -
from A1 have <m,n> € IntegerOrder <n,k> € IntegerOrder
by auto
then have <m,k> € IntegerOrder by (rule Int_ZF_2_L5)
then show m<k by simp
qed

The order on integers is transitive.

lemma Int_ZF_2_L6: trans(IntegerOrder)
proof -
have V m n k.
(m, n) € IntegerOrder A (n, k) € IntegerOrder —
(m, k) € IntegerOrder
using Int_ZF_2_L5 by blast
then show thesis by (rule Foll_L2)
qed

The order on integers is a partial order.

lemma Int_ZF_2_L7: shows IsPartOrder(int,IntegerOrder)
using intO.int_ord_is_refl int0.Int_ZF_2_L4
Int_ZF_2_L6 IsPartOrder_def by simp

The essential condition to show that the order on integers is preserved by
translations.

lemma (in int0) int_ord_transl_inv:
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assumes Al: k € Z and A2: m < n
shows m+k < n+k  k+m< k+n
proof -
from A2 have m $< n and meZ ncZ
using Int_ZF_2_L1A by auto
with A1 show m+k < n+k  k+m< k+n
using zadd_right_cancel_zle zadd_left_cancel_zle
Int_ZF_1_12 Int_ZF_1_L1 apply_funtype
Int_ZF_1_L2 Int_ZF_2_L1 Int_ZF_1_L2 by auto
qed

Integers form a linearly ordered group. We can apply all theorems proven
in group3 context to integers.

theorem (in int0) Int_ZF_2_T1: shows
IsAnOrdGroup(Z,IntegerAddition, IntegerOrder)
IntegerOrder {is total on} Z
group3(Z,IntegerAddition, IntegerQOrder)
IsLinOrder(Z,IntegerOrder)
proof -
have VkeZ. Vmn. m < n —
m+k < ntk A k+m< k+n
using int_ord_transl_inv by simp
then show T1: IsAnOrdGroup(Z,IntegerAddition,IntegerOrder) using
Int_ZF_1_T2 Int_ZF_2_L1B Int_ZF_2_L7 IsAnOrdGroup_def
by simp
then show group3(Z,IntegerAddition,IntegerOrder)
using group3_def by simp
show IntegerOrder {is total on} Z
using IsTotal_def zle_linear Int_ZF_2_L1 by auto
with T1 show IsLinOrder(Z,IntegerOrder)
using IsAnOrdGroup_def IsPartOrder_def IsLinOrder_def by simp
qed

If a pair (i,m) belongs to the order relation on integers and i # m, then
1 < m in the sense of defined in the standard Isabelle’s Int.thy.

lemma (in int0) Int_ZF_2_L9: assumes Al: i < m and A2: i#m
shows i $< m
proof -
from A1 have i $< m i€Z mneZ
using Int_ZF_2_L1A by auto
with A2 show i $< m using zle_def by simp
qed

This shows how Isabelle’s $< operator translates to IsarMathLib notation.

lemma (in intO) Int_ZF_2_L9AA: assumes Al: meZ neZ
and A2: m $< n
shows m<n m # n
using prems zle_def Int_ZF_2_L1 by auto
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A small technical lemma about putting one on the other side of an inequality.

lemma (in int0) Int_ZF_2_L9A:
assumes Al: k€Z and A2: m < k $- ($# 1)
shows m+1 < k
proof -
from A2 have m+1 < (k $- ($# 1)) + 1
using Int_ZF_1_L8A int_ord_transl_inv by simp
with Al show m+l1 < k
using Int_ZF_1_L13 by simp
qed

We can put any integer on the other side of an inequality reversing its sign.

lemma (in int0) Int_ZF_2_L9B: assumes i€Z mcZ keZ
shows i+tm < k¥ «— i < k-m
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L9A
by simp

A special case of Int_ZF_2_L9B with weaker assumptions.

lemma (in int0) Int_ZF_2_L9C:
assumes i€Z mneZ and i-m < k
shows i < k+m
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L9B
by simp

Taking (higher order) minus on both sides of inequality reverses it.

lemma (in int0) Int_ZF_2_L10: assumes k < i
shows
(-1) < (-k)
$-1 < $-k
using prems Int_ZF_2_L1A Int_ZF_1_L9A Int_ZF_2_T1
group3.0rderedGroup_ZF_1_L5 by auto

Taking minus on both sides of inequality reverses it, version with a negative
on one side.

lemma (in int0) Int_ZF_2_L10AA: assumes neZ n<(-n)
shows n<(-m)
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L5AD
by simp

We can cancel the same element on on both sides of an inequality, a version
with minus on both sides.
lemma (in intO) Int_ZF_2_L10AB:

assumes mcZ neZ keZ and m—n < m-k

shows k<n

using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L5AF

by simp

If an integer is nonpositive, then its opposite is nonnegative.
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lemma (in int0) Int_ZF_2_L10A: assumes k < 0
shows 0<(-k)
using prems Int_ZF_2_T1 group3.0OrderedGroup_ZF_1_L5A by simp

If the opposite of an integers is nonnegative, then the integer is nonpositive.

lemma (in int0) Int_ZF_2_L10B:
assumes keZ and 0<(-k)
shows k<0
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L5AA by simp

Adding one to an integer corresponds to taking a successor for a natural
number.

lemma (in int0) Int_ZF_2 L11: i $+ $# n $+ ($# 1) = i $+ $# succ(n)
proof -
have $# succ(n) = $#1 $+ $# n using int_succ_int_1 by blast
then have i $+ $# succ(n) = i $+ ($# n $+ $#1)
using zadd_commute by simp
then show thesis using zadd_assoc by simp
qed

Adding a natural number increases integers.

lemma (in int0) Int_ZF_2_L12: assumes Al: i€Z and A2: n€nat
shows i < i $+ $#n
proof (cases n = 0)
assume n = 0
with A1 show i < i $+ $#n using zadd_intO int_ord_is_refl refl_def
by simp
next
assume n#0
with A2 obtain k where kénat n = succ(k)
using Nat_ZF_1_L3 by auto
with A1 show i < i $+ $#n
using zless_succ_zadd zless_imp_zle Int_ZF_2_L1 by simp
qed

Adding one increases integers.

lemma (in int0) Int_ZF_2_L12A: assumes Al: j<k
shows j < k $+ $#1 j < k+l
proof -
from Al have T1:jeZ keZ j $< k
using Int_ZF_2_L1A by auto
moreover from T1 have k $< k $+ $#1 using Int_ZF_2_L12 Int_ZF_2_L1A
by simp
ultimately have j $< k $+ $#1 using zle_trans by fast
with T1 show j < k $+ $#1 using Int_ZF_2_L1 by simp
with T1 have j< k+$#1
using Int_ZF_1_L2 by simp
then show j < k+1 using Int_ZF_1_L8 by simp

298



qed

Adding one increases integers, yet one more version.

lemma (in int0) Int_ZF_2_L12B: assumes Al: mcZ shows m < m+1l
using prems int_ord_is_refl refl_def Int_ZF_2_L12A by simp

If K4+ 1 = m + n, where n is a non-zero natural number, then m < k.

lemma (in int0) Int_ZF_2_L13:
assumes Al: k€Z meZ and A2: né€nat
and A3: k $+ ($# 1) = m $+ $# succ(n)
shows m < k
proof -
from Al have k€Z m $+ $# n € Z by auto
moreover from A2 have k $+ $# 1 = m $+ $# n $+ $#1
using Int_ZF_2_L11 by simp
ultimately have k = m $+ $# n using zadd_right_cancel by simp
with Al A2 show thesis using Int_ZF_2_L12 by simp
qed

The absolute value of an integer is an integer.

lemma (in int0) Int_ZF_2_L14: assumes Al: meZ
shows abs(m) € Z
proof -
have AbsoluteValue(Z,IntegerAddition,IntegerOrder) : Z—Z
using Int_ZF_2_T1 group3.0rderedGroup_ZF_3_L1 by simp
with A1 show thesis using apply_funtype by simp
qed

If two integers are nonnegative, then the opposite of one is less or equal than
the other and the sum is also nonnegative.

lemma (in int0) Int_ZF_2_L14A:
assumes 0<m 0<n
shows
(-m) < n
0<m+n
using prems Int_ZF_2_T1
group3.0rderedGroup_ZF_1_L5AC group3.0rderedGroup_ZF_1_L12
by auto

We can increase components in an estimate.

lemma (in int0) Int_ZF_2_L15:
assumes b<b; c<c; and a<b+c
shows a<bi+c;
proof -
from prems have group3(Z,IntegerAddition,IntegerOrder)
(a,IntegerAddition<b,c>) € IntegerOrder
(b,b1) € IntegerOrder (c,c;) € IntegerOrder
using Int_ZF_2_T1 by auto
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then have (a,IntegerAddition<b;,c;>) € IntegerOrder
by (rule group3.0rderedGroup_ZF_1_L5E)
thus thesis by simp
qed

We can add or subtract the sides of two inequalities.

lemma (in int0) int_ineq_add_sides:
assumes a<b and c<d
shows
atc < b+d
a-d < b-c
using prems Int_ZF_2_T1
group3.0rderedGroup_ZF_1_L5B group3.0rderedGroup_ZF_1_L5I
by auto

We can increase the second component in an estimate.

lemma (in int0) Int_ZF_2_L15A:
assumes beZ and a<b+c and A3: c<c;
shows a<b+c;
proof -
from prems have
group3(Z,IntegerAddition, IntegerOrder)
beZ
(a,IntegerAddition<b,c>) € IntegerOrder
(c,c1) € IntegerOrder
using Int_ZF_2_T1 by auto
then have (a,IntegerAddition<b,c;>) € IntegerOrder
by (rule group3.0rderedGroup_ZF_1_L5D)
thus thesis by simp
qed

If we increase the second component in a sum of three integers, the whole
sum inceases.

lemma (in int0) Int_ZF_2_L15C:
assumes Al: mcZ neZ and A2: k < L
shows m+k+n < m+L+n
proof -
let P = IntegerAddition
from prems have
group3(int,P,IntegerOrder)
m € int n € int
(k,L) € IntegerOrder
using Int_ZF_2_T1 by auto
then have (P(P<m,k>,n), P(P<m,L>,n) ) € IntegerOrder
by (rule group3.0rderedGroup_ZF_1_L10)
then show mt+k+n < m+L+n by simp
qed

We don’t decrease an integer by adding a nonnegative one.
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lemma (in int0) Int_ZF_2_L15D:
assumes 0<n meZ
shows m < n+m
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L5F
by simp

Some inequalities about the sum of two integers and its absolute value.

lemma (in int0) Int_ZF_2_L15E:
assumes mcZ neZ
shows
m+n < abs(m)+abs(n)
m-n < abs(m)+abs(n)
(-m)+n < abs(m)+abs(n)
(-m)-n < abs(m)+abs(n)
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_3_L6A
by auto

We can add a nonnegative integer to the right hand side of an inequality.

lemma (in int0) Int_ZF_2_L15F: assumes m<k and 0<n
shows m < k+n m < n+k
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L5G
by auto

Triangle inequality for integers.

lemma (in int0) Int_triangle_ineq:
assumes meZ neZ
shows abs (m+n)<abs(m)+abs(n)
using prems Int_ZF_1_T2 Int_ZF_2_T1 group3.0rdGroup_triangle_ineq
by simp

Taking absolute value does not change nonnegative integers.

lemma (in int0) Int_ZF_2_L16:
assumes 0<m shows meZ't and abs(m) = m
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L2
group3.0rderedGroup_ZF_3_L2 by auto

0<1,s0l1]=1.

lemma (in int0) Int_ZF_2_L16A: shows 0<1 and abs(l) =1
proof -
have ($# 0) € Z ($# 1)€ Z by auto
then have 0<0 and T1: 1€Z
using Int_ZF_1_L8 int_ord_is_refl refl_def by auto
then have 0<0+1 using Int_ZF_2_L12A by simp
with T1 show 0<1 using Int_ZF_1_T2 group0.group0_2_L2
by simp
then show abs(1l) = 1 using Int_ZF_2_L16 by simp
qed

1<2.
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lemma (in int0) Int_ZF_2_L16B: shows 1<2
proof -
have ($# 1)€ Z by simp
then show 1<2
using Int_ZF_1_L8 int_ord_is_refl refl_def Int_ZF_2_L12A
by simp
qed

Integers greater or equal one are greater or equal zero.

lemma (in int0) Int_ZF_2_L16C:
assumes Al: 1<a shows
0<a a#0
2 a+l
1 a+l
0 a+l
proof -
from A1 have 0<1 and 1<a
using Int_ZF_2_L16A by auto
then show 0<a by (rule Int_order_transitive)
have I: 0<1 using Int_ZF_2_L16A by simp
have 1<2 using Int_ZF_2_L16B by simp
moreover from Al show 2 < a+l
using Int_ZF_1_L8A int_ord_transl_inv by simp
ultimately show 1 < a+1 by (rule Int_order_transitive)
with I show 0 < a+l by (rule Int_order_transitive)
from A1 show a#0 using
Int_ZF_2_L16A Int_ZF_2_L3 int_zero_not_one by auto
qed

INIAIA

Absolute value is the same for an integer and its opposite.
lemma (in int0) Int_ZF_2_L17:
assumes meZ shows abs(-m) = abs(m)
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_3_L7A by simp
The absolute value of zero is zero.
lemma (in int0) Int_ZF_2_L18: shows abs(0) = 0
using Int_ZF_2_T1 group3.0rderedGroup_ZF_3_L2A by simp
A different version of the triangle inequality.

lemma (in int0) Int_triangle_ineql:
assumes Al: meZ ne”Z

shows

abs(m-n) < abs(n)+abs(m)

abs(m-n) < abs(m)+abs(n)
proof -

have $-n € Z by simp
with A1 have abs(m-n) < abs(m)+abs(-n)
using Int_ZF_1_L9A Int_triangle_ineq by simp
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with A1 show
abs(m-n) < abs(n)+abs(m)
abs(m-n) < abs(m)+abs(n)
using Int_ZF_2_L17 Int_ZF_2_L14 Int_ZF_1_T2 IsCommutative_def
by auto
qed

Another version of the triangle inequality.

lemma (in intO) Int_triangle_ineq?2:
assumes meZ neZ
and abs(m-n) < k
shows
abs(m) < abs(n)+k
m-k < n
m < n+k
n-k < m
using prems Int_ZF_1_T2 Int_ZF_2_T1
group3.0rderedGroup_ZF_3_L7D group3.0rderedGroup_ZF_3_L7E
by auto

Triangle inequality with three integers. We could use 0rdGroup_triangle_ineq3,
but since simp cannot translate the notation directly, it is simpler to reprove

it for integers.

lemma (in intO) Int_triangle_ineq3:
assumes Al: meZ neZ keZ
shows abs (m+n+k) < abs(m)+abs(n)+abs (k)
proof -
from A1 have T: m+tn € Z abs(k) € Z
using Int_ZF_1_T2 groupO.group_op_closed Int_ZF_2_L14
by auto
with A1 have abs(m+n+k) < abs(m+n) + abs(k)
using Int_triangle_ineq by simp
moreover from A1 T have
abs(m+n) + abs(k) < abs(m) + abs(n) + abs(k)
using Int_triangle_ineq int_ord_transl_inv by simp
ultimately show thesis by (rule Int_order_transitive)
qed

The next lemma shows what happens when one integers is not greater or
equal than another.
lemma (in int0) Int_ZF_2_L19:

assumes Al: mcZ neZ and A2: —(n<m)
shows m<n (-n) < (-m) m#n

proof -
from A1 A2 show m<n using Int_ZF_2_T1 IsTotal_def
by auto
then show (-n) < (-m) using Int_ZF_2_L10
by simp
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from A1 have n < n using int_ord_is_refl refl_def
by simp
with A2 show m#n by auto
qed

If one integer is greater or equal and not equal to another, then it is not
smaller or equal.

lemma (in int0) Int_ZF_2_L19AA: assumes Al: m<n and A2: m#n
shows —(n<m)
proof -
from A1 A2 have
group3(Z, IntegerAddition, IntegerOrder)
(m,n) € IntegerOrder
m#n
using Int_ZF_2_T1 by auto
then have (n,m) ¢ IntegerOrder
by (rule group3.0rderedGroup_ZF_1_L8AA)
thus —(n<m) by simp
qed

The next lemma allows to prove theorems for the case of positive and neg-
ative integers separately.

lemma (in int0) Int_ZF_2_L19A: assumes Al: meZ and A2: —(0<m)
shows m<0 0 < (-m) m#0
proof -
from A1 have T1: 0 € Z
using Int_ZF_1_T2 group0.group0_2_L2 by auto
with A1 show m<0 by (rule Int_ZF_2_L19)
from A1 T1 show m#0 by (rule Int_ZF_2_L19)
from A1 T1 have (-0)<(-m) by (rule Int_ZF_2_L19)
then show 0 < (-m)
using Int_ZF_1_T2 group0.group_inv_of_one by simp
qed

We can prove a theorem about integers by proving that it holds for m = 0,
m €Z+ and —m €Z+
lemma (in int0) Int_ZF_2_L19B:

assumes meZ and Q(0) and VneZ,. Q(n) and VneZ,. Q(-n)
shows Q(m)

proof -
let G = Z
let P = IntegerAddition
let r = IntegerOrder
let b =m

from prems have
group3(G, P, r)
r {is total on} G
beaG
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Q(TheNeutralElement (G, P))
Va€cPositiveSet(G, P, r). Q(a)
VacPositiveSet (G, P, r). Q(GroupInv(G, P)(a))
using Int_ZF_2_T1 by auto
then show Q(b) by (rule group3.0rderedGroup_ZF_1_L18)
qed

An integer is not greater than its absolute value.

lemma (in int0) Int_ZF_2_L19C: assumes Al: meZ
shows
m < abs(m)
(-m) < abs(m)
using prems Int_ZF_2_T1
group3.0rderedGroup_ZF_3_L5 group3.0rderedGroup_ZF_3_L6
by auto

|m —n|=|n—m]|.

lemma (in int0) Int_ZF_2_L20: assumes mcZ ncZ
shows abs(m-n) = abs(n-m)
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_3_L7B by simp

We can add the sides of inequalities with absolute values.

lemma (in int0) Int_ZF_2_L21:
assumes Al: meZ neZ
and A2: abs(m) < k abs(n) <1
shows
abs(m+n) < k + 1
abs(m-n) < k + 1
using prems Int_ZF_1_T2 Int_ZF_2_T1
group3.0rderedGroup_ZF_3_L7C group3.0rderedGroup_ZF_3_L7CA
by auto

Absolute value is nonnegative.

lemma (in int0) int_abs_nonneg: assumes Al: meZ
shows abs(m) € ZT 0 < abs(m)
proof -
have AbsoluteValue(Z,IntegerAddition,IntegerOrder) : Z—Z"
using Int_ZF_2_T1 group3.0rderedGroup_ZF_3_L3C by simp
with A1 show abs(m) € Z* using apply_funtype
by simp
then show 0 < abs(m)
using Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L2 by simp
qed

If an nonnegative integer is less or equal than another, then so is its absolute
value.

lemma (in int0) Int_ZF_2_L23:
assumes 0<m m<k
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shows abs(m) < k
using prems Int_ZF_2_L16 by simp

23.3 Induction on integers.

In this section we show some induction lemmas for integers. The basic tools
are the induction on natural numbers and the fact that integers can be
written as a sum of a smaller integer and a natural number.

An integer can be written a a sum of a smaller integer and a natural number.

lemma (in int0) Int_ZF_3_L2: assumes Al: i < m
shows dn€nat. m = i $+ $# n
proof (cases i=m)
let n =0
assume A2: i=m
from A1 A2 have n € nat m = i $+ $# n
using Int_ZF_2_L1A zadd_intO_right by auto
thus dn€nat. m = i $+ $# n by blast
next
assume A3: i#m
with Al have i $< m i€Z meZ
using Int_ZF_2_L9 Int_ZF_2_L1A by auto
then obtain k where D1: k€nat m = i $+ $# succ(k)
using zless_imp_succ_zadd_lemma by auto
let n = succ(k)
from D1 have n€nat m = i $+ $# n by auto
thus In€nat. m = i $+ $# n by simp
qed

Induction for integers, the induction step.

lemma (in int0) Int_ZF_3_L6: assumes Al: i€Z
and A2: Vm. i<m A Q(m) — Q(m $+ ($# 1))
shows Vkenat. Q(i $+ ($# k)) — QG $+ ($# succ(k)))
proof
fix k assume A3: k€énat show Q(i $+ $# k) — Qi $+ $# succ(k))
proof
assume A4: Q(i $+ $# k)
from A1 A3 have i< i $+ ($# k) using Int_ZF_2_L12
by simp
with A4 A2 have Q(i $+ ($# k) $+ ($# 1)) by simp
then show Q(i $+ ($# succ(k))) using Int_ZF_2_L11 by simp
qed
qed

Induction on integers, version with higher-order increment function.

lemma (in int0) Int_ZF_3_L7:
assumes Al: i<k and A2: Q(i)
and A3: Vm. i<m A Q(m) — Q(m $+ ($# 1))
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shows Q(k)
proof -
from A1 obtain n where D1: n€énat and D2: k = i $+ $# n
using Int_ZF_3_L2 by auto
from A1 have T1: i€Z using Int_ZF_2_L1A by simp
from D1 have nénat .
moreover from Al have Q(i $+ $#0)
using Int_ZF_2_L1A zadd_intO by simp
moreover from T1 A3 have
Vkenat. QUi $+ ($# k)) — Q@ $+ ($# succ(k)))
by (rule Int_ZF_3_L6)
ultimately have Q(i $+ ($# n)) by (rule Nat_ZF_1_L2)
with D2 show Q(k) by simp
qed

Induction on integer, implication between two forms of the induction step.

lemma (in int0) Int_ZF_3_L7A: assumes
Al: Vm. i<m A Q(m) — Q(m+1)
shows Vm. i<m A Q(m) — Q(m $+ ($# 1))
proof -
{ fix m assume i<m A Q(m)
with A1 have T1: meZ Q(m+l) using Int_ZF_2_L1A by auto
then have m+1 = m+($# 1) using Int_ZF_1_L8 by simp
with T1 have Q(m $+ ($# 1)) using Int_ZF_1_L2
by simp
} then show thesis by simp
qed

Induction on integers, version with ZF increment function.

theorem (in int0) Induction_on_int:

assumes Al: i<k and A2: Q(i)

and A3: Vm. i<m A Q(m) — Q(m+1)

shows Q(k)
proof -

from A3 have Vm. i<m A Q(m) — Qm $+ ($# 1))

by (rule Int_ZF_3_L7A)

with A1 A2 show thesis by (rule Int_ZF_3_L7)

qed

Another form of induction on integers. This rewrites the basic theorem
Int_ZF_3_L7 substituting P(—k) for Q(k).
lemma (in int0) Int_ZF_3_L7B: assumes Al: i<k and A2: P($-i)
and A3: Vm. i<m A P($-m) — P($-(m $+ ($# 1)))
shows P($-k)
proof -
from A1 A2 A3 show P($-k) by (rule Int_ZF_3_L7)
qed

Another induction on integers. This rewrites Int_ZF_3_L7 substituting —k
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for k and —i for 3.

lemma (in int0) Int_ZF_3_L8: assumes Al: k<i and A2: P(i)

and A3: Vm. $-i<m A P($-m) — P($-(m $+ ($# 1)))

shows P (k)
proof -

from A1 have T1: $-i<$-k using Int_ZF_2_L10 by simp

from A1 A2 have T2: P($- $- i) using Int_ZF_2_L1A zminus_zminus

by simp

from T1 T2 A3 have P($-($-k)) by (rule Int_ZF_3_L7)

with A1 show P(k) using Int_ZF_2_L1A zminus_zminus by simp
qed

An implication between two forms of induction steps.

lemma (in int0) Int_ZF_3_L9: assumes Al: i€Z
and A2: Vn. n<i A P(n) — P(n $+ $-($#1))
shows Vm. $-i<m A P($-m) — P($-(m $+ ($# 1)))
proof
fix m show $-i<m A P($-m) — P($-(m $+ ($# 1)))
proof
assume A3: $- i < m A P($- m)
then have $- i < m by simp
then have $-m < $- ($- i) by (rule Int_ZF_2_L10)
with A1 A2 A3 show P($-(m $+ ($# 1)))
using zminus_zminus zminus_zadd_distrib by simp
qed
qed

Backwards induction on integers, version with higher-order decrement func-
tion.

lemma (in int0) Int_ZF_3_L9A: assumes Al: k<i and A2: P(i)
and A3: Vn. n<i A P(n) —P(n $+ $-($#1))
shows P (k)
proof -
from A1 have T1: i€Z using Int_ZF_2_L1A by simp
from T1 A3 have T2: Vm. $-i<m A P($-m) — P($-(m $+ ($# 1)))
by (rule Int_ZF_3_L9)
from A1 A2 T2 show P(k) by (rule Int_ZF_3_L8)
qed

Induction on integers, implication between two forms of the induction step.

lemma (in int0) Int_ZF_3_L10: assumes
Al: Vn. n<i A P(n) — P(-1)
shows Vn. n<i A P(n) — P(n $+ $-($#1))
proof -
{ fix n assume n<i A P(n)
with A1 have T1: neZ P(n-1) using Int_ZF_2_L1A by auto
then have n-1 = n-($# 1) using Int_ZF_1_L8 by simp
with T1 have P(n $+ $-($#1)) using Int_ZF_1_L10 by simp
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} then show thesis by simp
qed

Backwards induction on integers.

theorem (in int0) Back_induct_on_int:
assumes Al: k<i and A2: P(i)
and A3: Vn. n<i A P(n) — P(n-1)
shows P (k)
proof -
from A3 have Vn. n<i A P(n) — P(n $+ $-($#1))
by (rule Int_ZF_3_L10)
with A1 A2 show P(k) by (rule Int_ZF_3_L9A)
qed

23.4 Bounded vs. finite subsets of integers

The goal of this section is to establish that a subset of integers is bounded
is and only is it is finite. The fact that all finite sets are bounded is already
shown for all linearly ordered groups in OrderedGroups_ZF.thy. To show the
other implication we show that all intervals starting at 0 are finite and then
use a result from OrderedGroups_ZF.thy.

There are no integers between k£ and k + 1.

lemma (in int0) Int_ZF_4_L1:
assumes Al: k€Z meZ nenat and A2: k $+ $#1 = m $+ $#n
shows m = k $+ $#1 Vv m < k
proof (cases n=0)
assume n=0
with A1 A2 show m = k $+ $#1 Vv m < k
using zadd_int0 by simp
next assume n#0
with A1 obtain j where D1: j€nat n = succ(j)
using Nat_ZF_1_L3 by auto
with A1 A2 D1 show m = k $+ $#1 Vv m < k
using Int_ZF_2_L13 by simp
qed

A trivial calculation lemma that allows to subtract and add one.

lemma Int_ZF_4_L1A:
assumes meint shows m $- $#1 $+ $#1 = m
using prems eq_zdiff_iff by auto

There are no integers between k and k + 1, another formulation.

lemma (in int0) Int_ZF_4_L1B: assumes Al1: m < L
shows
m=1LVntl <
m=LVm<L-

proof -

L
1
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let k = L $- $#1
from Al have Tl: meZ LeZ L =k $+ $#1
using Int_ZF_2_L1A Int_ZF_4_L1A by auto
moreover from Al obtain n where D1: n€nat L =m $+ $# n
using Int_ZF_3_L2 by auto
ultimately have m = L Vv m < k
using Int_ZF_4_L1 by simp
with T1 show m = L V m+tl < L
using Int_ZF_2_L9A by auto
with T1 show m =L Vm < L-1
using Int_ZF_1_L8A Int_ZF_2_L9B by simp
qed

Ifjem.k+1,then jem.norj=%k+1.

lemma (in intO) Int_ZF_4_L2: assumes Al: keZ
and A2: j € m..(k $+ $#1)
shows j € m..k V j € {k $+ $#1}
proof -
from A2 have T1: m<j j<(k $+ $#1) using Order_ZF_2_L1A
by auto
then have T2: me€Z je€Z using Int_ZF_2_L1A by auto
from T1 obtain n where ncnat k $+ $#1 = j $+ $# n
using Int_ZF_3_L2 by auto
with A1 T1 T2 have (m<j A j < k) V j € {k $+ $#1}
using Int_ZF_4_L1 by auto
then show thesis using Order_ZF_2_L1B by auto
qed

Extending an integer interval by one is the same as adding the new endpoint.

lemma (in int0) Int_ZF_4_L3: assumes Al: m< k
shows m..(k $+ $#1) = m..k U {k $+ $#1}
proof
from Al have T1: me€Z k€Z using Int_ZF_2_L1A by auto
then show m .. (k $+ $# 1) Cm .. k U {k $+ $# 13}
using Int_ZF_4_L2 by auto
from T1 have m< m using Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L3
by simp
with T1 A1 havem .. kx Cm .. (k $+ $# 1)
using Int_ZF_2_L12 Int_ZF_2_L6 Order_ZF_2_L3 by simp
with T1 Al show m..k U {k $+ $#1} C m..(k $+ $#1)
using Int_ZF_2_L12A int_ord_is_refl Order_ZF_2_L2 by auto
qed

Integer intervals are finite - induction step.

lemma (in int0) Int_ZF_4_L4:
assumes Al: i<m and A2: i..m € Fin(Z)
shows i..(m $+ $#1) € Fin(Z)
using prems Int_ZF_4_L3 by simp
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Integer intervals are finite.

lemma (in int0) Int_ZF_4_L5: assumes Al: i€Z keZ
shows i..k € Fin(Z)
proof (cases i< k)
assume A2: i<k
moreover from Al have i..i € Fin(Z)
using int_ord_is_refl Int_ZF_2_L4 Order_ZF_2_L4 by simp
moreover from A2 have
Vm. i<m A i..m € Fin(Z) — i..(m $+ $#1) € Fin(Z)
using Int_ZF_4_L4 by simp
ultimately show i..k € Fin(Z) by (rule Int_ZF_3_L7)
next assume — i < k
then show i..k € Fin(Z) using Int_ZF_2_L6 Order_ZF_2_L5
by simp
qed

Bounded integer sets are finite.

lemma (in int0) Int_ZF_4_L6: assumes Al: IsBounded(A,IntegerOrder)
shows A € Fin(Z)
proof -
have T1: Vm € Nonnegative(Z,IntegerAddition,IntegerQOrder).
$#0..m € Fin(Z)
proof
fix m assume m € Nonnegative(Z,IntegerAddition,IntegerOrder)
then have meZ using Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L4E
by auto
then show $#0..m € Fin(Z) using Int_ZF_4_L5 by simp
qed
have group3(Z,IntegerAddition,IntegerQOrder)
using Int_ZF_2_T1 by simp
moreover from T1 have Vm € Nonnegative(Z,IntegerAddition,IntegerQOrder) .
Interval (IntegerOrder,TheNeutralElement (Z,IntegerAddition) ,m)
€ Fin(Z) using Int_ZF_1_1L8 by simp
moreover from Al have IsBounded(A,IntegerOrder) .
ultimately show A € Fin(Z) by (rule group3.0rderedGroup_ZF_2_T1)
qed

A subset of integers is bounded iff it is finite.

theorem (in int0) Int_bounded_iff_fin:
shows IsBounded(A,IntegerOrder)«— A€Fin(Z)
using Int_ZF_4_L6 Int_ZF_2_T1 group3.ord_group_fin_bounded
by blast

The image of an interval by any integer function is finite, hence bounded.

lemma (in int0) Int_ZF_4_L8:
assumes Al: i€eZ keZ and A2: f:Z—7Z
shows
f(i..k) € Fin(Z)
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IsBounded(f(i..k),IntegerOrder)
using prems Int_ZF_4_L5 Finitel L6A Int_bounded_iff_fin
by auto

If for every integer we can find one in A that is greater or equal, then A is
is not bounded above, hence infinite.

lemma (in int0) Int_ZF_4_L9: assumes Al: VmeZ. JkeA. m<k
shows
—IsBoundedAbove (A, IntegerOrder)

A ¢ Fin(Z)
proof -
have Z # {0}

using Int_ZF_1_L8A int_zero_not_one by blast
with Al show
—IsBoundedAbove (A, IntegerOrder)
A ¢ Fin(Z)
using Int_ZF_2_T1 group3.0rderedGroup_ZF_2_L2A
by auto
qed

end
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24 Int_ZF_1.thy

theory Int_ZF_1 imports Int_ZF OrderedRing_ ZF
begin

This theory file considers the set of integers as an ordered ring.

24.1 Integers as a ring
In this section we show that integers form a commutative ring.

The next lemma provides the condition to show that addition is distributive
with respect to multiplication.

lemma (in int0) Int_ZF_1_1_L1: assumes Al: acZ beZ ceZ
shows
a-(btc) = ab + ac
(b+c)-a = b-a + c-a
using prems Int_ZF_1_L2 zadd_zmult_distrib zadd_zmult_distrib2
by auto

Integers form a commutative ring, hence we can use theorems proven in
ring0 context (locale).

lemma (in int0) Int_ZF_1_1_L2: shows
IsAring(Z ,IntegerAddition, IntegerMultiplication)
IntegerMultiplication {is commutative on} Z
ring0(Z,IntegerAddition, IntegerMultiplication)
proof -
have VacZ .VbeZ .VceZ.
a-(b+tc) = ab + a:c A (b*tc)-a = ba + ca
using Int_ZF_1_1_L1 by simp
then have IsDistributive(Z,IntegerAddition,IntegerMultiplication)
using IsDistributive_def by simp
then show IsAring(Z,IntegerAddition,IntegerMultiplication)
ring0(Z,IntegerAddition, IntegerMultiplication)
using Int_ZF_1_T1 Int_ZF_1_T2 IsAring_def ring0O_def
by auto
have VacZ .VbeZ. a-b = b-a using Int_ZF_1_L4 by simp
then show IntegerMultiplication {is commutative on} Z
using IsCommutative_def by simp
qed

Zero and one are integers.

lemma (in int0) int_zero_one_are_int: shows 0cZ 1¢Z
using Int_ZF_1_1_L2 ring0.Ring ZF_1_L2 by auto

Negative of zero is zero.

lemma (in int0) int_zero_one_are_intA: shows (-0) = 0
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using Int_ZF_1_T2 groupO.group_inv_of_one by simp

Properties with one integer.

lemma (in int0) Int_ZF_1_1_L4: assumes Al: a € Z
shows

proof -
from A1 show
at0 = a O+a = a a-l = a
l.a=a a-a = 0 a-0 = a
(-a) € Z 2a=ata (-(-a)) =a
using Int_ZF_1_1_L2 ring0.Ring ZF_1_L3 by auto
from A1 show 0-a =0 a0=20
using Int_ZF_1_1_L2 ring0.Ring_ZF_1_L6 by auto
qed

Properties that require two integers.

lemma (in int0) Int_ZF_1_1_L5: assumes Al: acZ beZ
shows
atb € Z
a-b € Z
ab e ”Z
atb = b+a
ab = ba
(-b)-a = (-a)-b
(-(atb)) = (-a)-b
(-(a-b)) = ((-a)+b)
(-a)b = -(a'b)
a-(-b) = -(ab)
(-a)-(-b) = ab
using prems Int_ZF_1_1_L2 ring0.Ring ZF_1_L4 ringO.Ring ZF_1_L9

ring0.Ring_ZF_1_L7 ringO.Ring ZF_1_L7A Int_ZF_1_L4 by auto

2 and 3 are integers.

lemma (in int0) int_two_three_are_int: shows 2 € Z 3 € Z
using int_zero_one_are_int Int_ZF_1_1_L5 by auto

Another property with two integers.
lemma (in int0) Int_ZF_1_1_L5B:

assumes Al: acZ beZ

shows a-(-b) = atb

using prems Int_ZF_1_1_L2 ring0.Ring ZF_1_L9
by simp
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Properties that require three integers.

lemma (in int0) Int_ZF_1_1_L6: assumes Al: acZ beZ ceZ
shows
a-(b+c) = a-b-c
a-(b-c) = a-b+c
a-(b-c) = ab - ac
(b-c)-a = b-a - ca
using prems Int_ZF_1_1_L2 ring0.Ring ZF_1_L10 ringO.Ring ZF_1_L8
by auto

One more property with three integers.

lemma (in int0) Int_ZF_1_1_L6A: assumes Al: acZ beZ ceZ
shows a+(b-c) = at+b-c
using prems Int_ZF_1_1_L2 ring0.Ring ZF_1_L10A by simp

Associativity of addition and multiplication.

lemma (in int0) Int_ZF_1_1_L7: assumes Al: acZ beZ ceZ
shows
atb+c = a+(b+c)
ab-c = a-(b-c)
using prems Int_ZF_1_1_L2 ring0.Ring_ZF_1_L11 by auto

24.2 Rearrangement lemmas

In this section we collect lemmas about identities related to rearranging the
terms in expresssions

A formula with a positive integer.

lemma (in int0) Int_ZF_1_2_L1: assumes 0<a
shows abs(a)+1 = abs(a+1)
using prems Int_ZF_2_L16 Int_ZF_2_L12A by simp

A formula with two integers, one positive.

lemma (in int0) Int_ZF_1_2_L2: assumes Al: acZ and A2: 0<b
shows a+(abs(b)+1)-a = (abs(b+1)+1)-a
proof -
from A2 have T1: abs(b+l) € Z
using Int_ZF_2_L12A Int_ZF_2_L1A Int_ZF_2_L14 by blast
with A1 A2 show thesis
using Int_ZF_1_2 L1 Int_ZF_1_1_L2 ring0.Ring ZF_2_L1
by simp
qed

A couple of formulae about canceling opposite integers.

lemma (in int0) Int_ZF_1_2_L3: assumes Al: acZ beZ
shows
atb-a = b
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a+(b-a)

atb-b = a

a-b+b = a

(ma)+(atb) = b

a+(b-a) = b

(-b)+(a+b) = a

a-(b+a) = -b

a-(atb) = -b

a-(a-b) = b

a-b-a = -b

a-b - (atb) = (-b)-Db

using prems Int_ZF_1_T2 groupO.group0_4_L6A groupO.group0_2_L16
group0.group0_2_L16A groupO.group0_4_L6AA groupO.group0_4_L6AB
group0.group0_4_L6F group0.group0_4_L6AC by auto

I
o’

Subtracting one does not increase integers. This may be moved to a theory
about ordered rings one day.

lemma (in int0) Int_ZF_1_2_L3A: assumes Al: a<b
shows a-1 < b
proof -
from A1 have b+1-1 = b
using Int_ZF_2_L1A int_zero_one_are_int Int_ZF_1_2_L3 by simp
moreover from Al have a-1 < b+1-1
using Int_ZF_2_L12A int_zero_one_are_int Int_ZF_1_1_L4 int_ord_transl_inv
by simp
ultimately show a-1 < b by simp
qed

Subtracting one does not increase integers, special case.

lemma (in int0) Int_ZF_1_2_L3AA:
assumes Al: acZ shows
a-1 <a
a-1 # a
—(a<a-1)
—(a+l <a)
—-(1+a <a)
proof -
from A1l have a<a using int_ord_is_refl refl_def
by simp
then show a-1 <a using Int_ZF_1_2_L3A
by simp
moreover from Al show a-1 # a using Int_ZF_1_L14 by simp
ultimately show I: —(a<a-1) using Int_ZF_2_L19AA
by blast
with A1 show —(a+l <a)
using int_zero_one_are_int Int_ZF_2_L9B by simp
with A1 show —(1+a <a)
using int_zero_one_are_int Int_ZF_1_1_L5 by simp
qed
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A formula with a nonpositive integer.

lemma (in int0) Int_ZF_1_2_L4: assumes a<0
shows abs(a)+1 = abs(a-1)
using prems int_zero_one_are_int Int_ZF_1_2_L3A Int_ZF_2_T1

group3.0rderedGroup_ZF_3_L3A Int_ZF_2_L1A
int_zero_one_are_int Int_ZF_1_1_L5 by simp

A formula with two integers, one negative.

lemma (in int0) Int_ZF_1_2_L5: assumes Al: acZ and A2: b<0
shows a+(abs(b)+1)-a = (abs(b-1)+1)-a
proof -
from A2 have abs(b-1) € Z
using int_zero_one_are_int Int_ZF_1_2 L3A Int_ZF_2_L1A Int_ZF_2_L14

by blast
with A1 A2 show thesis
using Int_ZF_1_2_L4 Int_ZF_1_1_L2 ring0.Ring ZF_2_L1
by simp
qed

A rearrangement with four integers.

lemma (in int0) Int_ZF_1_2_L6:
assumes Al: acZ beZ ceZ deZ
shows
a-(b-1)-c = (d-b-c)-(d-a-c)
proof -
from A1 have T1:
(d-bc) € Z d-a € Z (-(bc)) € Z
using Int_ZF_1_1_L5 Int_ZF_1_1_L4 by auto
with A1 have
(d-b-c)-(d-a-c) = (-(b-c))+a+tc
using Int_ZF_1_1 16 Int_ZF_1_2_L3 by simp
also from A1 T1 have (-(b-c))+a+c = a-(b-1)-c
using int_zero_one_are_int Int_ZF_1_1_16 Int_ZF_1_1_L14 Int_ZF_1_1_L5
by simp
finally show thesis by simp
qed

Some other rearrangements with two integers.

lemma (in int0) Int_ZF_1_2_L7: assumes acZ becZ

shows

ab = (a-1)-b+b
a-(b+1) = ab+a
(b+1)-a = b-ata
(b+1)-a = at+b-a

using prems Int_ZF_1_1_L1 Int_ZF_1_1_L5 int_zero_one_are_int

Int _ZF_1_1_16 Int_ZF_1_1_14 Int_ZF_1_T2 groupO.group0_2_L16
by auto
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Another rearrangement with two integers.

lemma (in int0) Int_ZF_1_2_L8:
assumes Al: a€Z beZ
shows a+1+(b+1) = b+a+2
using prems int_zero_one_are_int Int_ZF_1_T2 groupO.group0_4_L38
by simp

A couple of rearrangement with three integers.

lemma (in int0) Int_ZF_1_2_L9:
assumes acZ beZ ce”Z
shows
(a-b)+(b-c) = a-c
(a-b)-(a-c) = c-b
a+(b+(c-a-b)) = ¢
(-a)-b+c = c-a-b
(-b)-a+c = c-a-b
(-((-a)+b+c)) = a-b-c
atb+c-a = b+c
a+b-(a+c) = b-c
using prems Int_ZF_1_T2
group0.group0_4_L4B group0.group0_4_L6D groupO.group0_4_L4D
group0.group0_4_L6B group0.group0_4_L6E
by auto

Another couple of rearrangements with three integers.

lemma (in int0) Int_ZF_1_2_L9A:
assumes Al: acZ beZ ce”Z
shows (-(a-b-c)) = c+b-a
proof -
from A1 have T:
ab € Z (-(a-b)) € Z (-b) € Z using
Int_ZF_1_1_L4 Int_ZF_1_1_L5 by auto
with A1 have (-(a-b-c)) = ¢ - ((-b)+a)
using Int_ZF_1_1_L5 by simp

also from A1 T have ... = c+b-a
using Int_ZF_1_1_16 Int_ZF_1_1_L5B
by simp
finally show (-(a-b-c)) = c+b-a
by simp
qed

Another rearrangement with three integers.

lemma (in int0) Int_ZF_1_2_L10:
assumes Al: acZ beZ ceZ
shows (a+1)b + (c+1)-b = (c+a+2)b
proof -
from A1 have a+l € Z c+1 € Z
using int_zero_one_are_int Int_ZF_1_1_L5 by auto
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with A1 have
(at1)b + (c+1)-b = (a+l+(c+1))-b
using Int_ZF_1_1_L1 by simp
also from Al have ... = (c+a+2)b
using Int_ZF_1_2_L8 by simp
finally show thesis by simp
qed

A technical rearrangement involing inequalities with absolute value.

lemma (in int0) Int_ZF_1_2_L10A:
assumes Al: acZ beZ c€Z el
and A2: abs(ab-c) < d abs(b-a-e) < f
shows abs(c-e) < f+d
proof -
from A1 A2 have T1i:
deZ f€Z ab € Z ab-c € Z ba-e € Z
using Int_ZF_2_L1A Int_ZF_1_1_L5 by auto
with A2 have
abs((b-a-e)-(ab-c)) < f +d
using Int_ZF_2_L21 by simp
with A1 T1 show abs(c-e) < f+d
using Int_ZF_1_1_L5 Int_ZF_1_2_L9 by simp
qed

Some arithmetics.

lemma (in int0) Int_ZF_1_2_L11: assumes Al: acZ
shows
a+l+2 = a+3
a=2a-a
proof -
from A1 show a+1+2 = a+3
using int_zero_one_are_int int_two_three_are_int Int_ZF_1_T2 groupO.group0_4_L4C
by simp
from Al show a = 2:a - a
using int_zero_one_are_int Int_ZF_1_1_L1 Int_ZF_1_1_14 Int_ZF_1_T2
group0.group0_2_L16
by simp
qed

A simple rearrangement with three integers.

lemma (in int0) Int_ZF_1_2_L12:
assumes acZ beZ ceZ
shows
(b-c)-a = ab - ac
using prems Int_ZF_1_1_L6 Int_ZF_1_1_L5 by simp

A big rearrangement with five integers.

lemma (in int0) Int_ZF_1_2_L13:
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assumes Al: acZ beZ ceZ deZ xZ
shows (x+(a-x+b)+c)-d = d-(a+l)-x + (b-d+c-d)
proof -

from A1 have T1i:
ax € Z (atl)x € Z
(atl)x + b e Z
using Int_ZF_1_1_L5 int_zero_one_are_int by auto

with A1 have (x+(a:x+b)+c)-d = ((a+l)-x + b)-d + c-d
using Int_ZF_1_1_L7 Int_ZF_1_2_L7 Int_ZF_1_1_L1
by simp

also from A1 T1 have ... = (a+1)xd + b - d + cd
using Int_ZF_1_1_L1 by simp

finally have (x+(a-x+b)+c)-d = (a+l)-xd + bd + cd
by simp

moreover from A1 T1 have (a+1)-x-d = d-(a+1l)-x
using int_zero_one_are_int Int_ZF_1_1_L5 Int_ZF_1_1_L7 by simp

ultimately have (x+(a:x+b)+c)-d = d-(a+1)-x + b-d + c-d
by simp

moreover from A1 T1 have
d(atl)x € Z bd € Z cd e ”Z
using int_zero_one_are_int Int_ZF_1_1_L5 by auto

ultimately show thesis using Int_ZF_1_1_L7 by simp
qed

Rerrangement about adding linear functions.

lemma (in int0) Int_ZF_1_2_L14:
assumes acZ beZ ceZ dcZ xeZ
shows (ax + b) + (cx + d) = (atc)x + (b+d)

using prems Int_ZF_1_1_L2 ring0.Ring ZF_2_L3 by simp

A rearrangement with four integers. Again we have to use the generic set
notation to use a theorem proven in different context.

lemma (in int0) Int_ZF_1_2_L15: assumes Al: acZ beZ c€Z deZ
and A2: a = b-c-d
shows
d = b-a-c
d = (-a)+b-c
b = at+d+c
proof -
let G = int
let £ = IntegerAddition
from A1 A2 have I:
group0(G, f) £ {is commutative on} G
aceG beGceG d4dea
a = f(f(b,GroupInv(G, f)(c)),GroupInv(G, f)(d))
using Int_ZF_1_T2 by auto
then have
d = £(f(b,GroupInv(G, f)(a)),GroupInv(G,f) (c))
by (rule groupO.groupO_4_L9)
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then show d = b-a-c by simp

from I have 4 = f{f(GroupInv(G, f)(a),b), GroupInv(G, f)(c))
by (rule groupO.group0_4_L9)

thus d = (-a)+b-c
by simp

from I have b = f(f(a, d),c)
by (rule groupO.group0O_4_L9)

thus b = atd+c by simp

qed

A rearrangement with four integers. Property of groups.

lemma (in int0) Int_ZF_1_2_L16:
assumes acZ beZ ccZ deZ
shows a+(b-c)+d = a+b+d-c

using prems Int_ZF_1_T2 groupO.group0_4_L8 by simp

Some rearrangements with three integers. Properties of groups.

lemma (in int0) Int_ZF_1_2_L17:
assumes Al: a€Z beZ ceZ
shows
atb-c+(c-b) = a
at(btc)-c = atb
proof -
let G = int
let £ = IntegerAddition
from A1 have I:
group0(G, f)
ac€cG beGeceg
using Int_ZF_1_T2 by auto
then have
f(f(f(a,b),GroupInv(G, f)(c)),f(c,GroupInv(G, £)(b))) = a
by (rule groupO.groupO_2_L14A)
thus a+b-c+(c-b) = a by simp
from I have
f(f(a,f(b,c)),GroupInv(G, £)(c)) = f(a,b)
by (rule groupO.groupO_2_L14A)
thus a+(b+c)-c = a+b by simp
qed

Another rearrangement with three integers. Property of abelian groups.

lemma (in int0) Int_ZF_1_2_L18:
assumes Al: acZ beZ ce”Z
shows a+b-c+(c-a) = b
proof -
let G = int
let £ = IntegerAddition
from A1 have
group0(G, f) £ {is commutative on} G
aeG beGcecegd
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using Int_ZF_1_T2 by auto
then have
f(f(f(a,b),GroupInv(G, £)(c)),f({c,GroupInv(G, f)(a))) = b
by (rule groupO.groupO_4_L6D)
thus atb-c+(c-a) = b by simp
qed

24.3 Integers as an ordered ring

We already know from Int_zF that integers with addition form a linearly
ordered group. To show that integers form an ordered ring we need the fact
that the set of nonnegative integers is closed under multiplication. Since we
don’t have the theory of oredered rings we temporarily put some facts about
integers as an ordered ring in this section.

We start with the property that a product of nonnegative integers is non-
negative. The proof is by induction and the next lemma is the induction
step.

lemma (in int0) Int_ZF_1_3_L1: assumes Al: 0<a 0<b
and A3: 0 < ab
shows 0 < a-(b+1)
proof -
from A1 A3 have 0+0 < a-b+a
using int_ineq_add_sides by simp
with A1 show 0 < a-(b+1)
using int_zero_one_are_int Int_ZF_1_1_L4 Int_ZF_2_L1A Int_ZF_1_2_L7

by simp
qed

Product of nonnegative integers is nonnegative.

lemma (in int0) Int_ZF_1_3_L2: assumes Al: 0<a 0<b
shows 0<a-b
proof -
from A1 have 0<b by simp
moreover from Al have 0 < a-0 using
Int_ZF_2_L1A Int_ZF_1_1_L4 int_zero_one_are_int int_ord_is_refl refl_def
by simp
moreover from A1 have
Vm. 0<m A 0<am — 0 < a-(m+1)
using Int_ZF_1_3_L1 by simp

ultimately show 0<ab by (rule Induction_on_int)
qed

The set of nonnegative integers is closed under multiplication.

lemma (in int0) Int_ZF_1_3_L2A: shows

Z" {is closed under} IntegerMultiplication
proof -
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{ fix a b assume acZ" beZ™"
then have ab €Z™*
using Int_ZF_1_3_L2 Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L2
by simp
} then have VacZ" .VbeZ".ab €Z' by simp
then show thesis using IsOpClosed_def by simp
qed

Integers form an ordered ring. All theorems proven in the ring1 context are
valid in int0O context.

theorem (in int0) Int_ZF_1_3_T1: shows
IsAnOrdRing(Z,IntegerAddition,IntegerMultiplication, IntegerOrder)
ringl(Z,IntegerAddition, IntegerMultiplication,IntegerOrder)
using Int_ZF_1_1_L2 Int_ZF_2_L1B Int_ZF_1_3_L2A Int_ZF_2_T1

OrdRing_ZF_1_L6 OrdRing_ZF_1_L2 by auto

Product of integers that are greater that one is greater than one. The proof
is by induction and the next step is the induction step.

lemma (in intO) Int_ZF_1_3_L3_indstep:
assumes Al: 1<a 1<b
and A2: 1 < ab
shows 1 < a-(b+1)
proof -
from A1 A2 have 1<2 and 2 < a-(b+1)
using Int_ZF_2_L1A int_ineq_add_sides Int_ZF_2_L16B Int_ZF_1_2_L7

by auto
then show 1 < a-(b+1) by (rule Int_order_transitive)
qed

Product of integers that are greater that one is greater than one.

lemma (in int0) Int_ZF_1_3_L3:
assumes Al: 1<a 1<b
shows 1 < a'b
proof -
from A1 have 1<b 1<a-l
using Int_ZF_2_L1A Int_ZF_1_1_L4 by auto
moreover from A1l have
Vm. 1<m A 1 < am — 1 < a-(m+1)
using Int_ZF_1_3_L3_indstep by simp
ultimately show 1 < ab by (rule Induction_on_int)
qed

la - (=b)] = [(—a)-b] = |(—a) - (=b)| = |a-b| This is a property of ordered
rings..

lemma (in int0) Int_ZF_1_3_L4: assumes acZ beZ
shows
abs((-a)-b) = abs(a‘b)
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abs(a:-(-b)) = abs(a'b)
abs((-a)-(-b)) = abs(a'b)
using prems Int_ZF_1_1_L5 Int_ZF_2_L17 by auto

Absolute value of a product is the product of absolute values. Property of
ordered rings.

lemma (in int0) Int_ZF_1_3_L5:
assumes Al: acZ beZ
shows abs(a-b) = abs(a)-abs(b)

using prems Int_ZF_1_3_T1 ringl.OrdRing ZF_2_L5 by simp

Double nonnegative is nonnegative. Property of ordered rings.

lemma (in int0) Int_ZF_1_3_L5A: assumes 0<a
shows 0<2-a
using prems Int_ZF_1_3_T1 ringl.OrdRing ZF_1_L5A by simp

The next lemma shows what happens when one integer is not greater or
equal than another.

lemma (in int0) Int_ZF_1_3_L6:
assumes Al: acZ beZ
shows —(b<a) «— a+l < b
proof
assume A3: —(b<a)
with A1 have a<b by (rule Int_ZF_2_L19)
then have a = b vV atl < b
using Int_ZF_4_L1B by simp
moreover from A1l A3 have a#b by (rule Int_ZF_2_L19)
ultimately show a+l < b by simp
next assume A4: a+l < b
{ assume b<a
with A4 have a+l < a by (rule Int_order_transitive)
moreover from A1 have a < a+l
using Int_ZF_2_L12B by simp
ultimately have a+l1 = a
by (rule Int_ZF_2_L3)
with A1 have False using Int_ZF_1_L14 by simp
} then show —(b<a) by auto
qed

Another form of stating that there are no integers between integers m and
m+ 1.

corollary (in intO) no_int_between: assumes Al: acZ beZ
shows b<a V a+l < b
using Al Int_ZF_1_3_L6 by auto

Another way of saying what it means that one integer is not greater or equal
than another.

corollary (in int0) Int_ZF_1_3_L6A:
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assumes Al: acZ beZ and A2: —(b<a)
shows a < b-1
proof -
from A1 A2 have a+1l -1 < b -1
using Int_ZF_1_3_L6 int_zero_one_are_int Int_ZF_1_1_L4
int_ord_transl_inv by simp
with A1 show a < b-1
using int_zero_one_are_int Int_ZF_1_2_L3
by simp
qed

Yet another form of stating that there are nointegers between m and m + 1.

lemma (in int0) no_int_betweeni:
assumes Al: a<b and A2: a#b
shows
atl < b
a < b-1
proof -
from A1 have T: a€Z beZ using Int_ZF_2_L1A

by auto
{ assume b<a
with A1 have a=b by (rule Int_ZF_2_L3)
with A2 have False by simp }
then have —(b<a) by auto
with T show
atl < b
a < b-1
using no_int_between Int_ZF_1_3_L6A by auto
qed

We can decompose proofs into three cases: a =b, a < b—1bor a > b+ 1b.

lemma (in int0) Int_ZF_1_3_L6B: assumes Al: acZ beZ
shows a=b V (a < b-1) V (b+l1l <a)

proof -
from A1 have a=b V (a<b A a#b) V (b<a A b+#a)

using Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L31
by simp
then show thesis using no_int_betweenl
by auto
qed

A special case of Int_ZF_1_3_L6B when b = 0. This allows to split the proofs

incasesa < —1,a=0and a > 1.

corollary (in intO) Int_ZF_1_3_L6C: assumes Al: acZ
shows a=0 Vv (a < -1) VvV (1<a)

proof -
from A1 have a=0 vV (a < 0 -1) Vv (0 +1 <a)
using int_zero_one_are_int Int_ZF_1_3_L6B by simp
then show thesis using Int_ZF_1_1_14 int_zero_one_are_int
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by simp
qed

An integer is not less or equal zero iff it is greater or equal one.

lemma (in int0) Int_ZF_1_3_L7: assumes acZ
shows —(a<0) «— 1 < a
using prems int_zero_one_are_int Int_ZF_1_3_L6 Int_ZF_1_1_L4

by simp

Product of positive integers is positive.

lemma (in int0) Int_ZF_1_3_L8:
assumes acZ beZ
and —(a<0) —(b<0)
shows —((a'b) < 0)
using prems Int_ZF_1_3_L7 Int_ZF_1_3_L3 Int_ZF_1_1_L5 Int_ZF_1_3_L7
by simp

If a - b is nonnegative and b is positive, then a is nonnegative. Proof by
contradiction.

lemma (in int0) Int_ZF_1_3_L9:
assumes Al: acZ beZ
and A2: —(b<0) and A3: ab < 0
shows a<0
proof -
{ assume —(a<0)
with A1 A2 have —((a:b) < 0) using Int_ZF_1_3_L8
by simp
} with A3 show a<0 by auto
qed

One integer is less or equal another iff the difference is nonpositive.

lemma (in int0) Int_ZF_1_3_L10:
assumes acZ beZ
shows a<b «— a-b < 0
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L9
by simp

Some conclusions from the fact that one integer is less or equal than another.

lemma (in int0) Int_ZF_1_3_L10A: assumes a<b
shows 0 < b-a
using prems Int_ZF_2_T1 group3.0OrderedGroup_ZF_1_L12A
by simp

We can simplify out a positive element on both sides of an inequality.

lemma (in int0) Int_ineq_simpl_positive:
assumes Al: acZ beZ ce”Z
and A2: ac < b-c and A4: —(c<0)
shows a < b
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proof -
from A1 A4 have a-b € Z ceZ —(c<0)
using Int_ZF_1_1_L5 by auto
moreover from A1 A2 have (a-b)-c < 0
using Int_ZF_1_1 L5 Int_ZF_1_3_L10 Int_ZF_1_1_L6
by simp
ultimately have a-b < 0 by (rule Int_ZF_1_3_L9)
with Al show a < b using Int_ZF_1_3_L10 by simp
qed

A technical lemma about conclusion from an inequality between absolute
values. This is a property of ordered rings.

lemma (in int0) Int_ZF_1_3_L11:
assumes Al: acZ beZ
and A2: —(abs(a) < abs(b))
shows —(abs(a) < 0)
proof -
{ assume abs(a) < 0
moreover from Al have 0 < abs(a) using int_abs_nonneg
by simp
ultimately have abs(a) = 0 by (rule Int_ZF_2_L3)
with A1 A2 have False using int_abs_nonneg by simp
} then show —(abs(a) < 0) by auto
qed

Negative times positive is negative. This a property of ordered rings.

lemma (in int0) Int_ZF_1_3_L12:
assumes a<0 and 0<b
shows ab < 0
using prems Int_ZF_1_3_T1 ringl.OrdRing ZF_1_L8

by simp

We can multiply an inequality by a nonnegative number. This is a property
of ordered rings.

lemma (in int0) Int_ZF_1_3_L13:
assumes Al: a<b and A2: 0<c
shows
a-c < b-c
ca < cb
using prems Int_ZF_1_3_T1 ringl.OrdRing_ZF_1_L9 by auto

A technical lemma about decreasing a factor in an inequality.

lemma (in int0) Int_ZF_1_3_L13A:
assumes 1<a and b<c and (a+1l)-c < d
shows (a+1l)b < d

proof -
from prems have

(a+1)b < (a+l)-c
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(atl)c < 4
using Int_ZF_2_L16C Int_ZF_1_3_L13 by auto

then show (a+1)b < d by (rule Int_order_transitive)
qed

We can multiply an inequality by a positive number. This is a property of
ordered rings.

lemma (in int0) Int_ZF_1_3_L13B:

assumes Al: a<b and A2: ceZ,

shows
a-c < b-c
ca < cb
proof -
let R = Z
let A = IntegerAddition
let M = IntegerMultiplication

let r = IntegerOrder
from A1 A2 have
ringl(R, A, M, r)
(a,b) € r
c € PositiveSet(R, A, r)
using Int_ZF_1_3_T1 by auto
then show
a-c < b-c
ca < cb
using ringl.0rdRing ZF_1_L9A by auto
qed

A rearrangement with four integers and absolute value.

lemma (in int0) Int_ZF_1_3_L14:
assumes Al: acZ beZ ceZ deZ
shows abs(a-b)+(abs(a)+c)-d = (d+abs(b))-abs(a)+c-d
proof -
from A1 have T1:
abs(a) € Z abs(b) € Z
abs(a)-abs(b) € Z
abs(a)d € Z
cd € Z
abs(b)+d € Z
using Int_ZF_2_L14 Int_ZF_1_1_L5 by auto
with A1 have abs(a-b)+(abs(a)+c)-d = abs(a)-(abs(b)+d)+c-d
using Int_ZF_1_3_L5 Int_ZF_1_1_ L1 Int_ZF_1_1_L7 by simp

with Al T1 show thesis using Int_ZF_1_1_L5 by simp
qed

A technical lemma about what happens when one absolute value is not
greater or equal than another.

lemma (in int0) Int_ZF_1_3_L15: assumes Al: meZ neZ
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and A2: —(abs(m) < abs(n))
shows n < abs(m) m#0
proof -
from A1 have Ti1: n < abs(n)
using Int_ZF_2_L19C by simp
from A1 have abs(n) € Z abs(m) € Z
using Int_ZF_2_L14 by auto
moreover from A2 have —(abs(m) < abs(n)) .
ultimately have abs(n) < abs(m)
by (rule Int_ZF_2_L19)
with T1 show n < abs(m) by (rule Int_order_transitive)
from A1 A2 show m#0 using Int_ZF_2_L18 int_abs_nonneg by auto
qed

Negative of a nonnegative is nonpositive.

lemma (in int0) Int_ZF_1_3_L16: assumes Al: 0 < m
shows (-m) < 0
proof -
from A1 have (-m) < (-0)
using Int_ZF_2_L10 by simp
then show (-m) < 0 using Int_ZF_1_L11
by simp
qed

Some statements about intervals centered at 0.

lemma (in int0) Int_ZF_1_3_L17: assumes Al: mcZ
shows
(-abs(m)) < abs(m)
(-abs(m))..abs(m) # 0
proof -
from A1 have (-abs(m)) < 0 0 < abs(m)
using int_abs_nonneg Int_ZF_1_3_L16 by auto
then show (-abs(m)) < abs(m) by (rule Int_order_transitive)
then have abs(m) € (-abs(m))..abs(m)
using int_ord_is_refl Int_ZF_2_L1A Order_ZF_2_L2 by simp
thus (-abs(m))..abs(m) # 0 by auto
qed

The greater of two integers is indeed greater than both, and the smaller one
is smaller that both.

lemma (in int0) Int_ZF_1_3_L18: assumes Al: mcZ neZ
shows
m < Greater0f (IntegerOrder,m,n)
n < GreaterOf (IntegerOrder,m,n)
SmallerOf (IntegerOrder,m,n) < m
SmallerOf (IntegerOrder,m,n) < n
using prems Int_ZF_2_T1 Order_ZF_3_L2 by auto

If |m| < n, then m € —n..n.
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lemma (in int0) Int_ZF_1_3_L19:
assumes Al: meZ and A2: abs(m) < n
shows
((n) <m m<n
m € (-n)..n
0<n
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_3_L8
group3.0rderedGroup_ZF_3_L8A Order_ZF_2_L1

by auto

A slight generalization of the above lemma.

lemma (in int0) Int_ZF_1_3_L19A:
assumes Al: meZ and A2: abs(m) < n and A3: 0<k
shows (-(n+k)) < m
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_3_L8B

by simp

Sets of integers that have absolute value bounded are bounded.

lemma (in int0) Int_ZF_1_3_L20:

assumes Al: VxeX. b(x) € Z N abs(b(x)) <L
shows IsBounded({b(x). x€X},IntegerOrder)

proof -
let G = Z
let P = IntegerAddition

let r = IntegerOrder

from A1 have
group3(G, P, r)
r {is total on} G
VxeX. b(x) € G A (AbsoluteValue(G, P, r) b(x), L) € r
using Int_ZF_2_T1 by auto

then show IsBounded({b(x). x€X},IntegerOrder)
by (rule group3.0rderedGroup_ZF_3_L9A)

qed

If a set is bounded, then the absolute values of the elements of that set are
bounded.

lemma (in int0) Int_ZF_1_3_L20A: assumes IsBounded(A,IntegerOrder)
shows dL. VacA. abs(a) < L
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_3_L10A
by simp

Absolute vaues of integers from a finite image of integers are bounded by an
integer.
lemma (in int0) Int_ZF_1_3_L20AA:
assumes Al: {b(x). x€Z} € Fin(Z)
shows JLeZ. VxeZ. abs(b(x)) < L
using prems int_not_empty Int_ZF_2_T1 group3.0rderedGroup_ZF_3_L11A
by simp
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If absolute values of values of some integer function are bounded, then the
image a set from the domain is a bounded set.

lemma (in int0) Int_ZF_1_3_L20B:

assumes f:X—7Z and ACX and VxcA. abs(f(x)) < L
shows IsBounded(f(A),IntegerOrder)

proof -
let G = Z
let P = IntegerAddition

let r = IntegerOrder
from prems have
group3(G, P, r)
r {is total on} G
f:X—G
ACX
Vx€A. (AbsoluteValue(G, P, r)(£f(x)), L) € r
using Int_ZF_2_T1 by auto
then show IsBounded(f(A), 1)
by (rule group3.0rderedGroup_ZF_3_L9B)
qed

A special case of the previous lemma for a function from integers to integers.

assumes f:Z—7Z and VmeZ. abs(f(m)) < L
shows f(Z) € Fin(Z)
proof -
from prems have f:Z—7Z Z C Z VneZ. abs(f(m)) < L
by auto
then have IsBounded(f(Z),IntegerOrder)
by (rule Int_ZF_1_3_L20B)
then show f(Z) € Fin(Z) using Int_bounded_iff_fin
by simp
qed

corollary (in int0O) Int_ZF_1_3_L20C:

A triangle inequality with three integers. Property of linearly ordered abelian
groups.

lemma (in intO) int_triangle_ineq3:
assumes Al: acZ beZ ce”Z
shows abs(a-b-c) < abs(a) + abs(b) + abs(c)
proof -
from Al have T: a-b € Z abs(c) € Z
using Int_ZF_1_1_L5 Int_ZF_2_L14 by auto
with A1 have abs(a-b-c) < abs(a-b) + abs(c)
using Int_triangle_ineql by simp
moreover from Al T have
abs(a-b) + abs(c) < abs(a) + abs(b) + abs(c)
using Int_triangle_ineql int_ord_transl_inv by simp
ultimately show thesis by (rule Int_order_transitive)
qed
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If a <cand b <c¢, then a +b<2-c. Property of ordered rings.
lemma (in int0) Int_ZF_1_3_L21:

assumes Al: a<c b<c shows at+b < 2-c
using prems Int_ZF_1_3_T1 ringl.OrdRing_ZF_2_L6 by simp

If an integer a is between b and b+ ¢, then |b — a| < ¢. Property of ordered
groups.

lemma (in int0) Int_ZF_1_3_L22:
assumes a<b and c€Z and b< c+a
shows abs(b-a) < ¢
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_3_L8C
by simp

An application of the triangle inequality with four integers. Property of
linearly ordered abelian groups.

lemma (in int0) Int_ZF_1_3_L22A:
assumes a€Z beZ ceZ de”Z
shows abs(a-c) < abs(a+b) + abs(c+d) + abs(b-d)
using prems Int_ZF_1_T2 Int_ZF_2_T1 group3.0rderedGroup_ZF_3_L7F

by simp

If an integer a is between b and b+ ¢, then |b — a| < ¢. Property of ordered
groups. A version of Int_ZF_1_3_L22 with sligtly different assumptions.

lemma (in int0) Int_ZF_1_3_L23:
assumes Al: a<b and A2: c€Z and A3: b< a+c
shows abs(b-a) < c¢
proof -
from A1 have a € Z
using Int_ZF_2_L1A by simp
with A2 A3 have b< c+a
using Int_ZF_1_1_L5 by simp
with A1 A2 show abs(b-a) < c
using Int_ZF_1_3_L22 by simp
qed

24.4 Maximum and minimum of a set of integers

In this section we provide some sufficient conditions for integer subsets to
have extrema (maxima and minima).

Finite nonempty subsets of integers attain maxima and minima.

theorem (in int0) Int_fin_have_max_min:
assumes Al: A € Fin(Z) and A2: A#0
shows
HasAmaximum(IntegerOrder,A)
HasAminimum(IntegerOrder,A)
Maximum(IntegerOrder,A) € A
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Minimum(IntegerOrder,A) € A
VxeA. x < Maximum(IntegerOrder,A)
Vx€A. Minimum(IntegerOrder,A) < x
Maximum(IntegerOrder,A) € Z
Minimum(IntegerOrder,A) € Z
proof -
from A1 have
A=0 V HasAmaximum(IntegerOrder,A) and
A=0 V HasAminimum(IntegerOrder,A)
using Int_ZF_2_T1 Int_ZF_2_L6 Finite_ZF_1_1_T1A Finite_ZF_1_1_T1B
by auto
with A2 show
HasAmaximum(IntegerOrder,A)
HasAminimum(IntegerOrder,A)
by auto
from A1 A2 show
Maximum(IntegerOrder,A) € A
Minimum(IntegerOrder,A) € A
VxeA. x < Maximum(IntegerOrder,A)
Vx€A. Minimum(IntegerOrder,A) < x
using Int_ZF_2_T1 Finite_ZF_1_T2 by auto
moreover from Al have ACZ using FinD by simp
ultimately show
Maximum(IntegerOrder,A) € Z
Minimum(IntegerOrder,A) € Z
by auto
qed

Bounded nonempty integer subsets attain maximum and minimum.

theorem (in int0) Int_bounded_have_max_min:
assumes IsBounded(A,IntegerOrder) and A#0
shows
HasAmaximum(IntegerOrder,A)
HasAminimum(IntegerOrder,A)
Maximum(IntegerOrder,A) € A
Minimum(IntegerOrder,A) € A
VxeA. x < Maximum(IntegerOrder,A)
Vx€A. Minimum(IntegerOrder,A) < x
Maximum(IntegerOrder,A) € Z
Minimum(IntegerOrder,A) € Z
using prems Int_fin _have_max_min Int_bounded_iff_fin
by auto

Nonempty set of integers that is bounded below attains its minimum.

theorem (in int0) int_bounded_below_has_min:
assumes Al: IsBoundedBelow(A,IntegerOrder) and A2: A#0
shows
HasAminimum(IntegerOrder,A)
Minimum(IntegerOrder,A) € A
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Vx€A. Minimum(IntegerOrder,A) < x
proof -
from A1 A2 have
IntegerOrder {is total on} Z
trans(IntegerOrder)
IntegerOrder C ZxZ
VA. IsBounded(A,IntegerOrder) A A#0 — HasAminimum(IntegerOrder,A)
A#0 IsBoundedBelow(A,IntegerOrder)
using Int_ZF_2_T1 Int_ZF_2_L6 Int_ZF_2_L1B Int_bounded_have_max_min
by auto
then show HasAminimum(IntegerOrder,A)
by (rule Order_ZF_4_L11)
then show
Minimum(IntegerOrder,A) € A
Vx€A. Minimum(IntegerOrder,A) < x
using Int_ZF_2_L4 Order_ZF_4_L4 by auto
qed

Nonempty set of integers that is bounded above attains its maximum.

theorem (in int0) int_bounded_above_has_max:
assumes Al: IsBoundedAbove(A,IntegerOrder) and A2: A#0
shows
HasAmaximum(IntegerOrder,A)
Maximum(IntegerOrder,A) € A
Maximum(IntegerOrder,A) € Z
VxeA. x < Maximum(IntegerOrder,A)
proof -
from A1 A2 have
IntegerOrder {is total on} Z
trans (IntegerOrder) and
I: IntegerOrder C ZxZ and
VA. IsBounded(A,IntegerOrder) A A#0 — HasAmaximum(IntegerOrder,A)
A0 IsBoundedAbove(A,IntegerOrder)
using Int_ZF_2_T1 Int_ZF_2_L6 Int_ZF_2_L1B Int_bounded_have_max_min
by auto
then show HasAmaximum(IntegerOrder,A)
by (rule Order_ZF_4_L11A)
then show
II: Maximum(IntegerOrder,A) € A and
Vx€A. x < Maximum(IntegerOrder,A)
using Int_ZF_2_14 Order_ZF_4_L3 by auto
from I Al have A C Z by (rule Order_ZF_3_L1A)
with IT show Maximum(IntegerOrder,A) € Z by auto
qed

A set defined by separation over a bounded set attains its maximum and
minimum.

lemma (in int0) Int_ZF_1_4_L1:
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assumes Al: IsBounded(A,IntegerOrder) and A2: A#0
and A3: VqeZ. F(q) € Z
and A4: K = {F(q). q € A}
shows
HasAmaximum(IntegerOrder,K)
HasAminimum(IntegerOrder,K)
Maximum(IntegerOrder,K) € K
Minimum(IntegerOrder,K) € K
Maximum(IntegerOrder,K) € Z
Minimum(IntegerOrder,K) € Z
VqeA. F(q) < Maximum(IntegerOrder,K)
Vq€A. Minimum(IntegerOrder,K) < F(q)
IsBounded (K, IntegerOrder)
proof -
from A1 have A € Fin(Z) using Int_bounded_iff_fin
by simp
with A3 have {F(q). q € A} € Fin(Z)
by (rule Finitel_L6)
with A2 A4 have T1: K € Fin(Z) K#0 by auto
then show T2:
HasAmaximum(IntegerOrder,K)
HasAminimum(IntegerOrder,K)
and Maximum(IntegerOrder,K) € K
Minimum(IntegerOrder,K) € K
Maximum(IntegerOrder,K) € Z
Minimum(IntegerOrder,K) € Z
using Int_fin_have_max_min by auto
{ fix q assume q€A
with A4 have F(q) € K by auto
with T1 have
F(q) < Maximum(IntegerOrder,K)
Minimum(IntegerOrder,K) < F(q)
using Int_fin_have_max_min by auto
} then show
VaqeA. F(q) < Maximum(IntegerOrder,K)
Vq€A. Minimum(IntegerOrder,K) < F(q)
by auto
from T2 show IsBounded(K,IntegerOrder)
using Order_ZF_4_L7 Order_ZF_4_L8A IsBounded_def
by simp
qed

A three element set has a maximume and minimum.

lemma (in int0) Int_ZF_1_4_L1A: assumes Al: acZ beZ ceZ
shows
Maximum(IntegerOrder,{a,b,c}) € Z
a < Maximum(IntegerOrder,{a,b,c})
b Maximum(IntegerOrder,{a,b,c})

<
¢ < Maximum(IntegerOrder,{a,b,c})
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using prems Int_ZF_2_T1 Finite_ZF_1_L2A by auto

Integer functions attain maxima and minima over intervals.

lemma (in int0) Int_ZF_1_4_L2:
assumes Al: f:Z—Z and A2: a<b
shows
maxf(f,a..b) € Z
Vec € a..b. f(c)
Jdc € a..b. £(c)
minf(f,a..b) € Z
Vc € a..b. minf(f,a..b) < f(c)
dc € a..b. f(c) = minf(f,a..b)
proof -
from A2 have T: acZ beZ a..b C Z
using Int_ZF_2_L1A Int_ZF_2_L1B Order_ZF_2_L6
by auto
with A1 A2 have
Maximum(IntegerOrder,f(a..b)) € f(a..b)
Vxef(a..b). x < Maximum(IntegerOrder,f(a..b))
Maximum(IntegerOrder,f(a..b)) € Z
Minimum(IntegerOrder,f(a..b)) € f(a..b)
Vxef(a..b). Minimum(IntegerOrder,f(a..b)) < x
Minimum(IntegerOrder,f(a..b)) € Z
using Int_ZF_4_L8 Int_ZF_2_T1 group3.0rderedGroup_ZF_2_L6
Int_fin_have_max_min by auto
with A1 T show
maxf(f,a..b) € Z
Vc € a..b. f(c)
dc € a..b. f(c)
minf(f,a..b) € Z
Vc € a..b. minf(f,a..b) < f(c)
dc € a..b. f(c) = minf(f,a..b)
using func_imagedef by auto
qed

< maxf(f,a..b)
= maxf (f,a..b)

< maxf(f,a..b)
= maxf (f,a..b)

24.5 The set of nonnegative integers

The set of nonnegative integers looks like the set of natural numbers. We
explore that in this section. We also rephrasse some lemmas about the set
of positive integers known from the theory of oredered grups.

The set of positive integers is closed under addition.

lemma (in int0) pos_int_closed_add:
shows Z, {is closed under} IntegerAddition
using Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L13 by simp

Text expended version of the fact that the set of positive integers is closed
under addition
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lemma (in int0) pos_int_closed_add_unfolded:
assumes acZ, beZ, shows a+b € Z,
using prems pos_int_closed_add IsOpClosed_def
by simp

Z* is bounded below.

lemma (in int0) Int_ZF_1_5_L1: shows
IsBoundedBelow(Z™,IntegerOrder)
IsBoundedBelow(Z ,IntegerOrder)

using Nonnegative_def PositiveSet_def IsBoundedBelow_def by auto

Subsets of ZT are bounded below.

lemma (in int0) Int_ZF_1_5_L1A: assumes Al: A C Z*
shows IsBoundedBelow(A,IntegerOrder)
using A1 Int_ZF_1_5_L1 Order_ZF_3_L12 by blast

Subsets of Z are bounded below.

lemma (in int0) Int_ZF_1_5_L1B: assumes Al: A C Z

shows IsBoundedBelow(A,IntegerOrder)
using Al Int_ZF_1_5_L1 Order_ZF_3_L12 by blast

Every nonempty subset of positive integers has a mimimum.

lemma (in int0) Int_ZF_1_5_L1C: assumes A C Z, and A # 0
shows
HasAminimum(IntegerOrder,A)
Minimum(IntegerOrder,A) € A
Vx€A. Minimum(IntegerOrder,A) < x
using prems Int_ZF_1_5_L1B int_bounded_below_has_min by auto

Infinite subsets of ZT do not have a maximum - If A C Z* then for every
integer we can find one in the set that is not smaller.

lemma (in int0) Int_ZF_1_5_L2:
assumes Al: A C Z* and A2: A ¢ Fin(Z) and A3: DeZ
shows dncA. D<n
proof -
{ assume VneA. —(D<n)
moreover from A1l A3 have DeZ Vne€A. neZ
using Nonnegative_def by auto
ultimately have VneA. n<D
using Int_ZF_2_L19 by blast
hence VneA. (n,D) € IntegerOrder by simp
then have IsBoundedAbove(A,IntegerOrder)
by (rule Order_ZF_3_L10)
with Al A2 have False using Int_ZF_1_5_L1A IsBounded_def
Int_bounded_iff_fin by auto
} thus thesis by auto
qed
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Infinite subsets of Z; do not have a maximum - If A C Z, then for every
integer we can find one in the set that is not smaller. This is very similar to
Int_ZF_1_5_L2, except we have Z, instead of Z* here.

lemma (in int0) Int_ZF_1_5_L2A:
assumes Al: A C Z, and A2: A ¢ Fin(Z) and A3: DeZ
shows dneA. D<n
proof -
{ assume VnecA. —(D<n)
moreover from Al A3 have DeZ Vn€A. neZ
using PositiveSet_def by auto
ultimately have VneA. n<D
using Int_ZF_2_L19 by blast
hence VneA. (n,D) € IntegerOrder by simp
then have IsBoundedAbove(A,IntegerOrder)
by (rule Order_ZF_3_L10)
with A1 A2 have False using Int_ZF_1_5_L1B IsBounded_def
Int_bounded_iff_fin by auto
} thus thesis by auto
qed

An integer is either positive, zero, or its opposite is postitive.

lemma (in int0) Int_decomp: assumes meZ
shows Exactly_1_of_3_holds (m=0,meZ,,(-m)eZ,)
using prems Int_ZF_2_T1 group3.0rdGroup_decomp
by simp

An integer is zero, positive, or it’s inverse is positive.

lemma (in int0) int_decomp_cases: assumes meZ
shows m=0 V meZ, V (-m) € Z,
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L14
by simp

An integer is in the positive set iff it is greater or equal one.

lemma (in int0) Int_ZF_1_5_L3: shows meZ, «— 1<m
proof
assume meZ, then have 0<m n#0
using PositiveSet_def by auto
then have 0+1 < m
using Int_ZF_4_L1B by auto
then show 1<m
using int_zero_one_are_int Int_ZF_1_T2 group0.group0_2_L2
by simp
next assume 1<m
then have meZ 0<m mn#0
using Int_ZF_2_L1A Int_ZF_2_L16C by auto
then show meZ, using PositiveSet_def by auto
qed
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The set of positive integers is closed under multiplication. The unfolded
form.

lemma (in intO) pos_int_closed_mul_unfold:
assumes acZ, beZ,
shows ab € Z_
using prems Int_ZF_1_5_L3 Int_ZF_1_3_L3 by simp

The set of positive integers is closed under multiplication.

lemma (in int0) pos_int_closed_mul: shows
Z, {is closed under} IntegerMultiplication
using pos_int_closed_mul_unfold IsOpClosed_def
by simp

It is an overkill to prove that the ring of integers has no zero divisors this
way, but why not?
lemma (in int0) int_has_no_zero_divs:

shows HasNoZeroDivs(Z,IntegerAddition,IntegerMultiplication)

using pos_int_closed_mul Int_ZF_1_3_T1 ringl.OrdRing ZF_3_L3

by simp

Nonnegative integers are positive ones plus zero.

using Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L24 by simp

lemma (in int0) Int_ZF_1_5_L3A: shows Zt = Z, U {0}

We can make a function smaller than any constant on a given interval of
positive integers by adding another constant.

lemma (in intO) Int_ZF_1_5_L4:
assumes Al: f:Z—7Z and A2: KeZ NeZ
shows 3CeZ. VneZ,. K < f(n) + C — N<n
proof -
from A2 have N<1 Vv 2<N
using int_zero_one_are_int no_int_between
by simp
moreover
{ assume A3: N<1
let C=0
have C € Z using int_zero_one_are_int
by simp
moreover
{ fix n assume neZ,
then have 1 < n using Int_ZF_1_5_L3
by simp
with A3 have N<n by (rule Int_order_transitive)
} then have VneZ,. K < f(n) + C — N<n
by auto
ultimately have 3C€Z. VneZ,. K < f(n) + C — N<n
by auto }
moreover
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{let C =K -1 - maxf(f,1..Q-1))
assume 2<N
then have 2-1 < N-1
using int_zero_one_are_int Int_ZF_1_1_L4 int_ord_transl_inv
by simp
then have I: 1 < N-1
using int_zero_one_are_int Int_ZF_1_2_L3 by simp
with A1 A2 have T:
maxf(f,1..(N-1)) € Z K-1 € Z Cec Z
using Int_ZF_1_4_12 Int_ZF_1_1_L5 int_zero_one_are_int
by auto
moreover
{ fix n assume A4: neZ,
{ assume A5: K < f(n) + C and —~(N<n)
with A2 A4 have n < N-1
using PositiveSet_def Int_ZF_1_3_L6A by simp
with A4 have n € 1..(N-1)
using Int_ZF_1_5_L3 Interval_def by auto
with A1 I T have f(n)+C < maxf(f,1..(N-1)) + C
using Int_ZF_1_4_L2 int_ord_transl_inv by simp
with T have f(n)+C < K-1
using Int_ZF_1_2_L3 by simp
with A5 have K < K-1
by (rule Int_order_transitive)
with A2 have False using Int_ZF_1_2_L3AA by simp
} then have K < f(n) + C — N<n

by auto
} then have VneZ,. K < f(n) + C — N<n
by simp
ultimately have 3C€Z. VneZ,. K < f(n) + C — N<n
by auto }
ultimately show thesis by auto

qed

Absolute value is identity on positive integers.

lemma (in int0) Int_ZF_1_5_L4A:
assumes acZ, shows abs(a) = a
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_3_L2B
by simp

One and two are in Z,.

lemma (in int0O) int_one_two_are_pos: shows 1 € Z, 2 € Z,
using int_zero_one_are_int int_ord_is_refl refl_def Int_ZF_1_5_L3
Int_ZF_2_L16B by auto

The image of Z, by a function defined on integers is not empty.

lemma (in int0) Int_ZF_1_5_L5: assumes Al: f : Z—X
shows f(Z,) # 0
proof -
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have Z, C Z using PositiveSet_def by auto
with Al show f(Z,) # 0
using int_one_two_are_pos func_imagedef by auto
qged
If n is positive, then n — 1 is nonnegative.

lemma (in int0) Int_ZF_1_5_L6: assumes Al: n € Z,

shows

0 < n-1

0 € 0..(n-1)

0..(n-1) C Z
proof -

from A1 have 1 < n (-1) € Z
using Int_ZF_1_5_L3 int_zero_one_are_int Int_ZF_1_1_14
by auto

then have 1-1 < n-1
using int_ord_transl_inv by simp

then show 0 < n-1
using int_zero_one_are_int Int_ZF_1_1_L4 by simp

then show 0 € 0..(n-1)
using int_zero_one_are_int int_ord_is_refl refl_def Order_ZF_2_L1B
by simp

show 0..(n-1) C Z
using Int_ZF_2_L1B Order_ZF_2_L6 by simp

qed

Intgers greater than one in Z, belong to Z,. This is a property of ordered
groups and follows from OrderedGroup_ZF_1_L19, but Isabelle’s simplifier has
problems using that result directly, so we reprove it specifically for integers.

lemma (in int0) Int_ZF_1_5_L7: assumes a € Z, and a<b
shows b € Z,
proof-
from prems have 1<a a<b
using Int_ZF_1_5_L3 by auto
then have 1<b by (rule Int_order_transitive)
then show b € Z, using Int_ZF_1_5_L3 by simp
qed

Adding a positive integer increases integers.

lemma (in intO) Int_ZF_1_5_L7A: assumes acZ b € Z.

shows a < a+b a # atb at+b € Z
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L22
by auto

For any integer m the greater of m and 1 is a positive integer that is greater
or equal than m. If we add 1 to it we get a positive integer that is strictly
greater than m.

lemma (in int0) Int_ZF_1_5_L7B: assumes acZ

341



shows

a < Greater0f (IntegerOrder,1,a)

GreaterOf (IntegerOrder,1l,a) € Z,

GreaterOf (IntegerOrder,1,a) + 1 € Z,

a < GreaterOf (IntegerOrder,1l,a) + 1

a # GreaterOf (IntegerOrder,1l,a) + 1

using prems int_zero_not_one Int_ZF_1_3_T1 ringl.OrdRing ZF_3_L12
by auto

The opposite of an element of Z, cannot belong to Z.

lemma (in int0) Int_ZF_1_5_L8: assumes a € Z,
shows (-a) ¢ Z,
using prems Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L20
by simp

For every integer there is one in Z, that is greater or equal.

lemma (in int0) Int_ZF_1_5_1L9: assumes acZ
shows dbeZ,. a<b
using prems int_not_trivial Int_ZF_2_T1 group3.0rderedGroup_ZF_1_L23
by simp

A theorem about odd extensions. Recall from OrdereGroup_ZzF.thy that the
odd extension of an integer function f defined on Z, is the odd function on
Z equal to f on Z. . First we show that the odd extension is defined on Z.

lemma (in int0) Int_ZF_1_5_L10: assumes f : Z, —Z
shows 0ddExtension(Z,IntegerAddition,IntegerOrder,f) : Z—Z
using prems Int_ZF_2_T1 group3.odd_ext_props by simp

On Z,, the odd extension of f is the same as f.

lemma (in int0) Int_ZF_1_5_L11: assumes f : Z,—Z and a € Z; and
g = 0ddExtension(Z,IntegerAddition,IntegerOrder,f)
shows g(a) = f(a)

using prems Int_ZF_2_T1 group3.odd_ext_props by simp

On -Z., the value of the odd extension of f is the negative of f(—a).
lemma (in int0) Int_ZF_1_5_L12:

assumes f : Z,—7Z and a € (-Z,) and
g = 0ddExtension(Z,IntegerAddition,IntegerOrder,f)
shows g(a) = -(f(-a))

using prems Int_ZF_2_T1 group3.odd_ext_props by simp

0Odd extensions are odd on Z.

lemma (in int0) int_oddext_is_odd:
assumes f : Z,—Z and acZ and
g = 0ddExtension(Z,IntegerAddition,IntegerOrder,f)
shows g(-a) = -(g(a))
using prems Int_ZF_2_T1 group3.oddext_is_odd by simp
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Alternative definition of an odd function.

lemma (in int0) Int_ZF_1_5_L13: assumes Al: f: Z—Z shows

(VaceZ. f(-a) = (-f(a))) «— (VaeZ. (-(f(-a))) = f(a))
using prems Int_ZF_1_T2 groupO.groupO_6_L2 by simp

Another way of expressing the fact that odd extensions are odd.

lemma (in int0) int_oddext_is_odd_alt:
assumes f : Z;—7Z and acZ and
g = 0ddExtension(Z,IntegerAddition,IntegerOrder,f)
shows (-g(-a)) = g(a)
using prems Int_ZF_2_T1 group3.oddext_is_odd_alt by simp

24.6 Functions with infinite limits

In this section we consider functions (integer sequences) that have infinite
limits. An integer function has infinite positive limit if it is arbitrarily large
for large enough arguments. Similarly, a function has infinite negative limit
if it is arbitrarily small for small enough arguments. The material in this
come mostly from the section in OrderedGroup_ZF.thy with he same title.
Here we rewrite the theorems from that section in the notation we use for
integers and add some results specific for the ordered group of integers.

If an image of a set by a function with infinite positive limit is bounded
above, then the set itself is bounded above.

lemma (in int0) Int_ZF_1_6_L1: assumes f: Z—Z and
VacZ .dbeZ, .Vx. b<x — a < f(x) and A C Z and
IsBoundedAbove (f (A) ,IntegerOrder)
shows IsBoundedAbove(A,IntegerOrder)
using prems int_not_trivial Int_ZF_2_T1 group3.0rderedGroup_ZF_7_L1
by simp

If an image of a set defined by separation by a function with infinite positive

limit is bounded above, then the set itself is bounded above.

lemma (in int0) Int_ZF_1_6_L2: assumes Al: X#0 and A2: f: Z—Z and
A3: VaeZ.dveZ . .Vx. b<x — a < f(x) and

Ad: VxeX. b(x) € Z AN f(b(x)) < U
shows Ju.VxeX. b(x) < u

proof -
let G =Z
let P = IntegerAddition

let r = IntegerOrder

from A1 A2 A3 A4 have
group3(G, P, r)
r {is total on} G
G # {TheNeutralElement(G, P)}
X£0 f: G—G
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Va€eG. IbcPositiveSet(G, P, r). Vy. (b, y) € r — (a, f(y)) € r
VxeX. b(x) € G A (b)), U) € r
using int_not_trivial Int_ZF_2_T1 by auto
then have Ju. Vxe€X. (b(x), u) € r by (rule group3.0OrderedGroup_ZF_7_L2)
thus thesis by simp
qed

If an image of a set defined by separation by a integer function with infinite
negative limit is bounded below, then the set itself is bounded above. This
is dual to Int_ZF_1_6_L2.

lemma (in int0) Int_ZF_1_6_L3: assumes Al: X#0 and A2: f: Z—Z and
A3: VaeZ.3beZ, Vy. b<y — £f(-y) < a and

Ad: VxeX. b(x) €e Z AL < £(bx))
shows 31.VxeX. 1 < b(x)

proof -
let G =Z
let P = IntegerAddition

let r = IntegerOrder
from A1 A2 A3 A4 have
group3(G, P, r)
r {is total on} G
G # {TheNeutralElement(G, P)}
X#£0 f: GG
VaeG. dbcPositiveSet(G, P, r). Vy.
(b, y) € r — (£f(GroupInv(G, P)(y)),a) € r
VxeX. b(x) € G A (L,f(b(x))) €T
using int_not_trivial Int_ZF_2_T1 by auto
then have 31. Vxe€X. (1, b(x)) € r by (rule group3.0OrderedGroup_ZF_7_L3)
thus thesis by simp
qed
The next lemma combines Int_ZF_1_6_L2 and Int_ZF_1_6_L3 to show that

if the image of a set defined by separation by a function with infinite limits
is bounded, then the set itself is bounded. The proof again uses directly a
fact from OrderedGroup_ZF.thy.

lemma (in int0) Int_ZF_1_6_L4:
assumes Al: X#0 and A2: f: Z—Z and
A3: YVaeZ.dveZ, . Vx. b<x — a < f(x) and
A: YVaeZ.3beZ, Vy. b<y — f(-y) < a and
A5: VxeX. b(x) € Z AN f(b(x)) < U AL < £(b(x)

shows dM.VxeX. abs(b(x)) < M

proof -
let G = Z
let P = IntegerAddition

let r = IntegerOrder
from A1 A2 A3 A4 A5 have
group3(G, P, r)
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r {is total on} G
G # {TheNeutralElement(G, P)}
X#£0 f: G—G
Va€G. IbcPositiveSet(G, P, r). Vy. (b, y) € r — (a, f(y)) € r
VaeG. dbcPositiveSet(G, P, r). Vy.
(b, y) € r — (£f(GroupInv(G, P)(y)),a) € r
VxeX. b(x) € G A L,f(0d)) € r A (f(b(x)), U) € r
using int_not_trivial Int_ZF_2_T1 by auto

then have IM. Vx€X. (AbsoluteValue(G, P, r) b(x), M) € r
by (rule group3.0rderedGroup_ZF_7_L4)

thus thesis by simp

qed

If a function is larger than some constant for arguments large enough, then
the image of a set that is bounded below is bounded below. This is not true
for ordered groups in general, but only for those for which bounded sets are
finite. This does not require the function to have infinite limit, but such
functions do have this property.

lemma (in int0) Int_ZF_1_6_L5:
assumes Al: f: Z—Z and A2: NeZ and
A3: Vm. N<m — L < f(m) and
A4: IsBoundedBelow(A,IntegerOrder)
shows IsBoundedBelow(f(A),IntegerOrder)
proof -
from A2 A4 have A = {xc€A. x<N} U {x€A. N<x}
using Int_ZF_2_T1 Int_ZF_2_L1C Order_ZF_1_L5
by simp
moreover have
f({xeA. x<N} U {x€A. N<x}) =
f{xcA. x<N} U f{xeA. N<x}
by (rule image_Un)
ultimately have f(A) = f{x€A. x<N} U f{x€eA. N<x}
by simp
moreover have IsBoundedBelow(f{x€A. x<N},IntegerOrder)
proof -
let B = {xeA. x<N}
from A4 have B € Fin(Z)
using Order_ZF_3_L16 Int_bounded_iff_fin by auto
with A1 have IsBounded(f(B),IntegerOrder)
using Finitel_L6A Int_bounded_iff_fin by simp
then show IsBoundedBelow(f(B),IntegerQOrder)
using IsBounded_def by simp
qed
moreover have IsBoundedBelow(f{xcA. N<x},IntegerOrder)
proof -
let C = {x€A. N<x}
from A4 have C C Z using Int_ZF_2_L1C by auto
with A1 A3 have Vy € £(C). (L,y) € IntegerOrder
using func_imagedef by simp
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then show IsBoundedBelow(f(C),IntegerOrder)
by (rule Order_ZF_3_L9)
qed
ultimately show IsBoundedBelow(f(A),IntegerOrder)
using Int_ZF_2_T1 Int_ZF_2_L6 Int_ZF_2_L1B Order_ZF_3_L6
by simp
qed

A function that has an infinite limit can be made arbitrarily large on positive
integers by adding a constant. This does not actually require the function
to have infinite limit, just to be larger than a constant for arguments large
enough.

lemma (in int0) Int_ZF_1_6_L6: assumes Al: NeZ and
A2: Vm. N<m — L < f(m) and
A3: f: Z—7Z and A4: KeZ
shows dceZ. VneZ,. K < f(n)+c
proof -
have IsBoundedBelow(Z. ,IntegerOrder)
using Int_ZF_1_5_L1 by simp
with A3 A1 A2 have IsBoundedBelow(f(Z.),IntegerOrder)
by (rule Int_ZF_1_6_L5)
with Al obtain 1 where I: Vyef(Zy). 1 <y
using Int_ZF_1_5_L5 IsBoundedBelow_def by auto
let ¢ = K-1
from A3 have f(Z,) # 0 using Int_ZF_1_5_15
by simp
then have Jy. y € £(Z,) by (rule nonempty_has_element)
then obtain y where y € £(Z,) by auto
with A4 T have T: 1 € Z c e Z
using Int_ZF_2_L1A Int_ZF_1_1_L5 by auto
{ fix n assume A5: neZ,
have Z, C Z using PositiveSet_def by auto
with A3 I T A5 have 1 + ¢ < f(n) + ¢
using func_imagedef int_ord_transl_inv by auto
with I T have 1 + ¢ < f(n) + ¢
using int_ord_transl_inv by simp
with A4 T have K < f(n) + ¢
using Int_ZF_1_2_L3 by simp
} then have VneZ,. K < f(n) + c by simp
with T show thesis by auto
qed

If a function has infinite limit, then we can add such constant such that
minimum of those arguments for which the function (plus the constant) is
larger than another given constant is greater than a third constant. It is not
as complicated as it sounds.

lemma (in int0) Int_ZF_1_6_L7:

assumes Al: f: Z—7Z and A2: KeZ NeZ and
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A3: VaeZ.3dveZ . Vx. b<x — a < f(x)
shows 3Cc€Z. N < Minimum(IntegerOrder,{ncZ,. K < f(n)+C})
proof -
from A1 A2 have 3CeZ. VneZ,. K < f(n) + C — N<n
using Int_ZF_1_5_1L4 by simp
then obtain C where I: CcZ and
II: VneZ,. K < f(n) + C — N<n
by auto
have antisym(IntegerOrder) using Int_ZF_2_L4 by simp
moreover have HasAminimum(IntegerOrder,{ncZ,. K < f(n)+C})
proof -
from A2 A3 I have dneZ,.Vx. n<x — K-C < f(x)
using Int_ZF_1_1_L5 by simp
then obtain n where
neZ,; and Vx. n<x — K-C < f£(x)
by auto
with A2 I have
{neZ,. X < £(@)+C} # 0O
heZ,. X < f()+Cy C Z,
using int_ord_is_refl refl_def PositiveSet_def Int_ZF_2_L9C
by auto
then show HasAminimum(IntegerOrder,{n€Z,. K < f(n)+C})
using Int_ZF_1_5_L1C by simp
qed
moreover from II have
Vn € {neZ,. K < £(@)+C}. (N,n) € IntegerOrder
by auto
ultimately have
(N,Minimum(IntegerOrder,{n€Z,. K < f(n)+C})) € IntegerOrder
by (rule Order_ZF_4_L12)
with I show thesis by auto
qed

For any integer m the function k +— m - k has an infinite limit (or negative
of that). This is why we put some properties of these functions here, even
though they properly belong to a (yet nonexistent) section on homomor-
phisms. The next lemma shows that the set {a -z : € Z} can finite only
if a = 0.

lemma (in int0) Int_ZF_1_6_L8:

assumes Al: acZ and A2: {ax. x€Z} € Fin(Z)
shows a = 0
proof -
from A1 have a=0 VvV (a < -1) V (1<a)
using Int_ZF_1_3_L6C by simp
moreover
{ assume a < -1
then have {ax. x€Z} ¢ Fin(Z)
using int_zero_not_one Int_ZF_1_3_T1 ringl.OrdRing ZF_3_L6
by simp
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with A2 have False by simp }
moreover
{ assume 1<a
then have {ax. x€Z} ¢ Fin(Z)
using int_zero_not_one Int_ZF_1_3_T1 ringl.OrdRing_ZF_3_L5
by simp
with A2 have False by simp }
ultimately show a = 0 by auto
qed

24.7 Miscelaneous

In this section we put some technical lemmas needed in various other places
that are hard to classify.

Suppose we have an integer expression (a meta-function)F' such that F'(p)|p|
is bounded by a linear function of |p|, that is for some integers A, B we have
F(p)|p| < Alp|+ B. We show that F' is then bounded. The proof is easy, we
just divide both sides by |p| and take the limit (just kidding).

lemma (in int0) Int_ZF_1_7_L1:
assumes Al: VqeZ. F(q) € Z and
A2: VqeZ. F(q)-abs(q) < A-abs(q) + B and
A3: AeZ BeZ
shows JL. VpeZ. F(p) < L
proof -
let T = (-abs(B))..abs(B)
def DefK: K == {F(q). q € I}
let M = Maximum(IntegerOrder,K)
let L = GreaterOf (IntegerOrder,M,A+1)
from A3 A1 DefK have C1:
IsBounded(I,IntegerOrder)
I+#0
VqeZ. F(q) € Z
K={F(@. qe€ I}
using Order_ZF_3_L11 Int_ZF_1_3_L17 by auto
then have M € Z by (rule Int_ZF_1_4_L1)
with A3 have T1: M < L A+1 < L
using int_zero_one_are_int Int_ZF_1_1_L5 Int_ZF_1_3_L18
by auto
from C1 have T2: Vqe€I. F(q) < M
by (rule Int_ZF_1_4_L1)
{ fix p assume A4: peZ have F(p) < L
proof (cases abs(p) < abs(B))
assume abs(p) < abs(B)
with A4 T1 T2 have F(p) <M M < L
using Int_ZF_1_3_L19 by auto
then show F(p) < L by (rule Int_order_transitive)
next assume A5: —(abs(p) < abs(B))
from A3 A2 A4 have

348



A-abs(p) € Z F(p)-abs(p) < A-abs(p) + B
using Int_ZF_2_L14 Int_ZF_1_1_L5 by auto
moreover from A3 A4 A5 have B < abs(p)
using Int_ZF_1_3_L15 by simp
ultimately have
F(p)-abs(p) < A-abs(p) + abs(p)
using Int_ZF_2_L15A by blast
with A3 A4 have F(p)-abs(p) < (A+1)-abs(p)
using Int_ZF_2_L14 Int_ZF_1_2_L7 by simp
moreover from A3 Al A4 A5 have
F(p) € Z A+1 € Z abs(p) € Z
—(abs(p) < 0)
using int_zero_one_are_int Int_ZF_1_1_L5 Int_ZF_2_L14 Int_ZF_1_3_L11
by auto
ultimately have F(p) < A+l
using Int_ineq_simpl_positive by simp
moreover from T1 have A+1 < L by simp
ultimately show F(p) < L by (rule Int_order_transitive)
qed
} then have VpeZ. F(p) < L by simp
thus thesis by auto
qed

A lemma about splitting (not really, there is some overlap) the ZxZ into
six subsets (cases). The subsets are as follows: first and third qaudrant, and
second and fourth quadrant farther split by the b = —a line.

lemma (in intO) int_plane_split_in6: assumes acZ beZ
shows
0<a A 0O<b V a<0 A b<0 V
a<O ANO<b AODO < at+tb V a<O0 A 0<b A atb < 0 V
0<a AbXOANODO < ath VvV 0<a ADb<0O ANatb <0
using prems Int_ZF_2_T1 group3.0rdGroup_6cases by simp

end
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25 IntDiv_ZF.thy

theory IntDiv_ZF imports Int_ZF_1 IntDiv
begin

This theory translates some results form the Isabelle’s IntDiv.thy theory to
the notation used by IsarMathLib.

25.1 Quotient and reminder

For any integers m,n , n > 0 there are unique integers ¢,p such that 0 <
p <nand m =n-q+ p. Number p in this decompsition is usually called m
mod n. Standard Isabelle denotes numbers ¢,p as m zdiv n and m zmod n,
resp., and we will use the same notation.

The next lemma is sometimes called the ” quotient-reminder theorem”.

lemma (in int0) IntDiv_ZF_1_L1: assumes mcZ neZ
shows m = n-(m zdiv n) + (m zmod n)
using prems Int_ZF_1_L2 raw_zmod_zdiv_equality
by simp

If n > 0 then m zmod n is between 0 and n — 1.

lemma (in int0) IntDiv_ZF_1_L2:
assumes Al: meZ and A2: 0<n n#0
shows
0 < m zmod n
m zmod n < n m zmod n # n
m zmod n < n-1
proof -
from A2 have T: n € Z
using Int_ZF_2_L1A by simp
from A2 have #0 $< n using Int_ZF_2_L9 Int_ZF_1_L8
by auto
with T show
0 < m zmod n
m zmod n < n
m zmod n # n
using pos_mod Int_ZF_1_L8 Int_ZF_1_L8A zmod_type
Int_ZF_2_L1 Int_ZF_2_L9AA
by auto
then show m zmod n < n-1
using Int_ZF_4_L1B by auto
qed

(m- k) div k=m.

lemma (in int0) IntDiv_ZF_1_L3:
assumes meZ keZ and k#0
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shows

(mk) zdiv k = m

(km) zdiv k = m

using prems zdiv_zmult_selfl zdiv_zmult_self2
Int_ZF_1_L8 Int_ZF_1_L2 by auto

The next lemma essentially translates zdiv_monol from standard Isabelle to
our notation.

lemma (in int0) IntDiv_ZF_1_L4:
assumes Al: m < k and A2: 0<n n#0
shows m zdiv n < k zdiv n
proof -
from A2 have #0 < n #0 #* n
using Int_ZF_1_L8 by auto
with A1 have
m zdiv n $< k zdiv n
m zdivn € Z m zdiv k € Z
using Int_ZF_2_L1A Int_ZF_2_L9 zdiv_monol
by auto
then show (m zdiv n) < (k zdiv n)
using Int_ZF_2_L1 by simp
qed

A quotient-reminder theorem about integers greater than a given product.

lemma (in int0) IntDiv_ZF_1_L5:

assumes Al: n € Z; and A2: n < k and A3: kn < m

shows

m = n-(m zdiv n) + (m zmod n)

m = (m zdiv n)-n + (m zmod n)

(m zmod n) € 0..(n-1)

k < (m zdiv n)

m zdivn € Z,

proof -

from A2 A3 have T:
meZ neZ keZ m zdivn € Z
using Int_ZF_2_L1A by auto

then show m = n-(m zdiv n) + (m zmod n)
using IntDiv_ZF_1_L1 by simp

with T show m = (m zdiv n)n + (m zmod n)
using Int_ZF_1_L4 by simp
from A1 have I: 0<n n#0
using PositiveSet_def by auto

with T show (m zmod n) € 0..(n-1)
using IntDiv_ZF_1_L2 Order_ZF_2_L1
by simp

from A3 I have (k-n zdiv n) < (m zdiv n)
using IntDiv_ZF_1_L4 by simp

with I T show k¥ < (m zdiv n)
using IntDiv_ZF_1_L3 by simp
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with A1 A2 show m zdiv n € Z,
using Int_ZF_1_5_L7 by blast
qed

end
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26 Int ZF 2.thy

theory Int_ZF_2 imports Int_ZF_1 IntDiv_ZF Group_ZF_3
begin

In this theory file we consider the properties of integers that are needed for
the real numbers construction in Real_ZF_x.thy series.

26.1 Slopes

In this section we study basic properties of slopes - the integer almost homo-
morphisms. The general definition of an almost homomorphism f on a group
G written in additive notation requires the set {f(m 4+ n) — f(m) — f(n) :
m,n € G} to be finite. In this section we establish a definition that is equiva-
lent for integers: that for all integer m, n we have | f(m+n)— f(m)—f(n)| <
L for some L.

First we extend the standard notation for integers with notation related to
slopes. We define slopes as almost homomorphisms on the additive group
of integers. The set of slopes is denoted S. We also define ”positive” slopes
as those that take infinite number of positive values on positive integers.
We write §(s,m,n) to denote the homomorphism difference of s at m,n (i.e
the expression s(m + n) — s(m) — s(n)). We denote maxf(s) the maximum
absolute value of homomorphism difference of s as m, n range over integers.
If s is a slope, then the set of homomorphism differences is finite and this
maximum exists. In Group_ZF_3.thy we define the equivalence relation on
almost homomorphisms using the notion of a quotient group relation and use
7" to denote it. As here this symbol seems to be hogged by the standard
Isabelle, we will use ”~” instead ”"~". We show in this section that s ~ r iff
for some L we have |s(m) — r(m)| < L for all integer m. The ”+” denotes
the first operation on almost homomorphisms. For slopes this is addition of
functions defined in the natural way. The ”o” symbol denotes the second
operation on almost homomorphisms (see Group_zF_3.thy for definition),
defined for the group of integers. In short ”o” is the composition of slopes.
The "~ symbol acts as an infix operator that assigns the value min{n €
Zy :p < f(n)} to a pair (of sets) f and p. In application f represents a
function defined on Z; and p is a positive integer. We choose this notation
because we use it to construct the right inverse in the ring of classes of
slopes and show that this ring is in fact a field. To study the homomorphism
difference of the function defined by p + f~!(p) we introduce the symbol
e defined as e(f, (m,n)) = f~1(m +n) — f~1(m) — f~1(n). Of course the
intention is to use the fact that e(f, (m,n)) is the homomorphism difference
of the function g defined as g(m) = f~1(m). We also define (s, m,n) as
the expression 6(f,m, —n)+s(0) —(f,n, —n). This is useful because of the
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identity f(m —n) =~y(m,n)+ f(m)— f(n) that allows to obtain bounds on
the value of a slope at the difference of of two integers. For every integer m
we introduce notation m® defined by m®(n) = m - n. The mapping ¢ — ¢°
embeds integers into S preserving the order, (that is, maps positive integers
into 84 ).

locale intl = int0O +

fixes slopes (S )
defines slopes_def [simp]l: & = AlmostHoms(Z,IntegerAddition)

fixes posslopes (S4)
defines posslopes_def [simpl: S; = {s€S. s(Z;) N Z, ¢ Fin(Z)}

fixes ¢
defines §_def [simp] : 6(s,m,n) = s(m+n)-s(m)-s(n)

fixes maxhomdiff (maxd )
defines maxhomdiff_def [simp]:
maxd(s) = Maximum(IntegerOrder,{abs(é(s,m,n)). <m,n> € ZxZ3})

fixes AlEqRel
defines A1EqRel_def [simp]:
AlEqRel = QuotientGroupRel(S,AlHomOpl(Z,IntegerAddition),FinRangeFunctions(Z,Z))

fixes AlEq :: [i,i]l=-0 (infix ~ 68)
defines AlEq_def [simp]l: s ~ r = <s,r> € AlEqRel

fixes slope_add (infix + 70)
defines slope_add_def [simp]l: s + r = AlHomOp1(Z,IntegerAddition)<s,r>

fixes slope_comp (infix o 70)
defines slope_comp_def [simp]l: s o r = AlHomOp2(Z,IntegerAddition)<s,r>

fixes neg :: i=i (-_ [90] 91)
defines neg_def [simp]l: -s = GroupInv(Z,IntegerAddition) O s

fixes slope_inv (infix ~! 71)

defines slope_inv_def [simp]:

£~1(p) = Minimum(IntegerOrder,{n€Z,. p < £(n)})

fixes ¢

defines £_def [simp]:

e(f,p) = f 1 (fst(p)+snd(p)) - £ 1 (fst(p)) - £ ' (snd(p))

fixes ~
defines y_def [simp]:
v(s,m,n) = §(s,m,-n) - d(s,n,-n) + s(0)

fixes intembed (_°)
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defines intembed_def [simp]: m® = {(n,mn). ncZ}

We can use theorems proven in the groupl context.

lemma (in int1) Int_ZF_2_1_L1: shows groupl(Z,IntegerAddition)
using Int_ZF_1_T2 groupl_axioms.intro groupl_def by simp

Type information related to the homomorphism difference expression.

lemma (in int1) Int_ZF_2_1_L2: assumes fcS and ncZ meZ
shows
m+n € Z
f(m+n) € Z
fm) e Z f) € Z
fm) + £(n) € Z
HomDiff (Z,IntegerAddition,f,<m,n>) € Z
using prems Int_ZF_2_1_L1 groupl.Group_ZF_3_2_L4A
by auto

Type information related to the homomorphism difference expression.
lemma (in int1) Int_ZF_2_1_L2A:

assumes f:Z—7Z and neZ neZ

shows

m+n € Z

f(m+n) € Z fm) €¢ Z £f(n) € Z

fm) + f(n) € Z

HomDiff (Z,IntegerAddition,f,<m,n>) € Z

using prems Int_ZF_2_1_L1 groupl.Group_ZF_3_2_L4
by auto

Slopes map integers into integers.
lemma (in int1) Int_ZF_2_1_L2B:

assumes Al: f€S and A2: meZ
shows f(m) € Z
proof -
from A1 have f:Z—7Z using AlmostHoms_def by simp
with A2 show f(m) € Z using apply_funtype by simp

qed

The homomorphism difference in multiplicative notation is defined as the
expression s(m - n) - (s(m) - s(n))~!. The next lemma shows that in the
additive notation used for integers the homomorphism difference is f(m +
n) — f(m) — f(n) which we denote as §(£f,m,n).

lemma (in int1) Int_ZF_2_1_L3:
assumes f:Z—Z and meZ neZ
shows HomDiff(Z,IntegerAddition,f,<m,n>) = §(f,m,n)
using prems Int_ZF_2_1_L2A Int_ZF_1_T2 groupO.group0_4_L4A

HomDiff_def by auto

The next formula restates the definition of the homomorphism difference to
express the value an almost homomorphism on a sum.
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lemma (in int1) Int_ZF_2_1_L3A:
assumes Al: feS and A2: meZ neZ
shows
f(m+n) = f(M+{E @)+ (f,m,n))
proof -
from A1 A2 have
T: f(m)e Z f() € Z 6(f,m,n) € Z and
HomDiff (Z,IntegerAddition,f,<m,n>) = 6(f,m,n)
using Int_ZF_2_1_L2 AlmostHoms_def Int_ZF_2_1_L3 by auto
with A1 A2 show f(m+n) = f(m)+(f(@)+4/(f,m,n))
using Int_ZF_2_1_1L3 Int_ZF_1_L3
Int_ZF_2_1_L1 groupl.Group_ZF_3_4_L1
by simp
qed

The homomorphism difference of any integer function is integer.

lemma (in int1) Int_ZF_2_1_L3B:
assumes f:Z—Z and mcZ ncZ
shows 6(f,m,n) € Z

using prems Int_ZF_2_1_L2A Int_ZF_2_1_L3 by simp

The value of an integer function at a sum expressed in terms of 4.

lemma (in int1) Int_ZF_2_1_L3C: assumes Al: f:Z—7Z and A2: méZ neZ
shows f(m+n) = §(f,m,n) + £f(n) + f(m)
proof -
from A1 A2 have T:
0(f,myn) € Z f(m+n) € Z f(m) €¢ Z f() € Z
using Int_ZF_1_1_L5 apply_funtype by auto
then show f(m+n) = §(f,m,n) + £f(n) + £f(m)
using Int_ZF_1_2_L15 by simp
qed

The next lemma presents two ways the set of homomorphism differences can
be written.

lemma (in int1) Int_ZF_2_1_L4: assumes Al: f:Z—Z
shows {abs(HomDiff(Z,IntegerAddition,f,x)). x € ZXZ} =
{abs(6(f,m,n)). <m,n> € ZxZ}
proof -
from A1 have VmeZ. VneZ.
abs (HomDiff (Z,IntegerAddition,f,<m,n>)) = abs(d(f,m,n))
using Int_ZF_2_1_L3 by simp
then show thesis by (rule ZF1_1_L4A)
qed

If f maps integers into integers and for all m,n € Z we have |f(m +n) —
f(m) — f(n)| < L for some L, then f is a slope.

lemma (in intl1) Int_ZF_2_1_L5: assumes Al: f:Z—7Z

and A2: VmeZ.VneZ. abs(d(f,m,n)) < L
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shows feS
proof -
let Abs = AbsoluteValue(Z,IntegerAddition,IntegerOrder)
have group3(Z,IntegerAddition,IntegerOrder)
IntegerOrder {is total on} Z
using Int_ZF_2_T1 by auto
moreover from A1 A2 have
VXEZXZ. HomDiff(Z,IntegerAddition,f,x) € Z A
(Abs (HomDiff (Z,IntegerAddition,f,x)),L ) € IntegerOrder
using Int_ZF_2_1_L2A Int_ZF_2_1_L3 by auto
ultimately have
IsBounded ({HomDiff (Z,IntegerAddition,f,x). x€ZxXZ},IntegerOrder)
by (rule group3.0rderedGroup_ZF_3_L9A)
with A1 show f € S using Int_bounded_iff_fin AlmostHoms_def
by simp
qed

The absolute value of homomorphism difference of a slope s does not exceed
maxd (s).

lemma (in int1) Int_ZF_2_1_L7:
assumes Al: s€S and A2: neZ neZ
shows
abs(§(s,m,n)) < maxd(s)
6(s,m,n) € Z maxé(s) € Z
(-maxd(s)) < 6(s,m,n)
proof -
from A1 A2 show T: 6(s,m,n) € Z
using Int_ZF_2_1 12 Int_ZF_1_1_L5 by simp
let A = {abs(HomDiff (Z,IntegerAddition,s,x)). x€ZXxZ}
let B = {abs(6(s,m,n)). <m,n> € ZxZ}
let d = abs(6(s,m,n))
have IsLinOrder(Z,IntegerOrder) using Int_ZF_2_T1
by simp
moreover have A € Fin(Z)
proof -
have VkeZ. abs(k) € Z using Int_ZF_2_L14 by simp
moreover from Al have
{HomDiff (Z,IntegerAddition,s,x). x € ZxZ} € Fin(Z)
using AlmostHoms_def by simp
ultimately show A € Fin(Z) by (rule Finitel L6C)
qed
moreover have A#0 by auto
ultimately have VkeA. (k,Maximum(IntegerOrder,A)) € IntegerOrder
by (rule Finite_ZF_1_T2)
moreover from Al A2 have d€A using AlmostHoms_def Int_ZF_2_1_L4
by auto
ultimately have d < Maximum(IntegerOrder,A) by auto
with A1 show d < maxd(s) maxd(s) € Z
using AlmostHoms_def Int_ZF_2_1_L4 Int_ZF_2_L1A
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by auto
with T show (-maxd(s)) < 6(s,m,n)
using Int_ZF_1_3_L19 by simp
qed

A useful estimate for the value of a slope at 0, plus some type information
for slopes.

lemma (in int1) Int_ZF_2_1_L8: assumes Al: scS
shows
abs(s(0)) < maxd(s)
0 < maxd(s)
abs(s(0)) € Z maxd(s) € Z
abs(s(0)) + maxd(s) € Z
proof -
from A1 have s(0) € Z
using int_zero_one_are_int Int_ZF_2_1_L2B by simp
then have I: 0 < abs(s(0))
and abs(d(s,0,0)) = abs(s(0))
using int_abs_nonneg int_zero_one_are_int Int_ZF_1_1_L4
Int_ZF_2_L17 by auto
moreover from A1 have abs(§(s,0,0)) < maxd(s)
using int_zero_one_are_int Int_ZF_2_1_L7 by simp
ultimately show II: abs(s(0)) < maxd(s)
by simp
with I show 0<maxd(s) by (rule Int_order_transitive)
with II show
maxd(s) € Z abs(s(0)) € Z
abs(s(0)) + maxd(s) € Z
using Int_ZF_2_L1A Int_ZF_1_1_L5 by auto
qed

Int Group_zZF_3.thy we show that finite range functions valued in an abelian
group form a normal subgroup of almost homomorphisms. This allows to
define the equivalence relation between almost homomorphisms as the re-
lation resulting from dividing by that normal subgroup. Then we show in
Group_ZF_3_4_L12 that if the difference of f and ¢ has finite range (actually
f(n) - g(n)~! as we use multiplicative notation in Group_ZF_3.thy), then f
and g are equivalent. The next lemma translates that fact into the notation

used in int1 context.

lemma (in int1) Int_ZF_2_1_L9: assumes Al: sc€S reS
and A2: VmeZ. abs(s(m)-r(m)) < L
shows s ~ r
proof -
from A1 A2 have
VmeZ. s(m)-r(m) € Z A abs(s(m)-r(m)) < L
using Int_ZF_2_1_L2B Int_ZF_1_1_L5 by simp
then have
IsBounded({s(n)-r(n). neZ}, IntegerOrder)
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by (rule Int_ZF_1_3_L20)

with Al show s ~ r using Int_bounded_iff_fin
Int_ZF_2_1_L1 groupl.Group_ZF_3_4_L12 by simp
qed

A neccessary condition for two slopes to be almost equal. For slopes the
definition postulates the set {f(m) — g(m) : m € Z} to be finite. This
lemma shows that this imples that |f(m) — g(m)| is bounded (by some
integer) as m varies over integers. We also mention here that in this context
s ~ r implies that both s and r are slopes.

lemma (in int1) Int_ZF_2_1_LY9A: assumes s ~ T

shows
JLeZ. VmeZ. abs(s(m)-r(m)) < L
seS res

using prems Int_ZF_2_1_L1 groupl.Group_ZF_3_4_L11

Int_ZF_1_3_L20AA QuotientGroupRel_def by auto

Let’s recall that the relation of almost equality is an equivalence relation on
the set of slopes.

lemma (in int1) Int_ZF_2_1_L9B: shows
AlEqRel C SxS
equiv(S,A1EqRel)
using Int_ZF_2_1_L1 groupl.Group_ZF_3_3_L3 by auto

Another version of sufficient condition for two slopes to be almost equal: if
the difference of two slopes is a finite range function, then they are almost
equal.

lemma (in int1) Int_ZF_2_1_L9C: assumes sc€S reS and
s + (-r) € FinRangeFunctions(Z,Z)
shows
s ~r
r ~ s
using prems Int_ZF_2_1_L1
groupl.Group_ZF_3_2_L13 groupl.Group_ZF_3_4_L12A
by auto

If two slopes are almost equal, then the difference has finite range. This is
the inverse of Int_ZF_2_1_L9C.

shows s + (-r) € FinRangeFunctions(Z,Z)
proof -
let G = Z
let £ = IntegerAddition
from A1 have AlHomOp1(G, f)(s,GroupInv(AlmostHoms(G, f),AlHomOp1(G,
£)) (1))
€ FinRangeFunctions(G, G)
using Int_ZF_2_1_L1 groupl.Group_ZF_3_4_L12B by auto

lemma (in int1) Int_ZF_2_1_L9D: assumes Al: s ~ r
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with A1 show s + (-r) € FinRangeFunctions(Z,Z)
using Int_ZF_2_1_L9A Int_ZF_2_1_L1 groupl.Group_ZF_3_2_L13
by simp
qed

What is the value of a composition of slopes?

lemma (in int1) Int_ZF_2_1_L10:
assumes sc€S reS and meZ
shows (sor)(m) = s(r(m)) s(r(m)) € Z
using prems Int_ZF_2_1_L1 groupl.Group_ZF_3_4_L2 by auto

Composition of slopes is a slope.

lemma (in int1) Int_ZF_2_1_L11:
assumes sc€S§ re$
shows sor € §
using prems Int_ZF_2_1_L1 groupl.Group_ZF_3_4_T1 by simp

Negative of a slope is a slope.

lemma (in int1) Int_ZF_2_1_L12: assumes scS shows -s € S

using prems Int_ZF_1_T2 Int_ZF_2_1_L1 groupl.Group_ZF_3_2_L13
by simp

What is the value of a negative of a slope?

lemma (in int1) Int_ZF_2_1_L12A:

assumes s€S and meZ shows (-s)(m) = -(s(m))
using prems Int_ZF_2_1_L1 groupl.Group_ZF_3_2_L5
by simp

What are the values of a sum of slopes?

lemma (in int1) Int_ZF_2_1_L12B: assumes s€S reS and neZ
shows (s+r)(m) = s(m) + r(m)
using prems Int_ZF_2_1_L1 groupl.Group_ZF_3_2_L12
by simp

Sum of slopes is a slope.

lemma (in intl) Int_ZF_2_1_L12C: assumes s€S reS
shows s+r € §
using prems Int_ZF_2_1_L1 groupl.Group_ZF_3_2_L16
by simp

A simple but useful identity.
lemma (in intl) Int_ZF_2_1_L13:

assumes sc€S and ncZ meZ
shows s(an'm) + (s(m) + §(s,nm,m)) = s((n+l)m)
using prems Int_ZF_1_1 15 Int_ZF_2_1_L2B Int_ZF_1_2_L9 Int_ZF_1_2_L7

by simp

Some estimates for the absolute value of a slope at the opposite integer.
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lemma (in int1) Int_ZF_2_1_L14: assumes Al: scS and A2: meZ
shows
s(-m) = s(0) - 4(s,m,-m) - s(m)
abs(s(m)+s(-m)) < 2-maxd(s)
abs(s(-m)) < 2maxd(s) + abs(s(m))
s(-m) < abs(s(0)) + maxd(s) - s(m)
proof -
from A1 A2 have T:
(-m) € Z abs(s(m)) € Z s(0) € Z abs(s(0)) € Z
6(s,m,-m) € Z s(m) € Z s(-m) € Z
(-(sm))) € Z s(0) - 6(s,m,-m) € Z
using Int_ZF_1_1_L4 Int_ZF_2_1_L2B Int_ZF_2_L14 Int_ZF_2_1_L2
Int_ZF_1_1_L5 int_zero_one_are_int by auto
with A2 show I: s(-m) = s(0) - §(s,m,-m) - s(m)
using Int_ZF_1_1_L4 Int_ZF_1_2_L15 by simp
from T have abs(s(0) - §(s,m,-m)) < abs(s(0)) + abs(i(s,m,-m))
using Int_triangle_ineql by simp
moreover from Al A2 T have abs(s(0)) + abs(6(s,m,-m)) < 2maxd(s)
using Int_ZF_2_1_L7 Int_ZF_2_1_L8 Int_ZF_1_3_L21 by simp
ultimately have abs(s(0) - 6(s,m,-m)) < 2-maxd(s)
by (rule Int_order_transitive)
moreover
from I have s(m) + s(-m) = s(m) + (s(0) - 6(s,m,-m) - s(m))
by simp
with T have abs(s(m) + s(-m)) = abs(s(0) - é6(s,m,-m))
using Int_ZF_1_2_L3 by simp
ultimately show abs(s(m)+s(-m)) < 2-maxd(s)
by simp
from I have abs(s(-m)) = abs(s(0) - 6(s,m,-m) - s(m))
by simp
with T have
abs(s(-m)) < abs(s(0)) + abs(d(s,m,-m)) + abs(s(m))
using int_triangle_ineq3 by simp
moreover from A1 A2 T have
abs(s(0)) + abs(d(s,m,-m)) + abs(s(m)) < 2maxd(s) + abs(s(m))
using Int_ZF_2_1_L7 Int_ZF_2_1_L8 Int_ZF_1_3_L21 int_ord_transl_inv
by simp
ultimately show abs(s(-m)) < 2maxd(s) + abs(s(m))
by (rule Int_order_transitive)
from T have s(0) - §(s,m,-m) < abs(s(0)) + abs(df(s,m,-m))
using Int_ZF_2_L15E by simp
moreover from A1 A2 T have
abs(s(0)) + abs(d(s,m,-m)) < abs(s(0)) + maxd(s)
using Int_ZF_2_1_L7 int_ord_transl_inv by simp
ultimately have s(0) - §(s,m,-m) < abs(s(0)) + maxd(s)
by (rule Int_order_transitive)
with T have
s(0) - 6(s,m,m) - s(m) < abs(s(0)) + maxd(s) - s(m)
using int_ord_transl_inv by simp
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with I show s(-m) < abs(s(0)) + maxd(s) - s(m)
by simp
qed

An identity that expresses the value of an integer function at the opposite
integer in terms of the value of that function at the integer, zero, and the
homomorphism difference. We have a similar identity in Int_zF_2_1_L14,
but over there we assume that f is a slope.

lemma (in int1) Int_ZF_2_1_L14A: assumes Al: f:Z—7Z and A2: meZ
shows f(-m) = (-6(f,m,-m)) + £(0) - f(m)
proof -
from A1 A2 have T:
f(-m) € Z 6(f,m,m) € Z £(0) € Z f(m) € Z

using Int_ZF_1_1 L4 Int_ZF_1_1_L5 int_zero_one_are_int apply_funtype

by auto
with A2 show f(-m) = (-6(f,m,-m)) + £(0) - f(m)
using Int_ZF_1_1_L4 Int_ZF_1_2_L15 by simp
qed

The next lemma allows to use the expression maxf (f,0..M-1). Recall that
maxf (£,A) is the maximum of (function) f on (the set) A.

lemma (in int1) Int_ZF_2_1_L15:
assumes sc€S and M € Z,
shows
maxf(s,0..(M-1)) € Z
Vn € 0..(M-1). s(n) < maxf(s,0..(M-1))
minf(s,0..(M-1)) € Z
Vn € 0..(M-1). minf(s,0..(M-1)) < s(n)
using prems AlmostHoms_def Int_ZF_1_5_L6 Int_ZF_1_4_ L2
by auto

A lower estimate for the value of a slope at nM + k.

lemma (in intl) Int_ZF_2_1_L16:
assumes Al: s€S and A2: meZ and A3: M € Z, and A4: k € 0..(M-1)
shows s(m:M) + (minf(s,0..(M-1))- maxd(s)) < s(m-M+k)
proof -
from A3 have 0..(M-1) C Z
using Int_ZF_1_5_L6 by simp
with A1 A2 A3 A4 have T: mM € Z k € Z s@mM) € Z
using PositiveSet_def Int_ZF_1_1_15 Int_ZF_2_1_L2B
by auto
with A1 A3 A4 have
s(mM) + (minf(s,0..(M-1)) - maxdi(s)) < s@M) + (s(k) + 6(s,mM,k))
using Int_ZF_2_1_L15 Int_ZF_2_1_L7 int_ineq_add_sides int_ord_transl_inv
by simp
with A1 T show thesis using Int_ZF_2_1_L3A by simp
qed
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Identity is a slope.
lemma (in int1) Int_ZF_2_1_L17: shows id(Z) € S

using Int_ZF_2_1_L1 groupl.Group_ZF_3_4_L15 by simp

Simple identities about (absolute value of) homomorphism differences.

lemma (in int1) Int_ZF_2_1_L18:
assumes Al: f:Z—7Z and A2: meZ neZ
shows
abs(f(n) + f(m) - f(m+n)) = abs(d(f,m,n))
abs(f(m) + f(n) - f(m+n)) = abs(d(f,m,n))
(-(f(m))) - f(m) + f(m+n) = 6(f,m,n)
(-(f())) - f(m) + f(m+n) = 6(f,m,n)
abs((-f(m+n)) + f(m) + £(n)) = abs(d(f,m,n))
proof -
from A1 A2 have T:
f(mtn) € Z f(m) € Z f(n) € Z
f(mtn) - f(m) - f(n) € Z
(-(fm))) € Z
(-f(mtn)) + f(m) + £f(n) € Z
using apply_funtype Int_ZF_1_1_L4 Int_ZF_1_1_L5 by auto
then have
abs(-(f(m+n) - £f(m) - £f(@))) = abs(f(mtn) - f(m) - £(n))
using Int_ZF_2_L17 by simp
moreover from T have
(-mtn) - f(m) - £f@))) = £f(n) + £(m) - f(m+n)
using Int_ZF_1_2_L9A by simp
ultimately show abs(f(n) + f(m) - f(m+n)) = abs(d(f,m,n))
by simp
moreover from T have f(n) + f(m) = £f(m) + f(n)
using Int_ZF_1_1_L5 by simp
ultimately show abs(f(m) + f(n) - f(m+n)) = abs(é(f,m,n))
by simp
from T show
(-(f(m))) - £(n) + f(m+tn) = 6(£f,m,n)
(-(f@))) - £f(m) + f(m+n) = §(f,m,n)
using Int_ZF_1_2_L9 by auto
from T have
abs((-f(m+n)) + f(m) + £(n)) =
abs(-((-f(m+n)) + £(m) + £(n)))
using Int_ZF_2_L17 by simp
also from T have
abs(-((-f(m+n)) + £f(m) + £(n))) = abs(d(f,m,n))
using Int_ZF_1_2_L9 by simp
finally show abs((-f(m+n)) + f(m) + £(n)) = abs(d(f,m,n))
by simp
qed

Some identities about the homomorphism difference of odd functions.

lemma (in inti1) Int_ZF_2_1_L19:
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assumes Al: f:Z—7Z and A2: VxeZ. (-f(-x)) = f(x)
and A3: meZ neZ
shows
abs(§(f,-m,m+n)) abs(§(f,m,n))
abs(§(f,-n,m+n)) = abs(f(f,m,n))
0(f,n,-(m+n)) = §(f,m,n)
6(f,m,-(m+n)) = 6(f,m,n)
abs(§(f,-m,-n)) = abs(f(f,m,n))
proof -
from A1 A2 A3 show
abs(6(f,-m,m+n)) = abs(d(f,m,n))
abs(0(f,-n,m+n)) = abs(6(f,m,n))
using Int_ZF_1_2_L3 Int_ZF_2_1_L18 by auto
from A3 have T: m+n € Z using Int_ZF_1_1_L5 by simp
from A1 A2 have I: VxeZ. f(-x) = (-f(x))
using Int_ZF_1_5_L13 by simp
with A1 A2 A3 T show
6(f,n,-(m+n)) = 6(f,m,n)
6(f,m,-(m+n)) 6(f,m,n)
using Int_ZF_1_2_13 Int_ZF_2_1_L18 by auto
from A3 have
abs(0(f,-m,-n)) = abs(f(-(m+n)) - f(-m) - f(-n))
using Int_ZF_1_1_L5 by simp
also from A1 A2 A3 T I have ... = abs(§(f,m,n))
using Int_ZF_2_1_L18 by simp
finally show abs(j(f,-m,-n)) = abs(§(f,m,n)) by simp
qed

Recall that f is a slope iff f(m+n)— f(m)— f(n) is bounded as m,n ranges
over integers. The next lemma is the first step in showing that we only need
to check this condition as m,n ranges over positive intergers. Namely we
show that if the condition holds for positive integers, then it holds if one
integer is positive and the second one is nonnegative.

lemma (in int1) Int_ZF_2_1_L20: assumes Al: f:Z—Z and
A2: YaeZ,. VbeZ,. abs(6(f,a,b)) < L and
A3: meZ* neZ,
shows
0<L
abs(§(f,m,n)) < L + abs(£f(0))
proof -
from A1 A2 have
0(£,1,1) € Z and abs(6(f,1,1)) < L
using int_one_two_are_pos PositiveSet_def Int_ZF_2_1_L3B
by auto
then show I: 0 < L using Int_ZF_1_3_L19 by simp
from A1 A3 have T:
ncZ fn) € Z £0) € Z
0(f,m,n) € Z abs(6(f,m,n)) € Z
using PositiveSet_def int_zero_one_are_int apply_funtype
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Nonnegative_def Int_ZF_2_1_L3B Int_ZF_2_L14 by auto
from A3 have m=0 V meZ, using Int_ZF_1_5_L3A by auto
moreover
{ assume m = 0
with T I have abs(§(f,m,n)) < L + abs(£f(0))
using Int_ZF_1_1_L4 Int_ZF_1_2_L3 Int_ZF_2_L17
int_ord_is_refl refl_def Int_ZF_2_L15F by simp }
moreover
{ assume meZ_
with A2 A3 T have abs(d(f,m,n)) < L + abs(£(0))
using int_abs_nonneg Int_ZF_2_L15F by simp }
ultimately show abs(d(f,m,n)) < L + abs(£(0))
by auto

qed

If the slope condition holds for all pairs of integers such that one integer is
positive and the second one is nonnegative, then it holds when both integers
are nonnegative.

lemma (in int1) Int_ZF_2_1_L21: assumes Al: f:Z—Z and
A2: VaceZ". VbeZ, . abs(6(f,a,b)) < L and
A3: n€Z*t meZ”*
shows abs(6(f,m,n)) < L + abs(£(0))
proof -
from A1 A2 have
0(£,1,1) € Z and abs(6(f,1,1)) < L
using int_one_two_are_pos PositiveSet_def Nonnegative_def Int_ZF_2_1_L3B
by auto
then have I: 0 < L using Int_ZF_1_3_L19 by simp
from A1 A3 have T:
mecZ fm) € Z £(0) €¢ Z (-£(0)) € Z
0(f,m,n) € Z abs(f(f,m,n)) € Z
using int_zero_one_are_int apply_funtype Nonnegative_def
Int_ZF_2_1_L3B Int_ZF_2_L14 Int_ZF_1_1_L4 by auto
from A3 have n=0 V neZ, using Int_ZF_1_5_L3A by auto
moreover
{ assume n=0
with T have 6(f,m,n) = -£(0)
using Int_ZF_1_1_1L4 by simp
with T have abs(d(f,m,n)) = abs(£(0))
using Int_ZF_2_L17 by simp
with T have abs(d(f,m,n)) < abs(£f(0))
using int_ord_is_refl refl_def by simp
with T I have abs(§(f,m,n)) < L + abs(£(0))
using Int_ZF_2_L15F by simp }
moreover
{ assume neZ,
with A2 A3 T have abs(§(f,m,n)) < L + abs(£(0))
using int_abs_nonneg Int_ZF_2_L15F by simp }
ultimately show abs(d(f,m,n)) < L + abs(£(0))
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by auto
qed

If the homomorphism difference is bounded on Z, xZ ., then it is bounded
on ZtxZ+.

lemma (in int1) Int_ZF_2_1_L22: assumes Al: f:Z—Z and
A2: Va€Z+. Vb€Z+ abs((s(f,a,b)) S L
shows IM. VmeZT. VneZT. abs(f(f,m,n)) < M
proof -
from A1 A2 have
VmeZt. VneZ*t. abs(§(f,m,n)) < L + abs(f(0)) + abs(£f(0))
using Int_ZF_2_1_120 Int_ZF_2_1_L21 by simp

then show thesis by auto
qed

For odd functions we can do better than in Int_zZF_2_1_122: if the homomor-

phism difference of f is bounded on Z+*xZ™, then it is bounded on ZxZ,
hence f is a slope. Loong prof by splitting the ZxZ into six subsets.

lemma (in int1) Int_ZF_2_1_L23: assumes Al: f:Z—7Z and
A2: YVaeZ,. VbeZ,. abs(§(f,a,b)) <L
and A3: VxeZ. (-f(-x)) = £(x)
shows feS
proof -
from A1 A2 have
dM.VacZ*t. VbeZ". abs(§(f,a,b)) < M
by (rule Int_ZF_2_1_122)
then obtain M where I: VmeZt. VneZ*. abs(§(f,m,n)) < M
by auto
{ fix a b assume A4: acZ beZ
then have
0<a A 0<b V a<0 A b<0 V
a<0 AO<b A0 < a+tb V a<0 A 0<b A atb < 0 V
0<a Ab<O A O <at+tb V 0<a Ab<0O A a+tb < 0
using int_plane_split_in6 by simp
moreover
{ assume 0<a A 0<b
then have acZ™ bcZ™
using Int_ZF_2_L16 by auto
with I have abs(§(f,a,b)) < M by simp }
moreover
{ assume a<0 A b<0
with I have abs(§(f,-a,-b)) < M
using Int_ZF_2_L10A Int_ZF_2_L16 by simp
with A1 A3 A4 have abs(§(f,a,b)) < M
using Int_ZF_2_1_L19 by simp }
moreover
{ assume a<0 A 0<b A 0 < a+b
with I have abs(§(f,-a,a+b)) < M
using Int_ZF_2_L10A Int_ZF_2_L16 by simp
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with A1 A3 A4 have abs(§(f,a,b)) < M
using Int_ZF_2_1_L19 by simp }
moreover
{ assume a<0 A 0<b A a+b < 0
with I have abs(§(f,b,-(a+b))) < M
using Int_ZF_2_L10A Int_ZF_2_L16 by simp
with A1 A3 A4 have abs(§(f,a,b)) < M
using Int_ZF_2_1_L19 by simp }
moreover
{ assume 0<a A b<0 A 0 < a+b
with I have abs(d(f,-b,a+b)) < M
using Int_ZF_2_L10A Int_ZF_2_L16 by simp
with A1 A3 A4 have abs(d(f,a,b)) < M
using Int_ZF_2_1_L19 by simp }
moreover
{ assume 0<a A b<0 A a+b < 0
with I have abs(§(f,a,-(a+b))) < M
using Int_ZF_2_L10A Int_ZF_2_L16 by simp
with A1 A3 A4 have abs(§(f,a,b)) < M
using Int_ZF_2_1_L19 by simp }
ultimately have abs(6(f,a,b)) < M by auto }
then have VmeZ. VneZ. abs(§(f,m,n)) < M by simp
with A1 show fe€S by (rule Int_ZF_2_1_L5)
qed

If the homomorphism difference of a function defined on positive integers is
bounded, then the odd extension of this function is a slope.

lemma (in intl) Int_ZF_2_1_L24:
assumes Al: f:Z,—7Z and A2: VacZ,. VbeZ,. abs(§(f,a,b)) < L
shows 0ddExtension(Z,IntegerAddition,IntegerOrder,f) € S
proof -
let g = OddExtension(Z,IntegerAddition,IntegerOrder,f)
from A1 have g : Z—Z
using Int_ZF_1_5_L10 by simp
moreover have VacZ,. VbeZ,. abs(d(g,a,b)) < L
proof -
{ fix a b assume A3: a€Z, beZ,
with A1 have abs(d(f,a,b)) = abs(i(g,a,b))
using pos_int_closed_add_unfolded Int_ZF_1_5_L11
by simp
moreover from A2 A3 have abs(i(f,a,b)) < L by simp
ultimately have abs(d(g,a,b)) < L by simp
} then show thesis by simp
qed
moreover from Al have VxeZ. (-g(-x)) = g(x)
using int_oddext_is_odd_alt by simp
ultimately show g € & by (rule Int_ZF_2_1_123)
qed
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Type information related to .

lemma (in int1) Int_ZF_2_1_L25:
assumes Al: f:Z—7Z and A2: meZ neZ

shows

6(f,m,-n) € Z

0(f,n,-n) € Z

(-6(f,n,-n)) € Z

£(0) € Z

y(f,m,n) € Z
proof -

from A1 A2 show Ti:
6(f,m,-n) €¢ Z £(0) €¢ Z
using Int_ZF_1_1_L4 Int_ZF_2_1_L3B int_zero_one_are_int apply_funtype
by auto
from A2 have (-n) € Z
using Int_ZF_1_1_L4 by simp
with A1 A2 show 6(f,n,-n) € Z
using Int_ZF_2_1_L3B by simp
then show (-§(f,n,-n)) € Z
using Int_ZF_1_1_L4 by simp
with T1 show vy(f,m,n) € Z
using Int_ZF_1_1_L5 by simp
qed

A couple of formulae involving f(m — n) and v(f, m,n).

lemma (in int1) Int_ZF_2_1_L26:

assumes Al: f:Z—Z and A2: meZ neZ

shows

f(m-n) y(f,m,n) + £(m) - £(n)

f(m-n) = v(f,m,n) + (f(m) - £())

f(m-n) + (£(n) - v(f,m,n)) = £(m)

proof -

from A1 A2 have T:
(-n) € Z 6(f,m,-n) € Z
f(0) e Z f(m) € Z f(n) € Z (-f(n)) € Z
(-6(f,n,-n)) € Z
(-6(f,n,-n)) + £(0) € Z
~v(f,m,n) € Z
using Int_ZF_1_1_L4 Int_ZF_2_1_L25 apply_funtype Int_ZF_1_1_L5
by auto

with A1 A2 have f(m-n) =
6(f,m,-n) + ((-§(f,n,-n)) + £(0) - f(n)) + f(m)
using Int_ZF_2_1_L3C Int_ZF_2_1_L14A by simp

with T have f(m-n) =
0(f,m,-n) + ((=6(f,n,-n)) + £(0)) + £(m) - f(n)
using Int_ZF_1_2_L16 by simp

moreover from T have
6(f,m,-n) + ((-0(f,n,-n)) + £(0)) = v(f,m,n)
using Int_ZF_1_1_L7 by simp
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ultimately show I: f(m-n) = y(f,m,n) + f(m) - f(n)
by simp
then have f(m-n) + (f(n) - v(f,m,n)) =
(v(f,m,n) + £(m) - £@)) + (f(n) - v(f,m,n))
by simp
moreover from T have ... = f(m) using Int_ZF_1_2_L18
by simp
ultimately show f(m-n) + (f(n) - v(f,m,n)) = f(w)
by simp
from T have v(f,m,n) € Z f(m) € Z (-f(n)) € Z
by auto
then have
~v(f,m,n) + f(m) + (-f(n)) = ~(f,m,n) + (f(m) + (-f(n)))
by (rule Int_ZF_1_1_L7)
with I show f(m-n) = y(f,m,n) + (f£(m) - £(n)) by simp
qed

A formula expressing the difference between f(m—n—k) and f(m)— f(n)—
f(k) in terms of ~.

lemma (in int1) Int_ZF_2_1_L26A:
assumes Al: f:Z—7Z and A2: meZ neZ keZ
shows
f(m-n-k) - (f(m- £f(n) - £(k)) = y(f,m-n,k) + v(f,m,n)
proof -
from A1 A2 have
T: mn € Z y(f,m-n,k) € Z £f(m) - £(n) - £(k) € Z and
Ti: v(f,m,n) € Z f(m) - f(n) € Z (-£(k)) € Z
using Int_ZF_1_1 14 Int_ZF_1_1_L5 Int_ZF_2_1_L25 apply_funtype
by auto
from A1 A2 have
f(m-n) - £(k) = v(f,m,n) + (fm) - £(0)) + (-£(k))
using Int_ZF_2_1_126 by simp
also from T1 have ... = v(f,m,n) + (f(m) - f(n) + (-£&)))
by (rule Int_ZF_1_1_L7)
finally have
f(m-n) - £(k) = v(f,m,n) + (f(m) - £(n) - £(k))
by simp
moreover from A1 A2 T have
f(m-n-k) = ~(f,m-n,k) + (f(@-n)-f(k))
using Int_ZF_2_1_L26 by simp
ultimately have
f(m—n-k) - (f(m)- £(n) - £(k)) =
v(f,m-n,k) + ( y(f,m,n) + (fm) - £(n) - £(k)))
- (f(m- £ - £(k))
by simp
with T T1 show thesis
using Int_ZF_1_2_L17 by simp
qed
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If s is a slope, then 7(s, m,n) is uniformly bounded.

lemma (in int1) Int_ZF_2_1_L27: assumes Al: s&S
shows JLeZ. VmeZ .VneZ. abs(y(s,m,n)) < L
proof -
let L = maxd(s) + maxd(s) + abs(s(0))
from A1 have T:
maxd(s) € Z abs(s(0)) €¢ Z L c Z
using Int_ZF_2_1_L8 int_zero_one_are_int Int_ZF_2_1_L2B
Int_ZF_2_L14 Int_ZF_1_1_L5 by auto
moreover
{ fix m
fix n
assume A2: mcZ neZ
with A1 have T:
(-n) e Z
6(s,m,-n) € Z
0(s,n,-n) € Z
(-0(s,n,-n)) € Z
s(0) € Z abs(s(0)) € Z
using Int_ZF_1_1_L4 AlmostHoms_def Int_ZF_2_1_L25 Int_ZF_2_L14
by auto
with T have
abs(d(s,m,-n) - d(s,n,-n) + s(0)) <
abs(6(s,m,-n)) + abs(-6(s,n,-n)) + abs(s(0))
using Int_triangle_ineq3 by simp
moreover from A1 A2 T have
abs(§(s,m,-n)) + abs(-d6(s,n,-n)) + abs(s(0)) < L
using Int_ZF_2_1_L7 int_ineq_add_sides int_ord_transl_inv Int_ZF_2_L17
by simp

ultimately have abs(d(s,m,-n) - §(s,n,-n) + s(0)) < L
by (rule Int_order_transitive)
then have abs(y(s,m,n)) < L by simp }
ultimately show dLeZ. VmeZ.VneZ. abs(y(s,m,n)) < L

by auto
qed

If s is a slope, then s(m) < s(m — 1) + M, where L does not depend on m.

lemma (in int1) Int_ZF_2_1_L28: assumes Al: s€S
shows IMeZ. VmeZ. s(m) < s(m-1) + M
proof -
from A1 have
dLeZ. VmeZ .VneZ .abs(y(s,m,n)) < L
using Int_ZF_2_1_L27 by simp
then obtain L where T: LeZ and VmeZ.VneZ.abs(vy(s,m,n)) < L
using Int_ZF_2_1_L27 by auto
then have I: VmeZ.abs(y(s,m,1)) < L
using int_zero_one_are_int by simp
let M = s(1) + L

from A1 T have M € Z
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using int_zero_one_are_int Int_ZF_2_1_L2B Int_ZF_1_1_L5
by simp
moreover
{ fix m assume A2: meZ
with A1 have
Tl: s:Z—Z mneZ 1€Z and
T2: v(s,m,1) € Z s(1) €¢ Z
using int_zero_one_are_int AlmostHoms_def
Int_ZF_2_1_L25 by auto
from A2 T1 have T3: s(m-1) € Z
using Int_ZF_1_1_L5 apply_funtype by simp
from I A2 T2 have
(-v(s,m,1)) < abs(y(s,m,1))
abs(v(s,m,1)) < L
using Int_ZF_2_L19C by auto
then have (-vy(s,m,1)) < L
by (rule Int_order_transitive)
with T2 T3 have
s(m-1) + (s(1) - v(s,m,1)) < s(m-1) + M
using int_ord_transl_inv by simp
moreover from T1 have
s(m-1) + (s(1) - ~v(s,m,1)) = s(m)
by (rule Int_ZF_2_1_L26)
ultimately have s(m) < s(m-1) + M by simp }
ultimately show dMeZ. VmeZ. s(m) < s(m-1) + M
by auto
qed

If s is a slope, then the difference between s(m—n—k) and s(m)—s(n)—s(k)
is uniformly bounded.

lemma (in int1) Int_ZF_2_1_L29: assumes Al: s&S
shows
dMeZ. VmeZ .NneZ VkeZ. abs(s(m-n-k) - (s(m)-s(n)-s(k))) <M
proof -
from A1 have dLeZ. VmeZ.VneZ. abs(y(s,m,n)) < L
using Int_ZF_2_1_L27 by simp
then obtain L where I: LeZ and
II: VmeZ.VneZ. abs(y(s,m,n)) < L
by auto
from I have L+L € Z
using Int_ZF_1_1_L5 by simp
moreover
{ fix m n k assume A2: meZ neZ keZ
with A1 have T:
mn € Z ~(s,mn,k) € Z ~(s,m,n) € Z
using Int_ZF_1_1_L5 AlmostHoms_def Int_ZF_2_1_L25
by auto
then have
I: abs(y(s,m-n,k) + v(s,m,n)) < abs(y(s,m-n,k)) + abs(y(s,m,n))
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using Int_triangle_ineq by simp

from II A2 T have
abs(v(s,m-n,k)) < L
abs(y(s,m,n)) < L
by auto

then have abs(vy(s,m-n,k)) + abs(y(s,m,n)) < L+L
using int_ineq_add_sides by simp

with I have abs(y(s,m-n,k) + vy(s,m,n)) < L+L
by (rule Int_order_transitive)

moreover from A1 A2 have
s(m-n-k) - (s(@- s(n) - sk)) = v(s,m-n,k) + y(s,m,n)
using AlmostHoms_def Int_ZF_2_1_L26A by simp

ultimately have
abs(s(m-n-k) - (s(m)- s(n) - s(k))) < L+L
by simp }

ultimately show thesis by auto
qed

If s is a slope, then we can find integers M, K such that s(m —n — k) <
s(m) — s(n) — s(k) + M and s(m) — s(n) — s(k) + K < s(m —n — k), for all
integer m,n, k.

lemma (in int1) Int_ZF_2_1_L30: assumes Al: s€S
shows
dMeZ. VmeZ .NneZ .VkeZ. s(m-n-k) < s(m)-s(n)-s(k)+M
dKeZ. VmeZ .NneZ .VkeZ. s(m)-s(n)-s(k)+K < s(m-n-k)
proof -
from A1 have
dMeZ. VmeZ .NneZ .VkeZ. abs(s(m-n-k) - (s(m)-s(m)-s(k))) <M
using Int_ZF_2_1_L29 by simp
then obtain M where I: MeZ and II:
VmeZ .VneZ . VkeZ. abs(s(m-n-k) - (s(m)-s(n)-s(k))) <M
by auto
from I have III: (-M) € Z using Int_ZF_1_1_L4 by simp
{ fix m n k assume A2: m€Z neZ keZ
with A1 have s(m-n-k) € Z and s(m)-s(n)-s(k) € Z
using Int_ZF_1_1_L5 Int_ZF_2_1_L2B by auto
moreover from II A2 have
abs(s(m-n-k) - (s(m)-s(n)-s(k))) <M
by simp
ultimately have
s(m-n-k) < s(m)-s(m)-s(k)+M A
s(m)-s(m)-s(k) - M < s(m-n-k)
using Int_triangle_ineq2 by simp
} then have
VmeZ .VneZ .VkeZ. s(m—n-k) < s(m)-s(n)-sk)+M
VmeZ .VneZ VkeZ. s(m)-s(n)-s(k) - M < s(m—n-k)
by auto
with I III show
dMeZ. VmeZ .NneZ NkeZ. s(m-n-k) < s(m)-s(n)-s(k)+M
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dKeZ. VmeZ . NneZ NkeZ. s(m)-s(n)-s(k)+K < s(m-n-k)
by auto
qed

By definition functions f, ¢ are almost equal if f — ¢g* is bounded. In the
next lemma we show it is sufficient to check the boundedness on positive
integers.

lemma (in int1) Int_ZF_2_1_L31: assumes Al: s€S reS§

and A2: VmeZ,. abs(s(m)-r(m)) < L
shows s ~ r

proof -
let a = abs(s(0) - r(0))
let ¢ = 2maxd(s) + 2maxd(r) + L

let M = Maximum(IntegerOrder,{a,L,c})
from A2 have abs(s(1)-r(1)) <L
using int_one_two_are_pos by simp
then have T: LeZ using Int_ZF_2_L1A by simp
moreover from Al have a € Z
using int_zero_one_are_int Int_ZF_2_1_L2B
Int_ZF_1_1_L5 Int_ZF_2_L14 by simp
moreover from A1 T have c € Z
using Int_ZF_2_1_L8 int_two_three_are_int Int_ZF_1_1_L5
by simp
ultimately have
I: a <M and
II: L < M and
III: ¢ <M
using Int_ZF_1_4_L1A by auto

{ fix m assume A5: meZ
with A1 have T:
s(m) € Z r(m) € Z sm) -r(m) € Z
s(-m) € Z r(-m) € Z
using Int_ZF_2_1_L2B Int_ZF_1_1_14 Int_ZF_1_1_L5
by auto
from A5 have m=0 V meZ, V (-m) € Z,
using int_decomp_cases by simp
moreover
{ assume n=0
with I have abs(s(m) - r(m)) < M
by simp }
moreover
{ assume meZ,
with A2 II have
abs(s(m)-r(m)) < L and L<M
by auto
then have abs(s(m)-r(m)) < M
by (rule Int_order_transitive) }
moreover
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{ assume A6: (-m) € Z,
from T have abs(s(m)-r(m)) <
abs(s(m)+s(-m)) + abs(r(m)+r(-m)) + abs(s(-m)-r(-m))
using Int_ZF_1_3_L22A by simp
moreover
from A1 A2 III A5 A6 have

abs(s(m)+s(-m)) + abs(r(m)+r(-m)) + abs(s(-m)-r(-m)) < ¢
c <M
using Int_ZF_2_1_L14 int_ineq_add_sides by auto
then have
abs(s(m)+s(-m)) + abs(r(m)+r(-m)) + abs(s(-m)-r(-m)) < M

by (rule Int_order_transitive)
ultimately have abs(s(m)-r(m)) < M
by (rule Int_order_transitive) }
ultimately have abs(s(m) - r(m)) < M

by auto
} then have VmeZ. abs(s(m)-r(m)) < M
by simp
with Al show s ~ r by (rule Int_ZF_2_1_1L9)

qed

A sufficient condition for an odd slope to be almost equal to identity: If for
all positive integers the value of the slope at m is between m and m plus
some constant independent of m, then the slope is almost identity.

lemma (in intl) Int_ZF_2_1_132: assumes Al: s€§ MeZ
and A2: VmeZ,. m < s(m) A s(m) < m+M
shows s ~ id(Z)
proof -
let r = id(Z)
from A1 have s€§ r € §
using Int_ZF_2_1_L17 by auto
moreover from Al A2 have VmeZ,. abs(s(m)-r(m)) < M
using Int_ZF_1_3_L23 PositiveSet_def id_conv by simp
ultimately show s ~ id(Z) by (rule Int_ZF_2_1_L31)
qed

A lemma about adding a constant to slopes. This is actually proven in
Group_ZF_3_5_L1, in Group_ZF_3.thy here we just refer to that lemma to

show it in notation used for integers. Unfortunately we have to use raw set
notation in the proof.

lemma (in int1) Int_ZF_2_1_L33:
assumes Al: s€S and A2: ceZ and
A3: r = {({m,s(m)+c). meZ}
shows
VmeZ. r(m) = s(m)+c
res
s~

proof -
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let G = Z
let £ = IntegerAddition
let AH = AlmostHoms(G, f)
from prems have I:
groupl(G, f)
s € AlmostHoms(G, f)
ceaG
r={(x, f{s(x), ¢)) . x € G}
using Int_ZF_2_1_L1 by auto
then have VxeG. r(x) = f(s(x),c)
by (rule groupl.Group_ZF_3_5_L1)
moreover from I have r € AlmostHoms(G, f)
by (rule groupl.Group_ZF_3_5_L1)
moreover from I have
(s, r) € QuotientGroupRel(AlmostHoms(G, f), AlHomOpl(G, f), FinRangeFunctions(G,

G))
by (rule groupl.Group_ZF_3_5_L1)
ultimately show
VmeZ. r(m) = s(m)+c
res
s ~r
by auto
qed

26.2 Composing slopes

Composition of slopes is not commutative. However, as we show in this
section if f and g are slopes then the range of fog— go f is bounded. This
allows to show that the multiplication of real numbers is commutative.

Two useful estimates.

lemma (in intl) Int_ZF_2_2_L1:

assumes Al: f:Z—7Z and A2: peZ qeZ
shows

abs (f ((p+1)-q)-(p+1)-£(q)) < abs(d(f,p-q,q))+abs(f(p-q)-p-f(q))

abs(f ((p-1)-@)-(p-1)-£(q)) < abs(d(f, (p-1)-q,q))+abs(f(p-q)-p-f(q))
proof -

let R = Z

let A = IntegerAddition

let M = IntegerMultiplication

let T = GroupInv(R, A)

let a = £((p+1)-q)

let b = p

let ¢ = £(q)

let d = £(p-q)

from A1 A2 have T1:
ring0O(R, A, M) a€R beER c€R d4deR
using Int_ZF_1_1_L2 int_zero_one_are_int Int_ZF_1_1_L5 apply_funtype
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by auto
then have
A{a,I(M(A(b, TheNeutralElement(R, M)),c))) =
AA(A(a,I(d)),I(c)),A{d, IT(M(b, c)))
by (rule ring0.Ring ZF_2_L2)
with A2 have
£f((p+1)-@)-(p+1)-£(q) = §(£,pq,q)+(E(p-q)-p-£(q))
using int_zero_one_are_int Int_ZF_1_1_L1 Int_ZF_1_1_L4 by simp
moreover from A1 A2 T1 have 6(f,p-q,q) € Z f(p-q)-pf(q) € Z
using Int_ZF_1_1_L5 apply_funtype by auto
ultimately show
abs (f ((p+1)-q)-(p+1)-£(q)) < abs(§(f,p-q,q))+abs(f(p-q)-p-£(q))
using Int_triangle_ineq by simp
from A1 A2 have T1:
f((p-1)q) € Z peZ f(q € Z f£(pq) € Z
using int_zero_one_are_int Int_ZF_1_1_L5 apply_funtype by auto
then have
f((p-1)--(p-1)£(q) = E(p--p-f(@))-(f(p-q-f((p-1)-q)-£f(q))
by (rule Int_ZF_1_2_L6)
with A2 have f((p-1)-@)-(p-1)-£(q) = (£(p-q)-p-£(q))-6(f, (p-1)-q,q)
using Int_ZF_1_2_L7 by simp
moreover from Al A2 have
f(pq)-pf(q) € Z 6(£f,(p-1)q,q) € Z
using Int_ZF_1_1_L5 int_zero_one_are_int apply_funtype by auto
ultimately show
abs(f ((p-1)-@)-(p-1)-£(q)) < abs(dé(f,(p-1)-q,9))+abs(f(p-q)-p-£(q))
using Int_triangle_ineql by simp
qed

If f is a slope, then |f(p-q) —p- f(q)] < (|p| + 1)maxd(£). The proof is by
induction on p and the next lemma is the induction step for the case when
0<p.

lemma (in intl) Int_ZF_2_2_L2:
assumes Al: feS and A2: 0<p q€Z
and A3: abs(f(p-q)-pf(q)) < (abs(p)+1) -maxd(f)
shows
abs(f ((p+1)-@)-(p+1)-£(q)) < (abs(p+1)+ 1)-maxd(f)
proof -
from A2 have q€Z pq € Z
using Int_ZF_2_L1A Int_ZF_1_1_L5 by auto
with A1 have I: abs(i(f,p-q,q)) < maxd(f) by (rule Int_ZF_2_1_L7)
moreover from A3 have abs(f(p-q)-p-£(q)) < (abs(p)+1)-maxé(f) .
moreover from Al A2 have
abs (f ((p+1)-q)-(p+1)-£(q)) < abs(§(f,p-q,q))+abs(f(p-q)-p-£(q))
using AlmostHoms_def Int_ZF_2_L1A Int_ZF_2_2_L1 by simp
ultimately have
abs (f ((p+1)-q)-(p+1)-£(q)) < maxd (£f)+(abs(p)+1) -maxd (£f)
by (rule Int_ZF_2_L15)
moreover from I A2 have
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maxd (f)+(abs(p)+1) maxd(f) = (abs(p+1)+ 1)-maxd(f)
using Int_ZF_2_L1A Int_ZF_1_2_L2 by simp
ultimately show
abs (f ((p+1)-q) - (p+1)-f(q@)) < (abs(p+1)+ 1)-maxd (f)
by simp
qed

If f is a slope, then |f(p-q) —p- f(q)| < (|p| + 1)maxé. The proof is by
induction on p and the next lemma is the induction step for the case when
p <0.

lemma (in intl) Int_ZF_2_2_L3:
assumes Al: f€S and A2: p<0 qeZ
and A3: abs(f(p-q)-pf(q)) < (abs(p)+1) -maxd(f)
shows abs(f((p-1)-9)-(p-1)-£(q)) < (abs(p-1)+ 1)-maxd(f)
proof -
from A2 have qc¢Z (p-1)q € Z
using Int_ZF_2_L1A int_zero_one_are_int Int_ZF_1_1_L5 by auto
with A1 have I: abs(i(f, (p-1)-q,9)) < maxd(f) by (rule Int_ZF_2_1_L7)
moreover from A3 have abs(f(p-q)-p-f(q)) < (abs(p)+1)maxé(f) .
moreover from Al A2 have
abs(f ((p-1)-@)-(p-1)-£(q)) < abs(d(f, (p-1)-q,q9))+abs(f(p-q)-p-£(q))
using AlmostHoms_def Int_ZF_2_L1A Int_ZF_2_2_L1 by simp
ultimately have
abs(f ((p-1)-@)-(p-1)-£(q)) < maxd(f)+(abs(p)+1) maxi(f)
by (rule Int_ZF_2_L15)
with I A2 show thesis using Int_ZF_2_L1A Int_ZF_1_2_L5 by simp

qed

If £ is a slope, then |£(p-q) —p- £(q)| < (Ip| + 1) maxd(f).
lemma (in intl) Int_ZF_2_2_L4:

assumes Al: f€S and A2: peZ qe”Z
shows abs(f(p-q)-p-£(q)) < (abs(p)+1)-maxd(f)
proof (cases 0<p)
assume 0<p
moreover from Al A2 have abs(£(0-9)-0-£(q)) < (abs(0)+1)-maxd (f)
using int_zero_one_are_int Int_ZF_2_1_L2B Int_ZF_1_1_L4
Int_ZF_2_1_L8 Int_ZF_2_L18 by simp
moreover from A1 A2 have
Vp. 0<p A abs(f(p:q)-p-f(q)) < (abs(p)+1)maxd(f) —
abs (f ((p+1)-q)-(p+1)-£(q)) < (abs(p+1)+ 1)-maxd(f)
using Int_ZF_2_2_1L2 by simp
ultimately show abs(f(p-q)-p-f(q)) < (abs(p)+1)-maxd(f)
by (rule Induction_on_int)
next assume —(0<p)
with A2 have p<0 using Int_ZF_2_L19A by simp
moreover from Al A2 have abs(£(0-9)-0-£(q)) < (abs(0)+1)-maxd (f)
using int_zero_one_are_int Int_ZF_2_1_L2B Int_ZF_1_1_L4

Int_ZF_2_1_L8 Int_ZF_2_L18 by simp

moreover from A1 A2 have
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Vp. p<0 A abs(f(p-q)-p-f(q)) < (abs(p)+1)maxd(f) —
abs(£((p-1)-q)-(p-1)-£(q)) < (abs(p-1)+ 1)-maxd(f)
using Int_ZF_2_2_L3 by simp

ultimately show abs(f(p-q)-p-f(q)) < (abs(p)+1)-maxd(f)
by (rule Back_induct_on_int)

qed

The next elegant result is Lemma 7 in the Arthan’s paper [2] .

lemma (in intl) Arthan_Lem_ 7:
assumes Al: f€S and A2: peZ qeZ
shows abs(q-f(p)-p-£(q)) < (abs(p)+abs(qg)+2)-maxd(f)
proof -
from A1 A2 have T:
qf(p)-f(pq) € Z
f(p-q)-pflq) € Z
f(qp) € Z f(pq € Z
qf(p) € Z pf(q € Z
maxd (f) € Z
abs(q) € Z abs(p) € Z
using Int_ZF_1_1_L5 Int_ZF_2_1_L2B Int_ZF_2_1_L7 Int_ZF_2_L14 by auto
moreover have abs(q-f(p)-f(p-q)) < (abs(qg)+1)-maxd(f)
proof -
from A1 A2 have abs(f(qp)-q-f(p)) < (abs(q)+1)-maxd(f)
using Int_ZF_2_2_14 by simp
with T A2 show thesis
using Int_ZF_2_L20 Int_ZF_1_1_L5 by simp
qed
moreover from Al A2 have abs(f(p-q)-p-f(q)) < (abs(p)+1)-maxd(f)
using Int_ZF_2_2_14 by simp
ultimately have
abs (q-f (p)-f(p-@)+ (£ (p-q)-p-£(q))) < (abs(q)+1) maxd(£)+(abs(p)+1) maxd(£f)
using Int_ZF_2_L21 by simp
with T show thesis using Int_ZF_1_2_L9 int_zero_one_are_int Int_ZF_1_2_L10
by simp
qed

This is Lemma 8 in the Arthan’s paper.

lemma (in intl) Arthan_Lem_8: assumes Al: fcS
shows JA B. AcZ N BeEZ N (VpeZ. abs(f(p)) < A-abs(p)+B)

proof -
let A = maxd(f) + abs(£(1))
let B = 3-maxd (f)

from A1 have A€Z BeZ
using int_zero_one_are_int Int_ZF_1_1_L5 Int_ZF_2_1_L2B

Int_ZF_2_1_L7 Int_ZF_2_L14 by auto
moreover have VpeZ. abs(f(p)) < A-abs(p)+B
proof

fix p assume A2: peZ

with A1 have T:
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f(p) € Z abs(p) € Z £(1) € Z
pf(1) € Z 3€Z maxé(f) € Z
using Int_ZF_2_1_L2B Int_ZF_2_L14 int_zero_one_are_int
Int_ZF_1_1_L5 Int_ZF_2_1_L7 by auto
from A1 A2 have
abs(1-f(p)-p-£(1)) < (abs(p)+abs(1)+2) -maxd(f)
using int_zero_one_are_int Arthan_Lem_7 by simp
with T have abs(f(p)) < abs(p-f(1))+(abs(p)+3) -maxd (£)
using Int_ZF_2_L16A Int_ZF_1_1_14 Int_ZF_1_2_L11
Int_triangle_ineq2 by simp
with A2 T show abs(f(p)) < A-abs(p)+B
using Int_ZF_1_3_L14 by simp
qed
ultimately show thesis by auto

qed

If f and g are slopes, then f o g is equivalent (almost equal) to g o f. This
is Theorem 9 in Arthan’s paper [2] .

theorem (in intl1) Arthan_Th_9: assumes Al: feS geS$
shows fog ~ gof
proof -
from A1 have
JA B. A€Z N BEZ N (VpeZ. abs(£(p)) < A-abs(p)+B)
3C D. CEZ N DEZ N (VpeZ. abs(g(p)) < C-abs(p)+D)
using Arthan_Lem_8 by auto
then obtain A B C D where D1: AcZ BeZ CeZ DeZ and D2:
VpEZ. abs(f(p)) < A-abs(p)+B
VpeZ. abs(g(p)) < C-abs(p)+D
by auto
let E = maxd(g)-(A+1) + maxd(£)-(C+1)
let F = (Bmaxé(g) + 2maxd(g)) + (Dmaxd(f) + 2:maxd(f))
{ fix p assume A2: peZ
with A1 have T1:
glp) € Z £f(p) € Z abs(p) € Z 2¢€ Z
flgp)) € Z glE)) € Z £(glp)) - gl£p)) € Z
pflgp)) € Z pglEp)) € Z
abs (f(g(p))-g(£(p))) € Z
using Int_ZF_2_1_L2B Int_ZF_2_1_L10 Int_ZF_1_1_L5 Int_ZF_2_L14 int_two_three_are_int
by auto
with A1 A2 have
abs ((f (g(p))-g(f(P)))-p) <
(abs (p)+abs(f (p))+2) -maxd(g) + (abs(p)+abs(g(p))+2)-maxd (f)
using Arthan_Lem_7 Int_ZF_1_2_L10A Int_ZF_1_2_L12 by simp
moreover have
(abs (p)+abs (£ (p))+2) -maxd(g) + (abs(p)+abs(g(p))+2) maxd(f) <
((maxd(g)-(A+1) + maxd(£f)-(C+1)))-abs(p) +
((Bmaxd(g) + 2maxd(g)) + (Dmaxd(f) + 2-maxd(£f)))
proof -
from D2 A2 T1 have
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abs(p)+abs(f(p))+2 < abs(p)+(A-abs(p)+B)+2
abs(p)+abs(g(p))+2 < abs(p)+(C-abs(p)+D)+2
using Int_ZF_2_L15C by auto
with Al have
(abs (p) +abs (f (p) ) +2) ‘maxd (g) (abs(p)+(A-abs(p)+B)+2) -maxd (g)
(abs (p)+abs (g(p))+2) maxd (£) (abs(p)+(C-abs(p)+D)+2) -maxd ()
using Int_ZF_2_1_L8 Int_ZF_1_3_L13 by auto
moreover from Al D1 T1 have
(abs (p)+(A-abs(p)+B)+2) maxd(g) =
maxd (g)-(A+1)-abs(p) + (Bmaxd(g) + 2-maxd(g))
(abs(p)+(C-abs (p)+D)+2) ‘maxd (f) =
maxd (£)-(C+1)-abs(p) + (D'maxd(f) + 2:maxd(f))
using Int_ZF_2_1_L8 Int_ZF_1_2_L13 by auto
ultimately have
(abs(p)+abs (f (p))+2) maxd(g) + (abs(p)+abs(g(p))+2) maxd(f) <
(maxd (g)-(A+1)-abs(p) + (Bmaxd(g) + 2-maxd(g))) +
(maxd (£)-(C+1)-abs(p) + (Dmaxd(f) + 2-maxd(f)))
using int_ineq_add_sides by simp
moreover from Al A2 D1 have abs(p) € Z
maxd(g)-(A+1) € Z Bmaxd(g) + 2maxd(g) € Z
maxd (£)-(C+1) € Z Dmaxd(f) + 2maxd(f) € Z
using Int_ZF_2_L14 Int_ZF_2_1_L8 int_zero_one_are_int
Int_ZF_1_1_L5 int_two_three_are_int by auto
ultimately show thesis using Int_ZF_1_2_L14 by simp
qed
ultimately have
abs((£(g(p))-g(f(p)))-p) < E-abs(p) + F
by (rule Int_order_transitive)
with A2 T1 have
abs(f(g(p))-g(f(p)))-abs(p) < E-abs(p) + F
abs (f(g(p))-g(f(p))) € Z
using Int_ZF_1_3_L5 by auto
} then have
VpeZ. abs(f(g(p))-g(f(p))) € Z
VpeZ. abs(f(g(p))-g(f(p)))-abs(p) < E-abs(p) + F
by auto
moreover from A1 D1 have E € Z F € Z
using int_zero_one_are_int int_two_three_are_int Int_ZF_2_1_L8 Int_ZF_1_1_L5
by auto
ultimately have
JL. VpeZ. abs(f(g(p))-g(f(p))) < L
by (rule Int_ZF_1_7_L1)
with A1l obtain L where VpeZ. abs((fog) (p)-(gof) (p)) < L
using Int_ZF_2_1_L10 by auto

<
<

moreover from Al have fog € § gof € §
using Int_ZF_2_1_L11 by auto
ultimately show fog ~ gof using Int_ZF_2_1_1L9 by auto
qed

380



26.3 Positive slopes

This section provides background material for defining the order relation on
real numbers.

Positive slopes are functions (of course.)

lemma (in int1) Int_ZF_2_3_L1: assumes Al: feS, shows f:Z—7Z

using prems AlmostHoms_def PositiveSet_def by simp

A small technical lemma to simplify the proof of the next theorem.

assumes Al: fcS, and A2: dn € £(Zy) N Z,.. a<n
shows IMeZ,. a < £(M)
proof -
from Al have £:Z2—-7 Z, C Z
using AlmostHoms_def PositiveSet_def by auto
with A2 show thesis using func_imagedef by auto
qed

lemma (in int1) Int_ZF_2_3_L1A:

The next lemma is Lemma 3 in the Arthan’s paper.

lemma (in intl) Arthan_Lem_3:
assumes Al: feS, and A2: D € Z;
shows IMeZ,. VmneZ,. (w+l1)D < f(mM)
proof -
let E = maxd(f) + D
let A = f(Z+) N Z+
from A1 A2 have I: D<E
using Int_ZF_1_5_L3 Int_ZF_2_1_L8 Int_ZF_2_L1A Int_ZF_2_L15D
by simp
from A1 A2 have A C Z, A ¢ Fin(Z) 2E € Z
using int_two_three_are_int Int_ZF_2_1_L8 PositiveSet_def Int_ZF_1_1_L5
by auto
with Al have dMeZ,. 2:E < £(M)
using Int_ZF_1_5_L2A Int_ZF_2_3_L1A by simp
then obtain M where II: MeZ, and III: 2.E < f(M)
by auto
{ fix m assume mcZ, then have A4: 1<m
using Int_ZF_1_5_L3 by simp
moreover from II III have (1+1) E < £(1:M)
using PositiveSet_def Int_ZF_1_1_L4 by simp
moreover have Vk.
1<k A k+1)E < £(&k:M) — (k+1+1)-E < £((k+1)-M)
proof -
{ fix k assume A5: 1<k and A6: (k+1)-E < f(k-M)
with A1 A2 II have T:
keZ MeZ k+1 €¢ Z E€Z (k+1)E€ Z 2E c Z
using Int_ZF_2_L1A PositiveSet_def int_zero_one_are_int
Int_ZF_1_1_L5 Int_ZF_2_1_L8 by auto

from A1 A2 A5 II have
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O(f,kM,M) € Z abs(6(f,k:M,M)) < maxd(f) 0<D
using Int_ZF_2_L1A PositiveSet_def Int_ZF_1_1_L5
Int_ZF_2_1_L7 Int_ZF_2_L16C by auto
with IIT A6 have
(k+1)E + (2E - E) < f(kM) + (£(M) + 6(£f,kM,M))
using Int_ZF_1_3_L19A int_ineq_add_sides by simp
with A1 T have (k+1+1)-E < £((k+1)-M)
using Int_ZF_1_1_L1 int_zero_one_are_int Int_ZF_1_1_14
Int_ZF_1_2_L11 Int_ZF_2_1_L13 by simp
} then show thesis by simp
qed
ultimately have (m+1)-E < f(mM) by (rule Induction_on_int)
with A4 I have (m+1)D < f(m'M) using Int_ZF_1_3_L13A
by simp
} then have VmeZ,.(m+1)D < f(mM) by simp
with II show thesis by auto
qed

A special case of Arthan_Lem_3 when D = 1.

corollary (in int1) Arthan_L_3_spec: assumes Al: f € S
shows IMeZ,.VneZ, . ntl < f(n-M)
proof -
have VneZ,. ntl € Z
using PositiveSet_def int_zero_one_are_int Int_ZF_1_1_L5
by simp
then have VneZ,. (n+1)-1 = n+l
using Int_ZF_1_1_L4 by simp
moreover from Al have IMeZ,. VneZ,. (n+1)-1 < f(nM)
using int_one_two_are_pos Arthan_Lem_3 by simp
ultimately show thesis by simp
qed

We know from Group_zF_3.thy that finite range functions are almost homo-
morphisms. Besides reminding that fact for slopes the next lemma shows
that finite range functions do not belong to S, . This is important, because
the projection of the set of finite range functions defines zero in the real
number construction in Real_ZF_x.thy series, while the projection of S, be-
comes the set of (strictly) positive reals. We don’t want zero to be positive,

do we? The next lemma is a part of Lemma 5 in the Arthan’s paper [2].

lemma (in int1) Int_ZF_2_3_L1B:
assumes Al: f € FinRangeFunctions(Z,Z)
shows fe§ f ¢ S,
proof -
from Al show f&S using Int_ZF_2_1_L1 groupl.Group_ZF_3_3_L1
by auto
have Z, C Z using PositiveSet_def by auto
with A1 have £(Z,) € Fin(Z)
using Finitel L21 by simp
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then have f(Z,) N Z, € Fin(Z)
using Fin_subset_lemma by blast
thus £ ¢ S; by auto
qged

We want to show that if f is a slope and neither f nor —f are in S, then
f is bounded. The next lemma is the first step towards that goal and shows
that if slope is not in Sy then f(Z,) is bounded above.

lemma (in int1) Int_ZF_2_3_L2: assumes Al: feS and A2: f ¢ S,
shows IsBoundedAbove(f(Z.), IntegerOrder)
proof -
from Al have f:Z—Z using AlmostHoms_def by simp
then have f(Z,) C Z using funcl1_1_L6 by simp
moreover from Al A2 have f(Z,) N Z, € Fin(Z) by auto
ultimately show thesis using Int_ZF_2_T1 group3.0OrderedGroup_ZF_2_L4
by simp
qed

If fis aslope and —f ¢ Sy, then f(Z,) is bounded below.
lemma (in intl1) Int_ZF_2_3_L3: assumes Al: f€S and A2: -f ¢ S,

shows IsBoundedBelow(f(Z.), IntegerOrder)
proof -

from A1 have T: f:Z—7Z using AlmostHoms_def by simp

then have (-(£(Z1))) = (-£)(Z;)
using Int_ZF_1_T2 group0_2_T2 PositiveSet_def funcl_1_L15C
by auto

with A1 A2 T show IsBoundedBelow(f(Z,), IntegerOrder)
using Int_ZF_2_1_L12 Int_ZF_2_3_L2 PositiveSet_def funcl_1_L6

Int_ZF_2_T1 group3.0rderedGroup_ZF_2_L5 by simp
qed

A slope that is bounded on Z, is bounded everywhere.

lemma (in int1) Int_ZF_2_3_L4:
assumes Al: feS and A2: meZ
and A3: VneZ,. abs(f(n)) < L
shows abs(f(m)) < 2maxd(f) + L
proof -
from A1 A3 have
0 < abs(£f(1)) abs(£f(1)) <L
using int_zero_one_are_int Int_ZF_2_1_L2B int_abs_nonneg int_one_two_are_pos
by auto
then have II: O<L by (rule Int_order_transitive)
from A2 have meZ .
moreover have abs(£f(0)) < 2maxd(f) + L
proof -
from A1 have
abs(f(0)) < maxd(f) 0 < maxd(f)
and T: maxd(f) € Z
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using Int_ZF_2_1_L8 by auto
with II have abs(£f(0)) < maxd(f) + maxd(f) + L
using Int_ZF_2_L15F by simp
with T show thesis using Int_ZF_1_1_L4 by simp
qed
moreover from A1 A3 II have
VneZ,. abs(f(n)) < 2maxi(f) + L
using Int_ZF_2_1_L8 Int_ZF_1_3_L5A Int_ZF_2_L15F
by simp
moreover have VneZ . abs(f(-n)) < 2maxd(f) + L
proof
fix n assume neZ,
with A1 A3 have
2-maxd(f) € Z
abs(f(-n)) < 2maxd(f) + abs(f(n))
abs(f(n)) < L
using int_two_three_are_int Int_ZF_2_1_L8 Int_ZF_1_1_L5
PositiveSet_def Int_ZF_2_1_L14 by auto
then show abs(f(-n)) < 2maxd(f) + L
using Int_ZF_2_L15A by blast
qed
ultimately show thesis by (rule Int_ZF_2_L19B)
qged

A slope whose image of the set of positive integers is bounded is a finite
range function.

lemma (in intl) Int_ZF_2_3_L4A:
assumes Al: f€S and A2: IsBounded(f(Z.), IntegerOrder)
shows f € FinRangeFunctions(Z,Z)
proof -
have T1: Z, C Z using PositiveSet_def by auto
from A1 have T2: f:Z—Z using AlmostHoms_def by simp
from A2 obtain L where Vacf(Z,). abs(a) < L
using Int_ZF_1_3_L20A by auto
with T2 T1 have VneZ, . abs(f(n)) < L
by (rule funcl_1_L15B)
with A1 have VmeZ. abs(f(m)) < 2maxd(f) + L
using Int_ZF_2_3_L4 by simp
with T2 have f(Z) € Fin(Z)
by (rule Int_ZF_1_3_L20C)
with T2 show f € FinRangeFunctions(Z,Z)
using FinRangeFunctions_def by simp

qed

A slope whose image of the set of positive integers is bounded below is a
finite range function or a positive slope.

lemma (in inti1) Int_ZF_2_3_L4B:

assumes f€S and IsBoundedBelow(f(Z.), IntegerOrder)
shows f € FinRangeFunctions(Z,Z) V feS;
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using prems Int_ZF_2_3_L2 IsBounded_def Int_ZF_2_3_L4A
by auto

If one slope is not greater then another on positive integers, then they are
almost equal or the difference is a positive slope.

lemma (in int1) Int_ZF_2_3_L4C: assumes Al: feS§ geS and
A2: VneZ,. f(n) < g(n)
shows f~g V g + (-f) € &4
proof -
let h = g + (-f)
from A1 have (-f) € § using Int_ZF_2_1_L12

by simp
with A1 have I: h € § using Int_ZF_2_1_L12C

by simp
moreover have IsBoundedBelow(h(Z,), IntegerOrder)
proof -

from I have
h:Z—7Z and Z, CZ using AlmostHoms_def PositiveSet_def
by auto
moreover from Al A2 have VneZ,. (0, h(n)) € IntegerOrder
using Int_ZF_2_1_L2B PositiveSet_def Int_ZF_1_3_L10A
Int_ZF_2_1_L12 Int_ZF_2_1_L12B Int_ZF_2_1_L12A
by simp
ultimately show IsBoundedBelow(h(Z,), IntegerOrder)
by (rule func_ZF_8_L1)
qed
ultimately have h € FinRangeFunctions(Z,Z) V heSy
using Int_ZF_2_3_L4B by simp
with A1 show f~g V g + (-f) € S
using Int_ZF_2_1_L9C by auto
qed

Positive slopes are arbitrarily large for large enough arguments.

assumes Al: feS, and A2: KeZ
shows INeZ,. Vm. N<m — K < f(m)
proof -
from Al obtain M where I: MeZ, and II: VneZ,. n+l < f(n-M)
using Arthan_L_3_spec by auto
let j = GreaterOf (IntegerOrder,M,K - (minf(f,0..(M-1)) - maxd(f)) -
1)
from A1 I have T1i:
minf (£,0..(M-1)) - maxd(f) € Z MeZ
using Int_ZF_2_1_L15 Int_ZF_2_1_18 Int_ZF_1_1_L5 PositiveSet_def
by auto
with A2 I have T2:
K - (minf(£f,0..(M-1)) - maxd(f)) € Z
K - (minf(f,0..(M-1)) - maxé(£f)) - 1 € Z
using Int_ZF_1_1_L5 int_zero_one_are_int by auto

lemma (in int1) Int_ZF_2_3_L5:
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with T1 have IIT: M < j and
K - (minf(£f,0..(M-1)) - maxd(£f)) - 1 < j
using Int_ZF_1_3_L18 by auto
with A2 T1 T2 have
IV: K < j+1 + (minf(£f,0..(M-1)) - maxd(f))
using int_zero_one_are_int Int_ZF_2_L9C by simp
let N = GreaterOf (IntegerOrder,1, j-M)
from T1 III have T3: j € Z jMe Z
using Int_ZF_2_L1A Int_ZF_1_1_L5 by auto
then have V: N € Z_ and VI: jM < N
using int_zero_one_are_int Int_ZF_1_5_L3 Int_ZF_1_3_L18
by auto
{ fix m
let n = m zdiv M
let k¥ = m zmod M
assume N<m
with VI have j'M < m by (rule Int_order_transitive)
with I IIT have
VII: m = n-M+k
j <n and
VIII: n € Z;, k € 0..(M-1)
using IntDiv_ZF_1_L5 by auto
with ITI have
j+1<n+1 ntl < @M
using int_zero_one_are_int int_ord_transl_inv by auto
then have j + 1 < f(uM)
by (rule Int_order_transitive)
with T1 have
j*1 + (minf(£,0..(M-1)) - maxd(£)) <
f(@M + (minf(£,0..(M-1)) - maxd(£))
using int_ord_transl_inv by simp
with IV have K < f(n'M) + (minf(f,0..(M-1)) - maxd(f))
by (rule Int_order_transitive)
moreover from A1 I VIII have
f(nM) + (minf(f,0..M-1))- maxd(f)) < f(n-M+k)
using PositiveSet_def Int_ZF_2_1_L16 by simp
ultimately have K < f(n-M+k)
by (rule Int_order_transitive)
with VII have K < f(m) by simp
} then have Vm. N<m — K < f(m)
by simp
with V show thesis by auto
qed

Positive slopes are arbitrarily small for small enough arguments. Kind of
dual to Int_ZF_2_3_L5.

lemma (in int1) Int_ZF_2_3_L5A: assumes Al: f€S, and A2: KeZ

shows INeZ,. Vm. N<m — f(-m) < K
proof -
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from A1 have T1: abs(f(0)) + maxd(f) € Z
using Int_ZF_2_1_L8 by auto
with A2 have abs(£(0)) + maxd(f) - K € Z
using Int_ZF_1_1_L5 by simp
with A1 have
dNeZ,. Vm. N<m — abs(£(0)) + maxd(f) - K < f(m)
using Int_ZF_2_3_L5 by simp
then obtain N where I: NeZ, and II:
Vm. N<m — abs(£(0)) + maxé(f) - K < f(m)
by auto
{ fix m assume A3: N<m
with A1 have
f(-m) < abs(£f(0)) + maxd(f) - £(m)
using Int_ZF_2_L1A Int_ZF_2_1_L14 by simp
moreover
from II T1 A3 have abs(f(0)) + maxd(f) - f(m) <
(abs(£(0)) + maxd(£f)) -(abs(£(0)) + maxd(f) - K)
using Int_ZF_2_L10 int_ord_transl_inv by simp
with A2 T1 have abs(£(0)) + maxd(f) - f(m) < K
using Int_ZF_1_2_L3 by simp
ultimately have f(-m) < K
by (rule Int_order_transitive)
} then have Vm. N<m — f(-m) < X
by simp
with I show thesis by auto
qed

A special case of Int_ZF_2_3_L5 where K = 1.

corollary (in int1) Int_ZF_2_3_L6: assumes f&S,
shows INeZ,. Vm. N<m — f(m) € Z,
using prems int_zero_one_are_int Int_ZF_2_3_L5 Int_ZF_1_5_L3

by simp

A special case of Int_ZF_2_3_L5 where m = N.
corollary (in int1) Int_ZF_2_3_L6A: assumes f&S, and KeZ

shows INeZ,. K < £()
proof -

from prems have INeZ_,.. Vm. N<m — K < f(m)
using Int_ZF_2_3_L5 by simp

then obtain N where I: N € Z, and II: Vm. N<m — K < f(m)
by auto

then show thesis using PositiveSet_def int_ord_is_refl refl_def
by auto

qed

If values of a slope are not bounded above, then the slope is positive.

lemma (in int1) Int_ZF_2_3_L7: assumes Al: fcS

and A2: VKeZ. dneZ,.. K < £(n)
shows £ € Sy

387



proof -
{ fix X assume KeZ
with A2 obtain n where ncZ, K < f(n)
by auto
moreover from Al have Z, C Z f:7—-7Z
using PositiveSet_def AlmostHoms_def by auto
ultimately have Im € £(Z,). K < m
using funci_1_L15D by auto
} then have VKEZ. dm € £(Z,). X < m by simp
with Al show f € S; using Int_ZF_4_L9 Int_ZF_2_3_L2
by auto
qed

For unbounded slope f either f €S, of —f €8,.
theorem (in intl) Int_ZF_2_3_L8:

assumes Al: feS and A2: f ¢ FinRangeFunctions(Z,Z)
shows (f € §;) Xor ((-f) € S§y)
proof -
have Ti: Z, C Z using PositiveSet_def by auto
from Al have T2: f:Z—Z using AlmostHoms_def by simp
then have I: f(Z,) C Z using funcl_1_L6 by auto
from A1 A2 have f € S V (-f) € Sy
using Int_ZF_2_3_L2 Int_ZF_2_3_L3 IsBounded_def Int_ZF_2_3_L4A
by auto
moreover have - (f € S, A (-f) € S§3)
proof -
{ assume A3: f € S, and Ad: (-f) € S,
from A3 obtain N1 where
I: N1eZ, and II: Vm. Ni<m — f(m) € Z4
using Int_ZF_2_3_L6 by auto
from A4 obtain N2 where
III: N2eZ, and IV: Vm. N2<m — (-£)(m) € Z,
using Int_ZF_2_3_L6 by auto
let N = GreaterOf (IntegerOrder,N1,N2)
from I III have N1 < N N2 < N
using PositiveSet_def Int_ZF_1_3_L18 by auto
with A1 IT IV have
ftN) e Zy (-£O(N) € Z, (-£)(N) = -(£(N))
using Int_ZF_2_L1A PositiveSet_def Int_ZF_2_1_L12A
by auto
then have False using Int_ZF_1_5_L8 by simp
} thus thesis by auto
qed
ultimately show (f € §;) Xor ((-f) € S3)
using Xor_def by simp
qed

The sum of positive slopes is a positive slope.

theorem (in intl) sum_of_pos_sls_is_pos_sl:
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assumes Al: f € §4 g e S,
shows f+g € S
proof -
{ fix K assume KeZ
with A1 have INeZ,. Vm. N<m — K < f(m)
using Int_ZF_2_3_L5 by simp
then obtain N where I: NeZ, and II: Vm. N<m — K < f(m)
by auto
from A1 have IMeZ,. Vm. M<m — 0 < g(m)
using int_zero_one_are_int Int_ZF_2_3_L5 by simp
then obtain M where III: MeZ, and IV: Vm. M<m — 0 < g(m)
by auto
let L = GreaterOf (IntegerOrder,N,M)
from I IITI have V: L € Z, Z, C Z
using Greater0f_def PositiveSet_def by auto
moreover from A1 V have (f+g) (L) = £(L) + g(L)
using Int_ZF_2_1_L12B by auto
moreover from I II III IV have K < £(L) + g(L)
using PositiveSet_def Int_ZF_1_3_L18 Int_ZF_2_L15F

by simp

ultimately have L € Z, K < (f+g)(L)
by auto

then have dn €Z,. K < (f+g) (n)
by auto

} with A1 show f+g € S,
using Int_ZF_2_1_L12C Int_ZF_2_3_L7 by simp
qed

The composition of positive slopes is a positive slope.

theorem (in intl) comp_of_pos_sls_is_pos_sl:
assumes Al: f € S§; g€ S,
shows fog € S,
proof -
{ fix K assume KeZ
with A1 have INeZ, . Vm. N<m — K < f(m)
using Int_ZF_2_3_L5 by simp
then obtain N where NeZ, and I: Vm. N<m — K < f(m)
by auto
with A1 have IMeZ, . N < g(M)
using PositiveSet_def Int_ZF_2_3_L6A by simp
then obtain M where MecZ, N < g(M)
by auto
with A1 I have IMeZ, . K < (fog) (M)
using PositiveSet_def Int_ZF_2_1_L10
by auto
} with A1 show fog € Sy
using Int_ZF_2_1_L11 Int_ZF_2_3_L7
by simp
qed
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A slope equivalent to a positive one is positive.

lemma (in intl) Int_ZF_2_3_L9:
assumes Al: £ € S§; and A2: (f,g) € AlEqRel shows g € S
proof -
from A2 have T: g€§ and JLeZ. VmeZ. abs(f(m)-g(m)) < L
using Int_ZF_2_1_L9A by auto
then obtain L where
I: LeZ and II: VmeZ. abs(f(m)-g(m)) < L
by auto
{ fix K assume A3: KeZ
with I have K+L € Z
using Int_ZF_1_1_L5 by simp
with Al obtain M where III: MeZ, and IV: K+L < £(M)
using Int_ZF_2_3_L6A by auto
with A1 A3 I have K < f(M)-L
using PositiveSet_def Int_ZF_2_1_L2B Int_ZF_2_L9B
by simp
moreover from A1 T II III have
fMD-L < g
using PositiveSet_def Int_ZF_2_1_L2B Int_triangle_ineq2
by simp
ultimately have K < g(M)
by (rule Int_order_transitive)
with IIT have dneZ,. K < g(n)
by auto
} with T show g € S
using Int_ZF_2_3_L7 by simp
qed

The set of positive slopes is saturated with respect to the relation of equiv-
alence of slopes.

lemma (in int1) pos_slopes_saturated: shows IsSaturated(AlEqRel,S.)
proof -
have
equiv(S,Al1EqRel)
AlEqRel C S x S
using Int_ZF_2_1_L9B by auto
moreover have S, C S by auto
moreover have VfcS,. VgeS. (f,g) € AlEqRel — g € Sy
using Int_ZF_2_3_L9 by blast
ultimately show IsSaturated(AlEqRel,S.y)
by (rule EquivClass_3_L3)

qed

A technical lemma involving a projection of the set of positive slopes and a
logical epression with exclusive or.

lemma (in int1) Int_ZF_2_3_L10:
assumes Al: fe§ geS$
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and A2: R = {AlEqRel{s}. s&S.}
and A3: (feS;) Xor (geSy)
shows (AlEqRel{f} € R) Xor (AlEqRel{g} € R)
proof -
from A1 A2 A3 have
equiv(S,AlEqRel)
IsSaturated(AlEqRel,S )
S €S
feS§S ges
R = {AlEqRel{s}. seS;}
(f€S+) Xor (g€S+)
using pos_slopes_saturated Int_ZF_2_1_L9B by auto

then show thesis by (rule EquivClass_3_L7)
qed

Identity function is a positive slope.

lemma (in int1) Int_ZF_2_3_L11: shows id(Z) € S
proof -
let £ = id(Z)
{ fix X assume KeZ
then obtain n where T: ncZ, and K<n
using Int_ZF_1_5_L9 by auto
moreover from T have f(n) = n
using PositiveSet_def by simp
ultimately have neZ, and K<f(n)
by auto
then have dneZ,. K<f(n) by auto
} then show f € S
using Int_ZF_2_1_L17 Int_ZF_2_3_L7 by simp
qed

The identity function is not almost equal to any bounded function.

lemma (in int1) Int_ZF_2_3_L12: assumes Al: f € FinRangeFunctions(Z,Z)
shows —(id(Z) ~ f£)
proof -
{ from A1 have id(Z) € S,
using Int_ZF_2_3_L11 by simp
moreover assume (id(Z),f) € AlEqRel
ultimately have f € S,
by (rule Int_ZF_2_3_L9)
with Al have False using Int_ZF_2_3_L1B
by simp
} then show —(id(Z) ~ f) by auto
qed

26.4 Inverting slopes

Not every slope is a 1:1 function. However, we can still invert slopes in the
sense that if f is a slope, then we can find a slope g such that f o g is almost
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equal to the identity function. The goal of this this section is to establish
this fact for positive slopes.

If f is a positive slope, then for every positive integer p the set {n € Z, :
p < f(n)} is a nonempty subset of positive integers. Recall that f~!(p) is
the notation for the smallest element of this set.

lemma (in intl) Int_ZF_2_4_L1:
assumes Al: f € S and A2: peZ, and A3: A = {neZ,. p < f(n)}
shows
A g Z+
A#£0
£71(p) € A
VmeAd. £71(p) < m
proof -
from A3 show I: A C Z, by auto
from A1 A2 have IneZ,. p < f(n)
using PositiveSet_def Int_ZF_2_3_L6A by simp
with A3 show II: A # 0 by auto
from A3 I II show
f~1(p) € A
VmeA. £71(p) < m
using Int_ZF_1_5_L1C by auto
qed

If f is a positive slope and p is a positive integer p, then f~!(p) (defined as
the minimum of the set {n € Z : p < f(n)} ) is a (well defined) positive
integer.

lemma (in int1) Int_ZF_2_4_L2:
assumes f € S, and peZ.
shows
ffl(p) € Z+
p < £ 1)
using prems Int_ZF_2_4_L1 by auto

If f is a positive slope and p is a positive integer such that n < f(p), then
1) <p.
lemma (in int1) Int_ZF_2_4_L3:

assumes f € S, and meZ, peZ,; and m < £(p)
shows f~1(m) < p

using prems Int_ZF_2_4_L1 by simp

An upper bound f(f~!(m) — 1) for positive slopes.
lemma (in intl) Int_ZF_2_4_14:

assumes Al: f € S, and A2: m€Z, and A3: £ '(m)-1 € Z,
shows f(f '(m)-1) <m f(E'm-1) #m
proof -
from A1 A2 have T: f !(m) € Z using Int_ZF_2_4_L2 PositiveSet_def

by simp
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from A1 A3 have f:Z—Z and f~!(m)-1 ¢ Z
using Int_ZF_2_3_L1 PositiveSet_def by auto
with A1 A2 have T1: £f(f '(m)-1) € Z neZ
using apply_funtype PositiveSet_def by auto
{ assume m < f(f7!(m)-1)
with A1 A2 A3 have £ !(m) < £ !'(m)-1
by (rule Int_ZF_2_4_L3)
with T have False using Int_ZF_1_2_L3AA
by simp
} then have I: —(m < £(£'(m)-1)) by auto
with T1 show f(f '(m)-1) < m
by (rule Int_ZF_2_L19)
from T1 I show f(f '(m)-1) # m
by (rule Int_ZF_2_L19)
qed

The (candidate for) the inverse of a positive slope is nondecreasing.

lemma (in intl) Int_ZF_2_4_L5:
assumes Al: f € §; and A2: meZ, and A3: m<n
shows £~ '(m) < £ !(n)
proof -
from A2 A3 have T: n € Z, using Int_ZF_1_5_L7 by blast
with A1 have n < f(f '(n)) using Int_ZF_2_4_L2
by simp
with A3 have m < £f(f !(n)) by (rule Int_order_transitive)
with A1 A2 T show £~ !'(m) < £~ '(n)
using Int_ZF_2_4_L2 Int_ZF_2_4_L3 by simp
qed

If f=1(m) is positive and n is a positive integer, then, then f='(m +n) — 1
is positive.

lemma (in intl) Int_ZF_2_4_L6:
assumes Al: f € S; and A2: meZ, neZ,; and
A3: fl(m)-1 € Z,
shows f~!(m+n)-1 € Z,
proof -
from A1 A2 have £ '(m)-1 < f '(m+n) - 1
using PositiveSet_def Int_ZF_1_5_L7A Int_ZF_2_4_ 12

Int_ZF_2_4_15 int_zero_one_are_int Int_ZF_1_1_14

int_ord_transl_inv by simp
with A3 show f !(m+n)-1 € Z, using Int_ZF_1_5_L7
by blast
qed

If f is a slope, then f(f~'(m+n)— f~1(m)— f~(n)) is uniformly bounded
above and below. Will it be the messiest IsarMathLib proof ever? Only
time will tell.

lemma (in int1) Int_ZF_2_4_1L7: assumes Al: f € S, and
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A2: VmeZ,. £ t1(m)-1 € Z,
shows
JUEZ. VmeZ, . VneZ,. £(f 1(mm)-f1@m-£f"1(n)) < U
INEZ. VmEZ,. VneZ,. N < £(f 1(m+n)-£f 1 (m)-f~1(n))
proof -
from A1 have dLeZ. VreZ. f(r) < f(r-1) + L
using Int_ZF_2_1_1L28 by simp
then obtain L where
I: LeZ and II: VreZ. f(r) < f(r-1) + L
by auto
from A1 have
IMeZ. VreZ NpeZ . VqeZ. £(r-p-q) < f(x)-f(p)-f(q)+M
JdKeZ. VrecZ VpeZ . NVqeZ. f(r)-f(p)-f(q)+K < f(r-p-q)
using Int_ZF_2_1_L30 by auto
then obtain M K where III: MeZ and
IV: VreZ VpeZ .NqeZ. £(r-p-q) < f(r)-f(p)-f(q)+M
and
V: KeEZ and VI: VreZ .VpeZ . VqeZ. £(r)-f(p)-f(q)+K < f(r-p-q)
by auto
from I III V have
L+M e Z (-L) -L+KeZ
using Int_ZF_1_1 14 Int_ZF_1_1_L5 by auto
moreover
{ fixmn
assume A3: meZ, neZ,
have f(f '(mtn)-f1@)-f~1)) < L+M A
(-L)-L+K < £ (m+n)-f 1 (m)-£ 71 (n))
proof -
let r = £~ ! (m+n)
let p = £ 1(m)
let q = £71(n)
from A1 A3 have T1:
pEZ, q€Zy re€Z,
using Int_ZF_2_4_L2 pos_int_closed_add_unfolded by auto
with A3 have T2:
meZ ne€Z peZ qcZ relZ
using PositiveSet_def by auto
from A2 A3 have T3:
r-1€ Z, p-1 €¢ Z, q-1 € Z;
using pos_int_closed_add_unfolded by auto
from A1 A3 have VII:
m+n < f(r)
m < f(p)
n < £(q)
using Int_ZF_2_4_L2 pos_int_closed_add_unfolded by auto

from A1 A3 T3 have VIII:

f(r-1) < m+n
f(p-1) < m
f(g-1) < n
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using pos_int_closed_add_unfolded Int_ZF_2_4_L4 by auto
have f(r-p-q) < L+M
proof -
from IV T2 have f(r-p-q) < f(r)-f(p)-f(q)+M
by simp
moreover
from I IT T2 VIII have
f(r) < £(r-1) + L
f(r-1) + L < m+n+L
using int_ord_transl_inv by auto
then have f(r) < m+n+L
by (rule Int_order_transitive)
with VII have f(r) - £f(p) < m+n+L-m
using int_ineq_add_sides by simp
with I T2 VII have f(r) - f(p) - £(q) < n+L-n
using Int_ZF_1_2_L9 int_ineq_add_sides by simp
with I III T2 have f(r) - f(p) - f(q) + M < L+M
using Int_ZF_1_2_L3 int_ord_transl_inv by simp
ultimately show f(r-p-q) < L+M
by (rule Int_order_transitive)
qed
moreover have (-L)-L +K < f(r-p-q)
proof -
from I II T2 VIII have
f(p) < £f(p-1) + L
f(p-1) + L < m +L
using int_ord_transl_inv by auto
then have f(p) < m +L
by (rule Int_order_transitive)
with VII have m+n -(m+L) < f(r) - f(p)
using int_ineq_add_sides by simp
with I T2 have n - L < f(r) - £(p)
using Int_ZF_1_2_1L9 by simp
moreover
from I II T2 VIII have
f(q) < £f(g-1) + L
f(g-1) + L < n +L
using int_ord_transl_inv by auto
then have f(q) < n +L
by (rule Int_order_transitive)
ultimately have
n-L- (@l < (@ -1 - @
using int_ineq_add_sides by simp
with I V T2 have
(-L)-L +K < £(r) - £(p) - £(@) + K
using Int_ZF_1_2_L3 int_ord_transl_inv by simp
moreover from VI T2 have
f(r) - £(p) - £(@) + K < £(r-p-q)
by simp
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ultimately show (-L)-L +K < f(r-p-q)
by (rule Int_order_transitive)
qed
ultimately show
f(r-p-q@) < L+M A
(-L)-L+K < £ (m+n)-£ 71 (m)-£ 1 (n))
by simp
qed
}
ultimately show
JUEZ. VmeZ,. VneZ,. £(f 1 (m)-f1(m)-f"1(n)) < U
INEZ. VmeZ,. VneZ,. N < f(f 1(m+n)-f 1 (m)-£1(n))
by auto
qed

The expression f~t(m+n)— f~*(m) — f~(n) is uniformly bounded for all
pairs (m,n) € Z xZ,. Recall that in the int1 context e(£,x) is defined so
that e(f, (m,n)) = f~'(m+n) — f~H(m) — f7}(n).

lemma (in int1) Int_ZF_2_4_18: assumes Al: f € §; and
A2: VmeZ,. £ t1(m)-1 € Z,
shows IM. VxeZ xZ, . abs(e(f,x)) < M
proof -
from A1 A2 have
JUEZ. VmeZ, . VneZ,. f(f 1 (mn)-f1(m)-f 1 (n)) < U
INEZ. VmeZ,. VneZ,. N < £f(f 1(m+n)-£ 1 (m)-£~1(n))
using Int_ZF_2_4_L7 by auto
then obtain U N where I:
VmeZ,. VneZ,. £ (mm)-f 1 @m-£f"1(n)) < U
VmEZ,. VneZ . N < £f(f '(mtn)-£ ' (m)-£ ' (n))
by auto
have Z,xZ, # 0 using int_one_two_are_pos by auto
moreover from Al have f: Z—Z
using AlmostHoms_def by simp
moreover from A1 have
VacZ.3beZ, Vx. b<x — a < f(x)
using Int_ZF_2_3_L5 by simp
moreover from Al have
VaeZ.3beZ, Vy. b<y — f(-y) < a
using Int_ZF_2_3_L5A by simp
moreover have
VXEZ( XZ . e(f,x) € Z N £(e(£,x)) < U AN < f(e(£f,x))
proof -
{ fix x assume A3: x € Z, xXZ,
let m = fst(x)
let n = snd(x)
from A3 have T: m € Z, n € Z, m+tn € Z,
using pos_int_closed_add_unfolded by auto
with Al have

fl(m+n) € Z f1m) ¢ Z £l € Z
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using Int_ZF_2_4_L2 PositiveSet_def by auto
with I T have

elf,x) € Z N £f(e(£,x)) < U AN < £(e(£,x))
using Int_ZF_1_1_L5 by auto

} thus thesis by simp

qed

ultimately show IM.Vx€Z xZ,. abs(e(f,x)) < M
by (rule Int_ZF_1_6_L4)
qed

The (candidate for) inverse of a positive slope is a (well defined) function
on Z+.

lemma (in int1) Int_ZF_2_4_L9:

assumes Al: f € S, and A2: g = {(p,£71(p)). peZ,}
shows

g Li—Zy
g : Z,—Z
proof -

from A1 have
VPEZJ,_ fil(p) S Z+
using Int_ZF_2_4_L2 PositiveSet_def by auto
with A2 show
g: Z,—Z, and g : Z,—Z
using ZF_fun_from_total by auto
qed

What are the values of the (candidate for) the inverse of a positive slope?

lemma (in intl) Int_ZF_2_4_L10:
assumes Al: f € S, and A2: g = {(p,f ' (p)). p€Z,} and A3: pcZ,
shows g(p) = £7'(p)
proof -
from A1 A2 have g : Z,—Z, using Int_ZF_2_4_19 by simp
with A2 A3 show g(p) = £ !(p) using ZF_fun_from_tot_val by simp
qed

The (candidate for) the inverse of a positive slope is a slope.

lemma (in int1) Int_ZF_2_4_L11: assumes Al: f € S, and
A2: VmeZ,. £ '(m)-1 € Z, and
A3: g = {{p,£71(p)). peZ,}
shows 0ddExtension(Z,IntegerAddition,IntegerOrder,g) € S
proof -
from A1 A2 have JL. Vx€Z XxZ,. abs(e(f,x)) < L
using Int_ZF_2_4_L8 by simp
then obtain L where I: VxeZ xZ, . abs(e(f,x)) <L
by auto
from A1 A3 have g : Z,—Z using Int_ZF_2_4_L9
by simp
moreover have VmeZ,. VneZ,. abs(d(g,m,n)) < L
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proof-
{ fixmn
assume A4: meZ, neZ.
then have (m,n) € Z,xZ, by simp
with I have abs(e(f,(m,n))) < L by simp
moreover have e(f,(m,n)) = £ !(m+n) - £ 1(m) - £~ 1(n)
by simp
moreover from Al A3 A4 have
fl(m+n) = glmtn) £ '(m) = gm) £ '(n) = gn)
using pos_int_closed_add_unfolded Int_ZF_2_4_L10 by auto
ultimately have abs(d(g,m,n)) < L by simp
} thus VmeZ,. VneZ, . abs(i(g,m,n)) < L by simp
qed
ultimately show thesis by (rule Int_ZF_2_1_124)
qed

Every positive slope that is at least 2 on positive integers almost has an
inverse.

lemma (in int1l) Int_ZF_2_4_L12: assumes Al: f € S; and
A2: VmeZ,. £ '(m)-1 € Z,
shows JheS. foh ~ id(Z)
proof -
let g = {(p,£71(p)). peZ,}
let h = OddExtension(Z,IntegerAddition,IntegerOrder,g)
from A1 have
dMeZ. VneZ. f(n) < f(n-1) + M
using Int_ZF_2_1_128 by simp
then obtain M where
I: MeZ and II: VneZ. f(n) < f(n-1) + M
by auto
from A1 A2 have T: h € §
using Int_ZF_2_4_L11 by simp
moreover have foh ~ id(Z)
proof -
from A1 T have foh € S using Int_ZF_2_1_L11
by simp
moreover note I
moreover
{ fix m assume A3: meZ,
with A1 have f~'(m) € Z
using Int_ZF_2_4_L2 PositiveSet_def by simp
with II have f(f '(m)) < £ '(m)-1) + M
by simp
moreover from A1 A2 I A3 have f(f !'(m)-1) + M < m+M
using Int_ZF_2_4_L4 int_ord_transl_inv by simp
ultimately have f(f~!(m)) < m+M
by (rule Int_order_transitive)
moreover from A1 A3 have m < f(£f~!'(m))
using Int_ZF_2_4_12 by simp
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moreover from Al A2 T A3 have f(f7!'(m)) = (foh) (m)
using Int_ZF_2_4_19 Int_ZF_1_5_L11
Int_ZF_2_4_L10 PositiveSet_def Int_ZF_2_1_L10
by simp
ultimately have m < (foh) (m) A (foh) (m) < m+M
by simp }
ultimately show foh ~ id(Z) using Int_ZF_2_1_L32
by simp
qed
ultimately show JheS. foh ~ id(Z)
by auto
qed

Int_ZF_2_4_L12 is almost what we need, except that it has an assumption
that the values of the slope that we get the inverse for are not smaller than 2
on positive integers. The Arthan’s proof of Theorem 11 has a mistake where
he says "note that for all but finitely many m,n € N p = g(m) and ¢ = g(n)
are both positive”. Of course there may be infinitely many pairs (m,n) such
that p, ¢ are not both positive. This is however easy to workaround: we just
modify the slope by adding a constant so that the slope is large enough on
positive integers and then look for the inverse.

theorem (in intl) pos_slope_has_inv: assumes Al: f € S
shows Jdgec§. f~g A (FheS. goh ~ id(Z))
proof -
from A1 have f: Z—Z 1€Z 2 € Z
using AlmostHoms_def int_zero_one_are_int int_two_three_are_int
by auto
moreover from Al have
VaeZ.3beZ . Vx. b<x — a < f(x)
using Int_ZF_2_3_L5 by simp
ultimately have
JceZ. 2 < Minimum(IntegerOrder,{nc€Z,. 1 < f(n)+c})
by (rule Int_ZF_1_6_L7)
then obtain ¢ where I: ceZ and
IT: 2 < Minimum(IntegerOrder,{n€Z,. 1 < f(n)+c})
by auto
let g = {(m,f(m)+c). meZ}
from A1 I have III: g&§ and IV: f~g using Int_ZF_2_1_L33
by auto
from IV have (f,g) € AlEqRel by simp
with A1 have T: g € S, by (rule Int_ZF_2_3_L9)
moreover have VmeZ,. g~ '(m)-1 € Z,
proof
fix m assume A2: meZ.
from A1 I IT have V: 2 < g~ 1(1)
using Int_ZF_2_1_L33 PositiveSet_def by simp
moreover from A2 T have g 1(1) < g~ !'(m)
using Int_ZF_1_5_L3 int_one_two_are_pos Int_ZF_2_4_L5
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by simp
ultimately have 2 < g~'(m)
by (rule Int_order_transitive)
then have 2-1 < g '(m)-1
using int_zero_one_are_int Int_ZF_1_1_L4 int_ord_transl_inv
by simp
then show g '(m)-1 € Z,
using int_zero_one_are_int Int_ZF_1_2_L3 Int_ZF_1_5_L3
by simp
qged
ultimately have FheS. goh ~ id(Z)
by (rule Int_ZF_2_4_L12)
with III IV show thesis by auto
qed

26.5 Completeness

In this section we consider properties of slopes that are needed for the proof
of completeness of real numbers constructred in Real_ZF_1.thy. In particular
we consider properties of embedding of integers into the set of slopes by the
mapping m — m® , where m® is defined by m®(n) = m - n.

S

If m is an integer, then m* is a slope whose value is m - n for every integer.

lemma (in intl) Int_ZF_2_5_L1: assumes Al: m € Z
shows
Vn € Z. @®)(n) = mn
n® €S
proof -
from A1 have I: n®:Z—-Z
using Int_ZF_1_1_L5 ZF_fun_from_total by simp
then show II: Vn € Z. (n®)(n) = mn using ZF_fun_from_tot_val
by simp
{ fixnk
assume A2: neZ keZ
with A1 have T: mn € Z mk € Z
using Int_ZF_1_1_L5 by auto
from A1 A2 II T have 6(n”,n,k) = mk - mk
using Int_ZF_1_1_L5 Int_ZF_1_1_L1 Int_ZF_1_2_L3
by simp
also from T have ... = 0 using Int_ZF_1_1_14
by simp
finally have 6(m®,n,k) = 0 by simp
then have abs(d(m®,n,k)) < 0
using Int_ZF_2_L18 int_zero_one_are_int int_ord_is_refl refl_def

by simp
} then have VneZ.VkeZ. abs((m®,n,k)) < 0
by simp
with I show n® € S by (rule Int_ZF_2_1_L5)

qed
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For any slope f there is an integer m such that there is some slope g that
is almost equal to m® and dominates f in the sense that f < g on positive
integers (which implies that either g is almost equal to f or g— f is a positive
slope. This will be used in Real_ZF_1.thy to show that for any real number
there is an integer that (whose real embedding) is greater or equal.

lemma (in intl1) Int_ZF_2_5_L2: assumes Al: f € S
shows ImcZ. IgcS. (m°~g A (f~g V g+(-f) € S.))
proof -
from A1 have
dm k. m€Z AN keZ N (VpeZ. abs(£(p)) < m-abs(p)+k)
using Arthan_Lem_8 by simp
then obtain m k where I: méZ and II: k€Z and
III: VpeZ. abs(f(p)) < m-abs(p)+k
by auto
let g = {(n,m%(n) +k). ncZ}
from I have IV: m® € S using Int_ZF_2_5_L1 by simp
with II have V: g€S and VI: m°~g using Int_ZF_2_1_133
by auto
{ fix n assume A2: neZ,
with A1 have f(n) € Z
using Int_ZF_2_1_L2B PositiveSet_def by simp
then have f(n) < abs(f(n)) using Int_ZF_2_L19C
by simp
moreover
from III A2 have abs(f(n)) < mabs(n) + k
using PositiveSet_def by simp
with A2 have abs(f(n)) < mn+k
using Int_ZF_1_5_L4A by simp
ultimately have f(n) < mn+k
by (rule Int_order_transitive)
moreover
from II IV A2 have g(n) = (m°) (n)+k
using Int_ZF_2_1_L33 PositiveSet_def by simp
with I A2 have g(n) = mn+k
using Int_ZF_2_5_L1 PositiveSet_def by simp
ultimately have f(n) < g(n)
by simp
} then have VneZ,. f(n) < g(n)
by simp
with A1 V have f~g V g + (-f) € S
using Int_ZF_2_3_L4C by simp
with I V VI show thesis by auto
qed

The negative of an integer embeds in slopes as a negative of the orgiginal
embedding.

lemma (in int1) Int_ZF_2_5_L3: assumes Al: m € Z
shows (-m)°® = -(m®)
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proof -
from A1 have (-m)°: Z—Z and (-®)): Z—Z
using Int_ZF_1_1_L4 Int_ZF_2_5_L1 AlmostHoms_def Int_ZF_2_1_L12
by auto
moreover have VneZ. ((-m)®) (@) = (-(@%)) (n)
proof
fix n assume A2: neZ
with A1 have
((m)%) (@) = (-m)n
(-@%)) (@) = -(mn)
using Int_ZF_1_1_L4 Int_ZF_2_5_L1 Int_ZF_2_1_L12A
by auto
with A1 A2 show ((-m)®)(n) = (-(@%)) (n)
using Int_ZF_1_1_L5 by simp
qed
ultimately show (-m)° = -(m°) using fun_extension_iff
by simp
qed

The sum of embeddings is the embeding of the sum.

lemma (in intl) Int_ZF_2_5_L3A: assumes Al: meZ keZ
shows (%) + (k%) = ((m+k)®)
proof -
from A1l have T1l: m+k € Z using Int_ZF_1_1_L5
by simp
with A1 have T2:
@) eSS &% €8
m+k)® € 8§
%) + &%) €S
using Int_ZF_2_5_L1 Int_ZF_2_1_L12C by auto
then have
m®) + &%) : Z-Z
(m+k)® : Z—Z
using AlmostHoms_def by auto
moreover have VneZ. ((@®) + (k%)) (n)
proof
fix n assume A2: neZ
with A1 T1 T2 have (@®) + (k%)) () = (w+k)n
using Int_ZF_2_1_L12B Int_ZF_2_5_L1 Int_ZF_1_1_L1
by simp
also from T1 A2 have ... = ((m+k)®) (n)
using Int_ZF_2_5_L1 by simp
finally show ((n®) + (k%)) (@) = ((m+k)*) (n)
by simp
qed
ultimately show %) + (k%) = ((m+k)?®)
using fun_extension_iff by simp
qed

((m+k)%) (n)

The composition of embeddings is the embeding of the product.
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lemma (in intl) Int_ZF_2_5_L3B: assumes Al: meZ keZ
shows (m°) o (¥%) = ((mk)*)
proof -
from A1 have T1: mk € Z using Int_ZF_1_1_L5
by simp
with A1 have T2:
@) €S &% €S
mk)® €8
%) o &%) € S
using Int_ZF_2_5_L1 Int_ZF_2_1_L11 by auto
then have
) o k%) : Z—Z
mk)® : Z-Z
using AlmostHoms_def by auto
moreover have VneZ. ((m°) o k%)) () = ((mk)®) (n)
proof
fix n assume A2: neZ
with A1 T2 have
(@%) o %)) (@) = @°) (kn)
using Int_ZF_2_1_L10 Int_ZF_2_5_L1 by simp
moreover
from A1 A2 have kn € Z using Int_ZF_1_1_L5
by simp
with A1 A2 have (m®)(kn) = mkn
using Int_ZF_2_5_L1 Int_ZF_1_1_L7 by simp
ultimately have ((m®) o (k%)) (n) = mkn
by simp
also from T1 A2 have mkn = ((mk)®) (n)
using Int_ZF_2_5_L1 by simp
finally show ((n°) o (k%)) (n) = ((mk)®)(n)
by simp
qed
ultimately show @%) o (k¥°) = ((mk)%)
using fun_extension_iff by simp
qed

Embedding integers in slopes preserves order.

shows (m°) ~ (@) Vv @9)+(-m%)) € S,
proof -
from A1 have m° € S and n® € S
using Int_ZF_2_L1A Int_ZF_2_5_L1 by auto
moreover from Al have VkeZ, . @) &) < @°) k)
using Int_ZF_1_3_L13B Int_ZF_2_L1A PositiveSet_def Int_ZF_2_5_L1
by simp
ultimately show thesis using Int_ZF_2_3_LA4C
by simp
qed

lemma (in int1) Int_ZF_2_5_L4: assumes Al: m<n

S

We aim at showing that m +— m*~ is an injection modulo the relation of
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almost equality. To do that we first show that if m® has finite range, then
m = 0.

lemma (in int1) Int_ZF_2_5_L5:
assumes mcZ and m® € FinRangeFunctions(Z,Z)
shows m=0
using prems FinRangeFunctions_def Int_ZF_2_5_L1 AlmostHoms_def

func_imagedef Int_ZF_1_6_L8 by simp

Embeddings of two integers are almost equal only if the integers are equal.

lemma (in intl) Int_ZF_2_5_L6:
assumes Al: mcZ keZ and A2: (m°) ~ (k%)
shows m=k
proof -
from A1 have T: m-k € Z using Int_ZF_1_1_L5 by simp
from A1 have (-(k°)) = ((-k)°)
using Int_ZF_2_5_L3 by simp
then have m® + (-(x%)) = @®) + ((-k)*)
by simp
with A1 have m® + (-(¥%)) = ((m-k)*)
using Int_ZF_1_1_L4 Int_ZF_2_5_L3A by simp
moreover from A1l A2 have m® + (-(k°)) € FinRangeFunctions(Z,Z)
using Int_ZF_2_5_L1 Int_ZF_2_1_L9D by simp

ultimately have (m-k)° € FinRangeFunctions(Z,Z)

by simp

with T have m-k = 0 using Int_ZF_2_5_L5
by simp

with Al show m=k by (rule Int_ZF_1_L15)

qed

Embedding of 1 is the identity slope and embedding of zero is a finite range
function.

lemma (in intl1) Int_ZF_2_5_L7: shows

15 = id(Z)
0° € FinRangeFunctions(Z,Z)
proof -

have id(Z) = {(x,x). x€Z}
using id_def by blast
then show 1° = id(Z) using Int_ZF_1_1_L4 by simp
have {0°(). neZ} = {0-n. neZ}
using int_zero_one_are_int Int_ZF_2_5_L1 by simp
also have ... = {0} using Int_ZF_1_1_L4 int_not_empty
by simp
finally have {0°(n). ncZ} = {0} by simp
then have {0°(n). n€Z} € Fin(Z)
using int_zero_one_are_int Finitel L16 by simp
moreover have 0°: Z—Z
using int_zero_one_are_int Int_ZF_2_5_L1 AlmostHoms_def
by simp
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ultimately show 0° € FinRangeFunctions(Z,Z)
using Finitel L19 by simp
qed

A somewhat technical condition for a embedding of an integer to be ”less or
equal” (in the sense apriopriate for slopes) than the composition of a slope
and another integer (embedding).

lemma (in int1) Int_ZF_2_5_L8:
assumes Al: f € S and A2: N € Z M € Z and
A3: VneZ,.. Mn < £(N-n)
shows M° ~ fo(N%) Vv (fo(N®)) + (-M%)) € S,
proof -
from A1 A2 have M° € § fo(N%) € S
using Int_ZF_2_5_L1 Int_ZF_2_1_L11 by auto
moreover from A1 A2 A3 have VncZ,. (M%) (n) < (fo(N9))(n)
using Int_ZF_2_5_L1 PositiveSet_def Int_ZF_2_1_L10
by simp
ultimately show thesis using Int_ZF_2_3_L4C
by simp
qed

Another technical condition for the composition of a slope and an integer
(embedding) to be "less or equal” (in the sense apriopriate for slopes) than
embedding of another integer.

lemma (in intl) Int_ZF_2_5_L9:
assumes Al: f € S and A2: N € Z M € Z and
A3: VneZ,. £(@n) < Mn
shows fo(N) ~ (M) v (M%) + (~(fo(N¥))) € Sy
proof -
from A1 A2 have fo(N®) ¢ S M° € S
using Int_ZF_2_5_L1 Int_ZF_2_1_L11 by auto
moreover from A1 A2 A3 have VneZ,. (fo(N®))(n) < (M%) (n)
using Int_ZF_2_5_L1 PositiveSet_def Int_ZF_2_1_L10
by simp
ultimately show thesis using Int_ZF_2_3_L4C
by simp
qed

end
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27 Real ZF.thy

theory Real_ZF imports Int_ZF Ring ZF_1
begin

The goal of the Real_ZF series of theory files is to provide a contruction of
the set of real numbers. There are several ways to construct real numbers.
Most common start from the rational numbers and use Dedekind cuts or
Cauchy sequences. Real_ZF_x.thy series formalizes an alternative approach
that constructs real numbers directly from the group of integers. Our for-
malization is mostly based on [2]. Different variants of this contruction are
also described in [1] and [3]. T recommend to read these papers, but for the
impatient here is a short description: we take a set of maps s : Z — Z such
that the set {s(m +n) — s(m) — s(n)}n,mez is finite (Z means the integers
here). We call these maps slopes. Slopes form a group with the natural
addition (s +7)(n) = s(n) +r(n). The maps such that the set s(Z) is finite
(finite range functions) form a subgroup of slopes. The additive group of
real numbers is defined as the quotient group of slopes by the (sub)group of
finite range functions. The multiplication is defined as the projection of the
composition of slopes into the resulting quotient (coset) space.

27.1 The definition of real numbers

First we define slopes and real numbers as the set of their classes. The
definition of slopes references the notion of almost homomorphisms defined
in Group_ZF_2.thy: slopes are defined as almost homomorphisms on integers
with integer addition as the operation. Similarly the notions of the first and
second operation on slopes (which is really the addition and composition
of slopes) is derived as a special case of the first and second operation on
almost homomorphisms.

constdefs
Slopes = AlmostHoms(int,IntegerAddition)
SlopeOpl = AlHomOpl(int,IntegerAddition)
SlopeOp2 = AlHomOp2(int,IntegerAddition)
BoundedIntMaps = FinRangeFunctions(int,int)
SlopeEquivalenceRel = QuotientGroupRel(Slopes,SlopeOpl,BoundedIntMaps)
RealNumbers = Slopes//SlopeEquivalenceRel

RealAddition = ProjFun2(Slopes,SlopeEquivalenceRel,SlopeQpl)
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RealMultiplication = ProjFun2(Slopes,SlopeEquivalenceRel,SlopeOp2)

We first show that we can use theorems proven in some proof contexts (lo-
cales). The locale groupl requires assumption that we deal with an abelian
group. The next lemma allows to use all theorems proven in the context
called groupl.

lemma Real ZF_1_L1: shows groupl(int,IntegerAddition)
using groupl_axioms.intro groupl_def Int_ZF_1_T2 by simp

Real numbers form a ring. This is a special case of the theorem proven in
Ring_ZF_1.thy, where we show the same in general for almost homomor-
phisms rather than slopes.

theorem Real_ZF_1_T1: IsAring(RealNumbers,RealAddition,RealMultiplication)
proof -
let AH = AlmostHoms (int,IntegerAddition)
let Op1 = AlHomOpl(int,IntegerAddition)
let FR = FinRangeFunctions(int,int)
let Op2 = AlHomOp2(int,IntegerAddition)
let R = QuotientGroupRel (AH,O0p1,FR)
let A = ProjFun2(AH,R,0p1)
let M = ProjFun2(AH,R,0p2)
have IsAring(AH//R,A,M) using Real ZF_1_L1 groupl.Ring ZF_1_1_T1
by simp
then show thesis using Slopes_def SlopeOp2_def SlopeOpl_def
BoundedIntMaps_def SlopeEquivalenceRel_def RealNumbers_def
RealAddition_def RealMultiplication_def by simp
qged

We can use theorems proven in group0 and groupl contexts applied to the
group of real numbers.

lemma Real ZF_1_L2:
groupO (RealNumbers,RealAddition)
RealAddition {is commutative on} RealNumbers
groupl (RealNumbers,RealAddition)
proof -
have
IsAgroup(RealNumbers,RealAddition)
RealAddition {is commutative on} RealNumbers
using Real_ZF_1_T1 IsAring_def by auto
then show
groupO (RealNumbers,RealAddition)
RealAddition {is commutative on} RealNumbers
groupl (RealNumbers,RealAddition)
using groupl_axioms.intro groupO_def groupl_def
by auto
qed

Let’s define some notation.
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locale real0 =

fixes real (R)
defines real_def [simp]: IR = RealNumbers

fixes ra (infixl + 69)
defines ra_def [simp]: a+ b = RealAddition(a,b)

fixes rminus :: i=i (- _ 72)
defines rminus_def [simp]:-a = GroupInv(IR,RealAddition) (a)

fixes rsub (infixl - 69)
defines rsub_def [simp]: a-b = a+(-b)

fixes rm (infixl - 70)
defines rm_def [simpl: ab = RealMultiplication(a,b)

fixes rzero (0)
defines rzero_def [simp]:
0 = TheNeutralElement (RealNumbers,RealAddition)

fixes rone (1)
defines rone_def [simp]:
1 = TheNeutralElement (RealNumbers,RealMultiplication)

fixes rtwo (2)
defines rtwo_def [simpl: 2 = 1+1

fixes non_zero (IRg)
defines non_zero_def [simp]: Ry = R-{0}

fixes inv (_7' [90] 91)
defines inv_def [simp]:
a~! = GroupInv(IRg,restrict (RealMultiplication,RoxIRg)) (a)

In realo context all theorems proven in the ring0, context are valid.

lemma (in realO) Real_ZF_1_L3: shows
ring0(R,RealAddition,RealMultiplication)
using Real_ZF_1_T1 ringO_def ring0.Ring ZF_1_L1
by auto

Lets try out our notation to see that zero and one are real numbers.

lemma (in realO) Real_ZF_1_L4: shows 0cR 1€R
using Real_ZF_1_L3 ring0.Ring_ZF_1_L2 by auto

The lemma below lists some properties that require one real number to state.

lemma (in realO) Real_ZF_1_L5: assumes Al: acR
shows
(ra) € R
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(Fa)) = a
at0 = a
O+a = a
al = a
l.a=a
a-a = 0
a-0 = a

using prems Real_ZF_1_L3 ring0.Ring_ZF_1_L3 by auto

The lemma below lists some properties that require two real numbers to
state.

lemma (in realO) Real_ZF_1_L6: assumes aclR belR
shows

atb € R

a-b € R

ab e R

at+b = b+a

(-a)-b = -(ab)

a-(-b) = -(a:b)

using prems Real ZF_1_L3 ring0.Ring ZF_1_L4 ring0O.Ring ZF_1_L7
by auto

Multiplication of reals is associative.

lemma (in realO) Real_ZF_1_L6A: assumes aclR belR ceR
shows a-(b-c) = (ab)-c
using prems Real ZF_1_L3 ringO.Ring ZF_1_L11
by simp

Addition is distributive with respect to multiplication.

lemma (in realO) Real_ZF_1_L7: assumes aclR belR ceR
shows

a-(b+c) = ab + a-c
(b+c)-a = b-a + ca
a-(b-c) = ab - ac
(b-c)-a = b-a - ca

using prems Real_ZF_1_L3 ring0.ring_oper_distr ringO.Ring ZF_1_L8
by auto

A simple rearrangement with four real numbers.

lemma (in realO) Real_ZF_1_L7A:
assumes ac€lR belR ceR deR
shows a-b + (c-d) = at+c-b-d
using prems Real_ZF_1_L2 groupO.group0_4_L8A by simp

RealAddition is defined as the projection of the first operation on slopes
(that is, slope addition) on the quotient (slopes divided by the ”almost
equal” relation. The next lemma plays with definitions to show that this
is the same as the operation induced on the appriopriate quotient group.
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The names AH, Opl and FR are used in groupl context to denote almost
homomorphisms, the first operation on AH and finite range functions resp.

lemma Real_ZF_1_L8: assumes
AH = AlmostHoms(int,IntegerAddition) and
Opl = AlHomOpl(int,IntegerAddition) and
FR = FinRangeFunctions(int,int)
shows RealAddition = QuotientGroupOp(AH,0p1,FR)
using prems RealAddition_def SlopeEquivalenceRel_def
QuotientGroupOp_def Slopes_def SlopeOpl_def BoundedIntMaps_def
by simp

The symbol 0 in the real0 context is defined as the neutral element of real
addition. The next lemma shows that this is the same as the neutral element
of the appriopriate quotient group.

lemma (in realO) Real_ZF_1_L9: assumes
AH = AlmostHoms(int,IntegerAddition) and
Opl = AlHomOpl(int,IntegerAddition) and
FR = FinRangeFunctions(int,int) and
r = QuotientGroupRel (AH,Op1,FR)
shows
TheNeutralElement (AH//r,QuotientGroupOp (AH,0p1,FR)) = 0
SlopeEquivalenceRel = r
using prems Slopes_def Real_ZF_1_L8 RealNumbers_def
SlopeEquivalenceRel_def SlopeOpl_def BoundedIntMaps_def
by auto

Zero is the class of any finite range function.

lemma (in realO) Real_ZF_1_L10:
assumes Al: s € Slopes
shows SlopeEquivalenceRel{s} = 0 «— s &€ BoundedIntMaps
proof -
let AH = AlmostHoms(int,IntegerAddition)
let Opl1 = AlHomOpl(int,IntegerAddition)
let FR = FinRangeFunctions(int,int)
let r = QuotientGroupRel (AH,0p1,FR)
let e = TheNeutralElement (AH//r,QuotientGroupOp (AH,0p1,FR))
from A1 have
groupl(int,IntegerAddition)
scAH
using Real_ZF_1_L1 Slopes_def
by auto
then have r{s} = e «—— s € FR
using groupl.Group_ZF_3_3_L5 by simp
moreover have
r = SlopeEquivalenceRel
e=20
FR = BoundedIntMaps
using SlopeEquivalenceRel_def Slopes_def SlopeOpl_def
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BoundedIntMaps_def Real_ZF_1_L9 by auto
ultimately show thesis by simp
qed

We will need a couple of results from Group_zF_3.thy The first two that
state that the definition of addition and multiplication of real numbers
are consistent, that is the result does not depend on the choice of the
slopes representing the numbers. The second one implies that what we call
SlopeEquivalenceRel is actually an equivalence relation on the set of slopes.
We also show that the neutral element of the multiplicative operation on
reals (in short number 1) is the class of the identity function on integers.

lemma Real_ZF_1_L11: shows
Congruent2(SlopeEquivalenceRel,SlopeOpl)
Congruent2(SlopeEquivalenceRel,SlopeQOp2)
SlopeEquivalenceRel C Slopes X Slopes
equiv(Slopes, SlopeEquivalenceRel)
SlopeEquivalenceRel{id(int)} =
TheNeutralElement (RealNumbers,RealMultiplication)
BoundedIntMaps C Slopes

proof -
let G = int
let £ = IntegerAddition

let AH = AlmostHoms (int,IntegerAddition)
let Op1 = AlHomOpl(int,IntegerAddition)
let Op2 = AlHomOp2(int,IntegerAddition)
let FR = FinRangeFunctions(int,int)
let R = QuotientGroupRel (AH,0p1,FR)
have
Congruent2(R,0pl)
Congruent2(R,0p2)
using Real_ZF_1_L1 groupl.Group_ZF_3_4_L13A groupl.Group_ZF_3_3_L4
by auto
then show
Congruent2(SlopeEquivalenceRel,SlopeOpl)
Congruent2(SlopeEquivalenceRel,SlopeQOp2)
using SlopeEquivalenceRel_def SlopeOpl_def Slopes_def
BoundedIntMaps_def SlopeOp2_def by auto
have equiv(AH,R)
using Real_ZF_1_L1 groupl.Group_ZF_3_3_L3 by simp
then show equiv(Slopes,SlopeEquivalenceRel)
using BoundedIntMaps_def SlopeEquivalenceRel_def SlopeOpl_def Slopes_def
by simp
then show SlopeEquivalenceRel C Slopes X Slopes
using equiv_type by simp
have R{id(int)} = TheNeutralElement (AH//R,ProjFun2(AH,R,0p2))
using Real_ZF_1_L1 groupl.Group_ZF_3_4_T2 by simp
then show SlopeEquivalenceRel{id(int)} =
TheNeutralElement (RealNumbers,RealMultiplication)
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using Slopes_def RealNumbers_def
SlopeEquivalenceRel_def SlopeOpl_def BoundedIntMaps_def
RealMultiplication_def SlopeOp2_def
by simp

have FR C AH using Real_ZF_1_L1 groupl.Group_ZF_3_3_L1
by simp

then show BoundedIntMaps C Slopes
using BoundedIntMaps_def Slopes_def by simp

qed

A one-side implication of the equivalence from Real_zF_1_L10: the class of
a bounded integer map is the real zero.

lemma (in real0) Real_ZF_1_L11A: assumes s € BoundedIntMaps
shows SlopeEquivalenceRel{s} = 0
using prems Real ZF_1_L11 Real_ZF_1_L10 by auto

The next lemma is rephrases the result from Group_zF_3.thy that says that
the negative (the group inverse with respect to real addition) of the class of
a slope is the class of that slope composed with the integer additive group
inverse. The result and proof is not very readable as we use mostly generic
set theory notation with long names here. Real_ZF_1.thy contains the same
statement written in a more readable notation: [—s] = —[s].

lemma (in real0) Real_ZF_1_L12: assumes Al: s € Slopes and
Dr: r = QuotientGroupRel (Slopes,SlopeOpl,BoundedIntMaps)
shows r{GroupInv(int,IntegerAddition) 0 s} = -(r{s})

proof -
let G = int
let £ = IntegerAddition

let AH = AlmostHoms(int,IntegerAddition)

let Opl = AlHomOpl(int,IntegerAddition)

let FR = FinRangeFunctions(int,int)

let F = ProjFun2(Slopes,r,SlopeOpl)

from A1l Dr have
group1(G, f)
s € AlmostHoms (G, f)
r = QuotientGroupRel(
AlmostHoms (G, f), AlHomOp1(G, f), FinRangeFunctions(G, G))
and F = ProjFun2(AlmostHoms (G, f), r, AlHomOpl(G, £))
using Real_ZF_1_L1 Slopes_def SlopeOpl_def BoundedIntMaps_def
by auto

then have
r{GroupInv(G, £) 0 s} =
GroupInv(AlmostHoms(G, f) // r, F)(r {s})
using groupl.Group_ZF_3_3_L6 by simp

with Dr show thesis
using RealNumbers_def Slopes_def SlopeEquivalenceRel_def RealAddition_def
by simp

qed

412



Two classes are equal iff the slopes that represent them are almost equal.

lemma Real_ZF_1_L13: assumes s € Slopes p € Slopes
and r = SlopeEquivalenceRel
shows r{s} = r{p} «— (s,p) € r
using prems Real_ZF_1_L11 eq_equiv_class equiv_class_eq
by blast

Identity function on integers is a slope.

lemma Real ZF_1_L14: shows id(int) € Slopes
proof -
have id(int) € AlmostHoms(int,IntegerAddition)
using Real_ZF_1_L1 groupl.Group_ZF_3_4_L15
by simp
then show thesis using Slopes_def by simp
qed

This concludes the easy part of the construction that follows from the fact
that slope equivalence classes form a ring. It is easy to see that multipli-
cation of classes of almost homomorphisms is not commutative in general.
The remaining properties of real numbers, like commutativity of multipli-
cation and the existence of multiplicative inverses have to be proven using
properties of the group of integers, rather that in general setting of abelian
groups.

end
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28 Real ZF _1.thy

theory Real_ZF_1 imports Real_ZF Int_ZF_2 OrderedField_ZF
begin

In this theory file we continue the construction of real numbers started
in Real_ZF.thy to a succesful conclusion. We put here those parts of the
construction that can not be done in the general settings of abelian groups
and require integers.

28.1 Definitions and notation

In this section we define notions and notation needed for the rest of the
construction.

The order on the set of real numbers is constructed by specifying the set of
positive reals. This is defined as the projection of the set of positive slopes.
A slope is positive if it takes an infinite number of posititive values on the
positive integers (see Int_ZF_2.thy for properties of positive slopes). The
order relation on real numbers is defined by prescribing the set of positive
numbers (see section ” Alternative definitions” in OrderedGroup_ZF.thy.).

constdefs

PositiveSlopes = {s € Slopes.
s(PositiveIntegers) N Positivelntegers ¢ Fin(int)}

PositiveReals = {SlopeEquivalenceRel{s}. s € PositiveSlopes}

OrderOnReals = OrderFromPosSet (RealNumbers,RealAddition,PositiveReals)

The next locale extends the locale real0 to define notation specific to the
construction of real numbers. The notation follows the one defined in
Int_ZF_2.thy. If m is an integer, then the real number which is the class
of the slope n +— m - n is denoted mf*. For a real number a notation |a]
means the largest integer m such that the real version of it (that is, m®) is
not greater than a. For an integer m and a subset of reals S the expression
I'(S,m) is defined as max{|p®- x| : 2 € S}. This is plays a role in the proof
of completeness of real numbers. We also reuse some notation defined in the
int0 context, like Z, (the set of positive integers) and abs(m) ( the absolute
value of an integer, and some defined in the int1 context, like the addition
( +) and composition (o of slopes.

locale reall = realO +

fixes AlEq (infix ~ 68)
defines AlEq_def [simp]l: s ~ r = (s,r) € SlopeEquivalenceRel
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fixes slope_add (infix + 70)
defines slope_add_def [simp]:
s + r = SlopeOpi(s,r)

fixes slope_comp (infix o 71)
defines slope_comp_def [simpl: s o r = SlopeOp2(s,r)

fixes slopes (S)
defines slopes_def [simp]l: S = AlmostHoms(int,IntegerAddition)

fixes posslopes (Si)
defines posslopes_def [simp]l: S; = PositiveSlopes

fixes slope_class ([ _ 1)
defines slope_class_def [simp]l: [f] = SlopeEquivalenceRel{f}
fixes slope_neg :: i=i (-_ [90] 91)

defines slope_neg_def [simp]l: -s = GroupInv(int,IntegerAddition) O s

fixes lesseqr (infix < 60)
defines lesseqr_def [simpl: a < b = (a,b) € OrderOnReals

fixes sless (infix < 60)
defines sless_def [simp]l: a < b = a<b A a#b

fixes positivereals (IR;)
defines positivereals_def [simp]l: IRy = PositiveSet(IR,RealAddition,OrderOnReals)

fixes intembed (_® [90] 91)
defines intembed_def [simp]:

nf* = [{(n,IntegerMultiplication(m,n) ). n € int}]

fixes floor (| _ |)
defines floor_def [simp]:
|a] = Maximum(IntegerOrder,{m € int. m® < a})

fixes T’
defines I'_def [simp]l: I'(S,p) = Maximum(IntegerOrder,{|pfx|. x€S})

fixes ia (infixl + 69)
defines ia_def [simp]: a+b = IntegerAddition<a,b>

fixes iminus :: i=i (- _ 72)
defines rminus_def [simp]: -a = GroupInv(int,IntegerAddition) (a)

fixes isub (infixl - 69)
defines isub_def [simp]: a-b = a+ (- b)
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fixes intpositives (Zy)
defines intpositives_def [simp]:
Z, = PositiveSet(int,IntegerAddition,IntegerOrder)

fixes zlesseq (infix < 60)
defines lesseq_def [simp]l: m < n = (m,n) € IntegerOrder

fixes imult (infixl - 70)
defines imult_def [simp]: a-b = IntegerMultiplication<a,b>

fixes izero (0z)
defines izero_def [simp]: 0z = TheNeutralElement (int,IntegerAddition)

fixes ione (1z)
defines ione_def [simpl: 1z = TheNeutralElement(int,IntegerMultiplication)

fixes itwo (2z)
defines itwo_def [simpl: 27 = 1z+1;

fixes abs
defines abs_def [simp]:
abs(m) = AbsoluteValue(int,IntegerAddition,IntegerOrder) (m)

fixes §
defines 0_def [simp] : 6(s,m,n) = s(m+n)-s(m)-s(n)

28.2 Multiplication of real numbers

Multiplication of real numbers is defined as a projection of composition of
slopes onto the space of equivalence classes of slopes. Thus, the product of
the real numbers given as classes of slopes s and 7 is defined as the class of
sor. The goal of this section is to show that multiplication defined this way
is commutative.

Let’s recall a theorem from Int_ZF_2.thy that states that if f, g are slopes,
then fog is equivalent to go f. Here we conclude from that that the classes
of fogand go f are the same.

lemma (in reall) Real ZF_1_1_L2: assumes Al: £ € § ge S
shows [fog] = [gof]
proof -
from A1 have fog ~ gof
using Slopes_def intl.Arthan Th_9 SlopeOpl_def BoundedIntMaps_def
SlopeEquivalenceRel_def SlopeOp2_def by simp
then show thesis using Real ZF_1_L11 equiv_class_eq
by simp
qed

Classes of slopes are real numbers.
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lemma (in reall) Real ZF_1_1_L3: assumes Al: f € §
shows [f] € R
proof -
from A1 have [f] € Slopes//SlopeEquivalenceRel
using Slopes_def quotientI by simp
then show [f] € IR using RealNumbers_def by simp
qed

Each real number is a class of a slope.

lemma (in reall) Real _ZF_1_1_L3A: assumes Al: aclR
shows 3feS . a = [f]
proof -
from A1 have a € S//SlopeEquivalenceRel
using RealNumbers_def Slopes_def by simp
then show thesis using quotient_def
by simp
qed

It is useful to have the definition of addition and multiplication in the reall
context notation.

lemma (in reall) Real ZF_1_1_L4:
assumes Al: £ € S ge S
shows
[f1 + [g] = [f+g]
[f] - [g] = [fogl
proof -
let r = SlopeEquivalenceRel
have [f]-[g] = ProjFun2(S,r,Slope0p2)([f], [g])
using RealMultiplication_def Slopes_def by simp

also from A1 have ... = [fog]
using Real_ZF_1_L11 EquivClass_1_L10 Slopes_def
by simp

finally show [f] - [g] = [fog] by simp
have [f] + [g] = ProjFun2(S,r,SlopeOpl)([£f], [g]l)
using RealAddition_def Slopes_def by simp

also from Al have ... = [f+g]
using Real_ZF_1_L11 EquivClass_1_L10 Slopes_def
by simp
finally show [f] + [g] = [f+g] by simp
qed

The next lemma is essentially the same as Real_ZF_1_L12, but written in the
notation defined in the reall context. It states that if f is a slope, then
—f1=1=1]
lemma (in reall) Real ZF_1_1_L4A: assumes f € S

shows [-f] = -[f]

using prems Slopes_def SlopeEquivalenceRel_def Real ZF_1_L12

by simp
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Subtracting real numbers correspods to adding the opposite slope.

lemma (in reall) Real_ZF_1_1_L4B: assumes Al: f €¢ § g€ S
shows [f] - [g] = [f+(-g)]
proof -
from Al have [f+(-g)] = [£f] + [-gl
using Slopes_def BoundedIntMaps_def intl.Int_ZF_2_1_L12
Real_ZF_1_1_L4 by simp
with A1 show [f] - [g] = [f+(-g)]
using Real _ZF_1_1_L4A by simp

qed

Multiplication of real numbers is commutative.

theorem (in reall) real_mult_commute: assumes Al: a€lR beR
shows a'b = b-a
proof -
from A1 have
JfeS . a = [f]
JgesS . b = [g]
using Real_ZF_1_1_L3A by auto
then obtain f g where
feS ge Sanda=I[f] b= [g]
by auto
then show ab = ba
using Real_ZF_1_1_L4 Real_ZF_1_1_L2 by simp
qed

Multiplication is commutative on reals.

lemma real_mult_commutative: shows
RealMultiplication {is commutative on} RealNumbers
using reall.real_mult_commute IsCommutative_def
by simp

The neutral element of multiplication of reals (denoted as 1 in the reall
context) is the class of identity function on integers. This is really shown
in Real_ZF_1_L11, here we only rewrite it in the notation used in the reall
context.

lemma (in reall) real_one_cl_identity: shows [id(int)] =1
using Real_ZF_1_L11 by simp

If f is bounded, then its class is the neutral element of additive operation
on reals (denoted as 0 in the reall context).

lemma (in reall) real_zero_cl_bounded_map:
assumes f € BoundedIntMaps shows [f] = 0
using prems Real_ZF_1_L11A by simp

Two real numbers are equal iff the slopes that represent them are almost
equal. This is proven in Real_ZF_1_L13, here we just rewrite it in the notation
used in the reall context.
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lemma (in reall) Real _ZF_1_1_L5:
assumes f € S g€ S
shows [f] = [g] «— f ~ g
using prems Slopes_def Real_ZF_1_L13 by simp

If the pair of function belongs to the slope equivalence relation, then their
classes are equal. This is convenient, because we don’t need to assume that
f, g are slopes (follows from the fact that f ~ g).

lemma (in reall) Real_ZF_1_1_L5A: assumes f ~ g
shows [f] = [g]
using prems Real_ZF_1_L11 Slopes_def Real_ZF_1_1_L5
by auto

Identity function on integers is a slope. This is proven in Real_ZF_1_L13,
here we just rewrite it in the notation used in the reall context.

lemma (in reall) id_on_int_is_slope: shows id(int) € §
using Real_ZF_1_L14 Slopes_def by simp

A result from Int_ZF_2.thy: the identity function on integers is not almost
equal to any bounded function.

lemma (in reall) Real ZF_1_1_L7:
assumes Al: f € BoundedIntMaps
shows —(id(int) ~ f)
using prems Slopes_def SlopeOpl_def BoundedIntMaps_def
SlopeEquivalenceRel_def BoundedIntMaps_def intl.Int_ZF_2_3_L12

by simp

Zero is not one.

lemma (in reall) real_zero_not_one: shows 1#£0
proof -
{ assume Al: 1=0
have 3f € §. 0 = [f]
using Real_ZF_1_L4 Real_ZF_1_1_L3A by simp
with A1 have
Jdf € §. [id(int)] = [f] A [f] =0
using real_one_cl_identity by auto
then have False using Real_ZF_1_1_L5 Slopes_def
Real_ZF_1_L10 Real_ZF_1_1_L7 id_on_int_is_slope
by auto
} then show 1#0 by auto
qed

Negative of a real number is a real number. Property of groups.

lemma (in reall) Real_ZF_1_1_L8: assumes aclR shows (-a) € R

using prems Real ZF_1_L2 groupO.inverse_in_group
by simp

An identity with three real numbers.
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lemma (in reall) Real ZF_1_1_1L9: assumes acR beR ceR
shows a-(b-c) = a-cb
using prems real_mult_commutative Real ZF_1_L3 ring0O.Ring ZF_2_L4
by simp

28.3 The order on reals

In this section we show that the order relation defined by prescribing the
set of positive reals as the projection of the set of positive slopes makes the
ring of real numbers into an ordered ring. We also collect the facts about
ordered groups and rings that we use in the construction.

Positive slopes are slopes and positive reals are real.

lemma Real_ZF_1_2_L1: shows
PositiveSlopes C Slopes
PositiveReals C RealNumbers
proof -
have PositiveSlopes =
{s € Slopes. s(PositiveIntegers) N PositiveIntegers ¢ Fin(int)}
using PositiveSlopes_def by simp
then show PositiveSlopes C Slopes by (rule subset_with_property)
then have
{SlopeEquivalenceRel{s}. s € PositiveSlopes } C
Slopes//SlopeEquivalenceRel
using EquivClass_1_L1A by simp
then show PositiveReals C RealNumbers
using PositiveReals_def RealNumbers_def by simp
qed

Positive reals are the same as classes of a positive slopes.

lemma (in reall) Real _ZF_1_2_L2:
shows a € PositiveReals «— (Jf&S;. a = [f])
proof
assume a € PositiveReals
then have a € {([s]). s € S,} using PositiveReals_def
by simp
then show FfeS,. a = [f] by auto
next assume 3IfeS,. a = [f]
then have a € {([s]). s € S4} by auto
then show a € PositiveReals using PositiveReals_def
by simp
qed

Let’s recall from Int_ZF_2.thy that the sum and composition of positive
slopes is a positive slope.

lemma (in reall) Real_ZF_1_2_L3:
assumes feS, geSy
shows
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f+g € Sy

fog € Sy

using prems Slopes_def PositiveSlopes_def PositiveIntegers_def
SlopeOpl_def intl.sum_of_pos_sls_is_pos_sl
SlopeOp2_def intl.comp_of_pos_sls_is_pos_sl

by auto

Bounded integer maps are not positive slopes.

lemma (in reall) Real ZF_1_2_L5:
assumes f € BoundedIntMaps
shows f ¢ S
using prems BoundedIntMaps_def Slopes_def PositiveSlopes_def

PositivelIntegers_def intl.Int_ZF_2_3_L1B by simp

The set of positive reals is closed under addition and multiplication. Zero
(the neutral element of addition) is not a positive number.

lemma (in reall) Real_ZF_1_2_L6: shows
PositiveReals {is closed under} RealAddition
PositiveReals {is closed under} RealMultiplication
0 ¢ PositiveReals
proof -
{ fix a fix b
assume a € PositiveReals and b € PositiveReals
then obtain f g where
I1f68+ g65+and
II: a = [f] b = [g]
using Real_ZF_1_2_L2 by auto
then have £ € § g € S using Real_ZF_1_2_L1 Slopes_def
by auto
with I IT have
atb € PositiveReals A a'b € PositiveReals
using Real _ZF_1_1_14 Real_ZF_1_2_L3 Real_ZF_1_2_L2
by auto
} then show
PositiveReals {is closed under} RealAddition
PositiveReals {is closed under} RealMultiplication
using IsOpClosed_def
by auto
{ assume 0 € PositiveReals
then obtain f where f € §; and 0 = [f]
using Real _ZF_1_2_L2 by auto
then have False
using Real_ZF_1_2_L1 Slopes_def Real_ZF_1_L10 Real ZF_1_2_L5
by auto
} then show 0 ¢ PositiveReals by auto
qed

If a class of a slope f is not zero, then either f is a positive slope or —f is
a positive slope. The real proof is in Int_ZF_2.thy.
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lemma (in reall) Real ZF_1_2_L7:
assumes Al: f € S and A2: [f] # O
shows (f € S;) Xor ((-f) € &)
using prems Slopes_def SlopeEquivalenceRel_def BoundedIntMaps_def
PositiveSlopes_def Positivelntegers_def

Real_ZF_1_L10 intl.Int_ZF_2_3_L8 by simp

The next lemma rephrases Int_zZF_2_3_L10 in the notation used in reall
context.

lemma (in reall) Real_ZF_1_2_L8:
assumes Al: f € § ge S
and A2: (f € S1) Xor (g € S4)
shows ([f] € PositiveReals) Xor ([g] € PositiveReals)
using prems PositiveReals_def SlopeEquivalenceRel_def Slopes_def
SlopeOpl_def BoundedIntMaps_def PositiveSlopes_def Positivelntegers_def
int1.Int_ZF_2_3_L10 by simp

The trichotomy law for the (potential) order on reals: if a # 0, then either
a is positive or —a is potitive.

lemma (in reall) Real_ZF_1_2_L9:
assumes Al: a€cR and A2: a#0
shows (a € PositiveReals) Xor ((-a) € PositiveReals)
proof -
from A1 obtain f where I: f €¢ S a = [f]
using Real_ZF_1_1_L3A by auto
with A2 have ([f] € PositiveReals) Xor ([-f] € PositiveReals)
using Slopes_def BoundedIntMaps_def intl.Int_ZF_2_1_L12
Real_ZF_1_2_L7 Real_ZF_1_2_L8 by simp
with I show (a € PositiveReals) Xor ((-a) € PositiveReals)
using Real_ZF_1_1_L4A by simp

qed

Finally we are ready to prove that real numbers form an ordered ring. with
no zero divisors.

theorem reals_are_ord_ring: shows
IsAnOrdRing(RealNumbers,RealAddition,RealMultiplication,OrderOnReals)
OrderOnReals {is total on} RealNumbers
PositiveSet (RealNumbers,RealAddition,OrderOnReals) = PositiveReals
HasNoZeroDivs (RealNumbers,RealAddition,RealMultiplication)

proof -
let R = RealNumbers
let A = RealAddition
let M = RealMultiplication
let P = PositiveReals
let r = OrderOnReals
let z = TheNeutralElement (R, A)
have I:

ringO(R, A, M)
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M {is commutative on} R
P CR
P {is closed under} A
TheNeutralElement (R, A) ¢ P
VacR. a # z — (a € P) Xor (GroupInv(R, A)(a) € P)
P {is closed under} M
r = OrderFromPosSet(R, A, P)
using realO.Real_ZF_1_L3 real_mult_commutative Real ZF_1_2_L1
reall.Real _ZF_1_2_16 reall.Real_ZF_1_2_19 OrderOnReals_def

by auto

then show IsAnOrdRing(R, A, M, r)
by (rule ring0.ring ord_by_positive_set)

from I show r {is total on} R
by (rule ring0.ring_ord_by_positive_set)

from I show PositiveSet(R,A,r) =P
by (rule ring0.ring_ord_by_positive_set)

from I show HasNoZeroDivs(R,A,M)
by (rule ring0.ring_ord_by_positive_set)

qed

All theorems proven in the ringl (about ordered rings), group3 (about or-
dered groups) and groupl (about groups) contexts are valid as applied to
ordered real numbers with addition and (real) order.

lemma Real_ZF_1_2_L10: shows
ringl (RealNumbers,RealAddition,RealMultiplication,OrderOnReals)
IsAnOrdGroup (RealNumbers,RealAddition,OrderOnReals)
group3(RealNumbers,RealAddition,OrderOnReals)
OrderOnReals {is total on} RealNumbers
proof -
show ringil(RealNumbers,RealAddition,RealMultiplication,OrderOnReals)
using reals_are_ord_ring OrdRing_ZF_1_L2 by simp
then show
IsAnOrdGroup (RealNumbers,RealAddition,OrderOnReals)
group3(RealNumbers,RealAddition,OrderOnReals)
OrderOnReals {is total on} RealNumbers
using ringl.OrdRing_ZF_1_L4 by auto
qed

If a =0 or b — a is positive, then a is less or equal b.

lemma (in reall) Real_ZF_1_2_L11: assumes Al: aclR belR and
A3: a=b V b-a &€ PositiveReals
shows a<b
using prems reals_are_ord_ring Real _ZF_1_2_L10

group3.0rderedGroup_ZF_1_L30 by simp

A sufficient condition for two classes to be in the real order.

lemma (in reall) Real_ZF_1_2_L12: assumes Al: f € § g € S and
A2: f~g vV (g + () € &4
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shows [f] < [g]
proof -
from A1 A2 have [f] = [g] V [gl-[f] € PositiveReals
using Real ZF_1_1_L5A Real ZF_1_2_ 12 Real _ZF_1_1_L4B
by auto
with Al show [f] < [g] using Real _ZF_1_1_L3 Real ZF_1_2_L11
by simp
qed

Taking negative on both sides reverses the inequality, a case with an inverse
on one side. Property of ordered groups.

lemma (in reall) Real_ZF_1_2_L13:
assumes Al: acR and A2: (-a) < b
shows (-b) < a
using prems Real ZF_1_2_L10 group3.0rderedGroup_ZF_1_L5AG
by simp

Real order is antisymmetric.

lemma (in reall) real_ord_antisym:
assumes Al: a<b b<a shows a=b
proof -
from A1 have
group3(RealNumbers,RealAddition,OrderOnReals)
(a,b) € OrderOnReals (b,a) € OrderOnReals
using Real_ZF_1_2_L10 by auto
then show a=b by (rule group3.group_order_antisym)
qed

Real order is transitive.

lemma (in reall) real_ord_transitive: assumes Al: a<b b<c
shows a<c
proof -
from A1 have
group3(RealNumbers,RealAddition,OrderOnReals)
(a,b) € OrderOnReals (b,c) € OrderOnReals
using Real _ZF_1_2_L10 by auto
then have (a,c) € OrderOnReals
by (rule group3.Group_order_transitive)
then show a<c by simp
qed

We can multiply both sides of an inequality by a nonnegative real number.

lemma (in reall) Real_ZF_1_2_L14:
assumes a<b and 0<c
shows
a-c < b.c
ca < cb
using prems Real ZF_1_2_L10 ringl.OrdRing ZF_1_L9
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by auto

A special case of Real_ZF_1_2_L14: we can multiply an inequality by a real
number.

lemma (in reall) Real _ZF_1_2_L14A:
assumes Al: a<b and A2: c€R;
shows c-a < cb
using prems Real ZF_1_2_L10 ringl.OrdRing_ZF_1_L9A

by simp
In the reall context notation a < b implies that a and b are real numbers.

using prems Real ZF_1_2_L10 group3.0OrderedGroup_ZF_1_L4
by auto

lemma (in reall) Real_ZF_1_2_L15: assumes a<b shows aclR belR

a < b implies that 0 < b — a.

lemma (in reall) Real_ZF_1_2_L16: assumes a<b
shows 0 < b-a
using prems Real ZF_1_2_L10 group3.0rderedGroup_ZF_1_L12A
by simp

A sum of nonnegative elements is nonnegative.

lemma (in reall) Real_ZF_1_2_L17: assumes 0<a 0<b
shows 0 < a+b
using prems Real ZF_1_2_L10 group3.0OrderedGroup_ZF_1_L12
by simp

We can add sides of two inequalities

lemma (in reall) Real_ZF_1_2_L18: assumes a<b c<d
shows a+c < b+d
using prems Real_ZF_1_2_L10 group3.0rderedGroup_ZF_1_L5B
by simp

The order on real is reflexive.

lemma (in reall) real_ord_refl: assumes aclR shows a<a
using prems Real_ZF_1_2_L10 group3.0rderedGroup_ZF_1_L3
by simp

We can add a real number to both sides of an inequality.

lemma (in reall) add_num_to_ineq: assumes a<b and ceR
shows a+c < b+c
using prems Real_ZF_1_2_L10 IsAnOrdGroup_def by simp

We can put a number on the other side of an inequality, changing its sign.

lemma (in reall) Real_ZF_1_2_L19:
assumes aclR beR and ¢ < a+b
shows c-b < a
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using prems Real_ZF_1_2_L10 group3.0rderedGroup_ZF_1_L9C
by simp

What happens when one real number is not greater or equal than another?

lemma (in reall) Real_ZF_1_2_L20: assumes aclR belR and —(a<b)
shows b < a
proof -
from prems have I:
group3 (IR ,RealAddition,OrderOnReals)
OrderOnReals {is total on} R
a€cR beR —({a,b) € OrderOnReals)
using Real_ZF_1_2_L10 by auto
then have (b,a) € OrderOnReals
by (rule group3.0rderedGroup_ZF_1_L8)
then have b < a by simp
moreover from I have a#b by (rule group3.0rderedGroup_ZF_1_L8)
ultimately show b < a by auto
qed

We can put a number on the other side of an inequality, changing its sign,
version with a minus.

lemma (in reall) Real_ZF_1_2_L21:
assumes aclR belR and ¢ < a-b
shows c+b < a
using prems Real_ZF_1_2_L10 group3.0rderedGroup_ZF_1_L5J
by simp

The order on reals is a relation on reals.

using Real_ZF_1_2_L10 IsAnOrdGroup_def
by simp

lemma (in reall) Real_ZF_1_2_L22: shows OrderOnReals C RxIR

A set that is bounded above in the sense defined by order on reals is a subset
of real numbers.

lemma (in reall) Real_ZF_1_2_L23:
assumes Al: IsBoundedAbove(A,OrderOnReals)
shows A C R
using Al Real_ZF_1_2_L22 Order_ZF_3_L1A
by blast

Properties of the maximum of three real numbers.

lemma (in reall) Real_ZF_1_2_L24:
assumes Al: aclR belR ceR
shows
Maximum(OrderOnReals,{a,b,c}) € {a,b,c}
Maximum(OrderOnReals,{a,b,c}) € R
a < Maximum(OrderOnReals,{a,b,c})

b < Maximum(OrderOnReals,{a,b,c})
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¢ < Maximum(OrderOnReals,{a,b,c})
proof -
have IsLinOrder(IR,0OrderOnReals)
using Real_ZF_1_2_L10 group3.group_ord_total_is_lin
by simp
with A1 show
Maximum(OrderOnReals,{a,b,c}) € {a,b,c}
Maximum(OrderOnReals,{a,b,c}) € R
a < Maximum(OrderOnReals,{a,b,c})
b < Maximum(OrderOnReals,{a,b,c})
¢ < Maximum(OrderOnReals,{a,b,c})
using Finite_ZF_1_L2A by auto
qed

lemma (in reall) real_strict_ord_transit:
assumes Al: a<b and A2: b<c
shows a<c
proof -
from A1 A2 have I:
group3 (IR ,RealAddition,OrderOnReals)
(a,b) € OrderOnReals (b,c) € OrderOnReals A b#c
using Real_ZF_1_2_L10 by auto
then have (a,c) € OrderOnReals A a#c by (rule group3.group_strict_ord_transit)
then show a<c by simp
qed

We can multiply a right hand side of an inequality between positive real
numbers by a number that is greater than one.

lemma (in reall) Real_ZF_1_2_L25:
assumes b € R; and a<b and 1<c
shows a<b-c
using prems reals_are_ord_ring Real ZF_1_2_L10 ringl.OrdRing ZF_3_L17

by simp

We can move a real number to the other side of a strict inequality, changing
its sign.

lemma (in reall) Real_ZF_1_2_L26:
assumes a€lR beR and a-b < ¢
shows a < c+b
using prems Real ZF_1_2_L10 group3.0OrderedGroup_ZF_1_L12B

by simp

Real order is translation invariant.

lemma (in reall) real_ord_transl_inv:
assumes a<b and cclR
shows c+a < c+b
using prems Real ZF_1_2_L10 IsAnOrdGroup_def
by simp
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It is convenient to have the transitivity of the order on integers in the nota-
tion specific to reall context. This may be confusing for the presentation
readers: even though < and < are printed in the same way, they are different
symbols in the source. In the reall context the former denotes inequality
between integers, and the latter denotes inequality between real numbers
(classes of slopes). The next lemma is about transitivity of the order rela-
tion on integers.

lemma (in reall) int_order_transitive:
assumes Al: a<b b<c
shows a<c
proof -
from A1 have
(a,b) € IntegerOrder and (b,c) € IntegerOrder
by auto
then have (a,c) € IntegerOrder
by (rule Int_ZF_2_L5)
then show a<c by simp
qed

A property of nonempty subsets of real numbers that don’t have a maximum:
for any element we can find one that is (strictly) greater.

lemma (in reall) Real_ZF_1_2_L27:
assumes ACIR and —HasAmaximum(OrderOnReals,A) and x€A
shows JyecA. x<y
using prems Real_ZF_1_2_L10 group3.0rderedGroup_ZF_2_L2B

by simp

The next lemma shows what happens when one real number is not greater
or equal than another.

lemma (in reall) Real_ZF_1_2_L28:
assumes aclR belR and —(a<b)
shows b<a
proof -
from prems have
group3(IR,RealAddition,OrderOnReals)
OrderOnReals {is total on} R
a€R beR (a,b) ¢ OrderOnReals
using Real_ZF_1_2_L10 by auto
then have (b,a) € OrderOnReals A b#a
by (rule group3.0rderedGroup_ZF_1_L8)
then show b<a by simp
qed

If a real number is less than another, then the secon one can not be less or
equal that the first.
lemma (in reall) Real_ZF_1_2_L29:

assumes a<b shows —(b<a)
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proof -
from prems have
group3(IR,RealAddition,OrderOnReals)
(a,b) € OrderOnReals a#b
using Real_ZF_1_2_L10 by auto
then have (b,a) ¢ OrderOnReals
by (rule group3.0rderedGroup_ZF_1_L8AA)
then show —(b<a) by simp
qed

28.4 Inverting reals

In this section we tackle the issue of existence of (multiplicative) inverses
of real numbers and show that real numbers form an ordered field. We
also restate here some facts specific to ordered fields that we need for the
construction. The actual proofs of most of these facts can be found in
Field_ZF.thy and.OrderedField_ZF.thy

We rewrite the theorem from Int_zF_2.thy that shows that for every positive
slope we can find one that is almost equal and has an inverse.

lemma (in reall) pos_slopes_have_inv: assumes f € &,
shows JgeS§. f~g A (FheS. goh ~ id(int))
using prems PositiveSlopes_def Slopes_def PositiveIntegers_def
intl.pos_slope_has_inv SlopeOpl_def SlopeOp2_def
BoundedIntMaps_def SlopeEquivalenceRel_def
by simp

The set of real numbers we are constructing is an ordered field.

theorem (in reall) reals_are_ord_field: shows
IsAnOrdField (RealNumbers,RealAddition,RealMultiplication,OrderOnReals)

proof -
let R = RealNumbers
let A = RealAddition
let M = RealMultiplication
let r = OrderOnReals

have ring1(R,A,M,r) and 0 # 1
using reals_are_ord_ring OrdRing ZF_1_L2 real_zero_not_one
by auto
moreover have M {is commutative on} R
using real_mult_commutative by simp
moreover have
VacPositiveSet(R,A,r). dbeR. ab =1
proof
fix a assume a € PositiveSet(R,A,r)
then obtain f where I: fcS; and II: a = [f]
using reals_are_ord_ring Real _ZF_1_2_L2
by auto
then have Jge§. f~g A (FheS. goh ~ id(int))
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using pos_slopes_have_inv by simp
then obtain g where
III: ge$ and IV: f~g and V: JheS. goh ~ id(int)
by auto
from V obtain h where VII: heS and VIII: goh ~ id(int)
by auto
from I III IV have [f] = [g]
using Real_ZF_1_2_L1 Slopes_def Real _ZF_1_1_L5
by auto
with II III VII VIII have a-[h] =1
using Real _ZF_1_1_L4 Real_ZF_1_1_L5A real_one_cl_identity

by simp
with VII show db&eR. ab = 1 using Real _ZF_1_1_L3
by auto
qed
ultimately show thesis using ringl.0rdField_ZF_1_L4
by simp

qed
Reals form a field.

lemma reals_are_field:
shows IsAfield(RealNumbers,RealAddition,RealMultiplication)
using reall.reals_are_ord_field OrdField_ZF_1_L1A
by simp

Theorem proven in field0 and field1l contexts are valid as applied to real
numbers.

lemma field_cntxts_ok: shows
fieldO(RealNumbers,RealAddition,RealMultiplication)
fieldl(RealNumbers,RealAddition,RealMultiplication,OrderOnReals)
using reals_are_field reall.reals_are_ord_field
Field_ZF_1_L2 OrdField_ZF_1_L2 by auto

If a is positive, then a~! is also positive.

lemma (in reall) Real ZF_1_3_L1: assumes a € R,
shows a=! ¢ Ry a!eR
using prems field_cntxts_ok fieldl.0rdField_ZF_1_L8 PositiveSet_def
by auto

A technical fact about multiplying strict inequality by the inverse of one of
the sides.

lemma (in reall) Real _ZF_1_3_L2:
assumes a € R; and a=! < b
shows 1 < b-a
using prems field_cntxts_ok fieldl.0OrdField_ZF_2_L2
by simp

If @ < b, then (b—a)~! is positive.
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lemma (in reall) Real_ZF_1_3_L3: assumes a<b
shows (b-a)~! € R,
using prems field_cntxts_ok fieldl.0OrdField_ZF_1_L9
by simp

We can put a positive factor on the other side of a strict inequality, changing
it to its inverse.

lemma (in reall) Real ZF_1_3_L4:
assumes Al: acRR beR; and A2: ab < c
shows a < cb~!
using prems field_cntxts_ok fieldl.0rdField_ZF_2_L6

by simp

We can put a positive factor on the other side of a strict inequality, changing
it to its inverse, version with the product initially on the right hand side.

lemma (in reall) Real_ZF_1_3_L4A:
assumes Al: b€lR c€R; and A2: a < b.c
shows ac™! < b
using prems field_cntxts_ok fieldl.OrdField_ZF_2_L6A
by simp

We can put a positive factor on the other side of an inequality, changing it
to its inverse, version with the product initially on the right hand side.

lemma (in reall) Real_ZF_1_3_L4B:
assumes Al: beR ceR,; and A2: a < bc
shows a-c™! < b
using prems field_cntxts_ok fieldl.0rdField_ZF_2_L5A

by simp

We can put a positive factor on the other side of an inequality, changing it
to its inverse, version with the product initially on the left hand side.

lemma (in reall) Real_ZF_1_3_L4C:
assumes Al: acR beR; and A2: ab < ¢
shows a < cb!
using prems field_cntxts_ok fieldl.0OrdField_ZF_2_L5

by simp
A technical lemma about solving a strict inequality with three real numbers
and inverse of a difference.

lemma (in reall) Real_ZF_1_3_L5:
assumes a<b and (b-a)~! < ¢
shows 1 + a:c < b-c
using prems field_cntxts_ok fieldl.OrdField_ZF_2_L9
by simp

We can multiply an inequality by the inverse of a positive number.

lemma (in reall) Real_ZF_1_3_L6:
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assumes a<b and c€R, shows ac™! < b.c™!
using prems field_cntxts_ok fieldl.0OrdField_ZF_2_L3
by simp

We can multiply a strict inequality by a positive number or its inverse.

lemma (in reall) Real_ZF_1_3_L7:

assumes a<b and cc€lR; shows

a-c < b-c

ca < cb

ac”! < bc!

using prems field_cntxts_ok fieldl.OrdField_ZF_2_L4
by auto

An identity with three real numbers, inverse and cancelling.

lemma (in reall) Real_ZF_1_3_L8: assumesaclR belR b#0 ceR
shows ab-(cb™!) = ac
using prems field_cntxts_ok field0.Field_ZF_2_L6
by simp

28.5 Completeness

This goal of this section is to show that the order on real numbers is com-
plete, that is every subset of reals that is bounded above has a smallest
upper bound.

If m is an integer, then m® is a real number. Recall that in reall context m’
denotes the class of the slope n +— m - n.

lemma (in reall) real_int_is_real: assumes m € int
shows nf € R
using prems intl.Int_ZF_2_5_L1 Real _ZF_1_1_L3 by simp

The negative of the real embedding of an integer is the embedding of the
negative of the integer.

lemma (in reall) Real_ZF_1_4_L1: assumes m € int
shows (-m)® = -(n®)
using prems intl.Int_ZF_2_5_L3 intl.Int_ZF_2_5_L1 Real ZF_1_1_L4A
by simp

The embedding of sum of integers is the sum of embeddings.

lemma (in reall) Real_ZF_1_4_L1A: assumes m € int k € int
shows m® + k% = ((m+k)F)
using prems intl.Int_ZF_2_5_L1 SlopeOpl_def intl.Int_ZF_2_5_L3A

Real _ZF_1_1_14 by simp

The embedding of a difference of integers is the difference of embeddings.

lemma (in reall) Real_ZF_1_4_L1B: assumes Al: m € int k € int
shows mf® - k% = (m-k)©?
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proof -
from A1 have (-k) € int using intO.Int_ZF_1_1_14
by simp
with A1 have (m-k)® = n® + (-k)F
using Real _ZF_1_4_L1A by simp
with A1 show mf - k% = (m-k)F
using Real _ZF_1_4_L1 by simp
qed

The embedding of the product of integers is the product of embeddings.

lemma (in reall) Real_ZF_1_4_L1C: assumes m € int k € int
shows n - k¥ = (mk)®
using prems intl.Int_ZF_2_5_L1 SlopeOp2_def intl.Int_ZF_2_5_L3B

Real ZF_1_1_14 by simp

For any real numbers there is an integer whose real version is greater or
equal.

lemma (in reall) Real ZF_1_4_L2: assumes Al: acR
shows Jmeint. a < nf
proof -
from A1 obtain f where I: f€S and II: a = [f]
using Real_ZF_1_1_L3A by auto
then have Jmeint. Jges.
{(n,mn) . n € int} ~ g A (f~g V (g + (-£)) € S§.)
using intl.Int_ZF_2_5_L2 Slopes_def SlopeOpl_def
BoundedIntMaps_def SlopeEquivalenceRel_def
PositiveIntegers_def PositiveSlopes_def
by simp
then obtain m g where III: mcint and IV: ge€$ and
{(n,mn) . n € int} ~ g A (f~g V (g + (-£)) € S})
by auto
then have m® = [g] and f ~ g V (g + (-f)) € S,
using Real _ZF_1_1_L5A by auto
with I II IV have a < m® using Real_ZF_1_2_L12
by simp
with III show Jmcint. a < mf by auto
qed

For any real numbers there is an integer whose real version (embedding) is
less or equal.

lemma (in reall) Real ZF_1_4_L3: assumes Al: acR
shows {m € int. m® < a} # 0
proof -
from A1 have (-a) € R using Real _ZF_1_1_18
by simp
then obtain m where I: meint and II: (-a) < mF
using Real_ZF_1_4_L2 by auto

let k = GroupInv(int,IntegerAddition) (m)
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from A1 I II have k € int and k* < a
using Real _ZF_1_2_L13 Real_ZF_1_4_L1 int0.Int_ZF_1_1_14
by auto
then show thesis by auto
qed

Embeddings of two integers are equal only if the integers are equal.

lemma (in reall) Real_ZF_1_4_14:

assumes Al: m € int k € int and A2: m? = kf
shows m=k

proof -
let r = {(n, IntegerMultiplication (m, n)) . n € int}

let s = {(n, IntegerMultiplication <(k, n)) . n € int}

from A1 A2 have r ~ s
using intl.Int_ZF_2_5_L1 AlmostHoms_def Real _ZF_1_1_L5
by simp

with A1 have
m € int k € int
(r,s) € QuotientGroupRel(AlmostHoms(int, IntegerAddition),
AlHomOpl(int, IntegerAddition),FinRangeFunctions(int, int))
using SlopeEquivalenceRel_def Slopes_def SlopeOpl_def

BoundedIntMaps_def by auto
then show m=k by (rule intl.Int_ZF_2_5_L6)
qed

The embedding of integers preserves the order.

lemma (in reall) Real_ZF_1_4_L5: assumes Al: m<k
shows mf < k%
proof -
let r = {{n, mn) . n € int}
let s = {(n, kn) . n € int}
from Al have r € § s € §
using int0.Int_ZF_2_L1A intl.Int_ZF_2_5_L1 by auto
moreover from Al have r ~ s V s + (-r) € S,
using Slopes_def SlopeOpl_def BoundedIntMaps_def SlopeEquivalenceRel_def
PositiveIntegers_def PositiveSlopes_def
intl.Int_ZF_2_5_L4 by simp
ultimately show m” < k? using Real_ZF_1_2_L12
by simp
qed

The embedding of integers preserves the strict order.

lemma (in reall) Real ZF_1_4_L5A: assumes Al: m<k m#k
shows m? < k”
proof -
from A1 have m” < kf* using Real_ZF_1_4_L5
by simp
moreover
from A1 have T: m € int k € int
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using intO0.Int_ZF_2_L1A by auto
with A1 have m” # k' using Real _ZF_1_4_L4
by auto
ultimately show m” < kf by simp
qed

For any real number there is a positive integer whose real version is (strictly)
greater. This is Lemma 14 i) in [2].

lemma (in reall) Arthan_Lemmal4i: assumes Al: aclR
shows 3n€Z,. a < n®
proof -
from Al obtain m where I: mc€int and II: a < m®
using Real_ZF_1_4_L2 by auto
let n = GreaterOf (IntegerOrder,1lz,m) + 1y
from I have T: n €Z; and m < n m#n
using int0.Int_ZF_1_5_L7B by auto
then have III: nf < nFf
using Real _ZF_1_4_L5A by simp
with II have a < nf by (rule real_strict_ord_transit)
with T show thesis by auto

qed

If one embedding is less or equal than another, then the integers are also
less or equal.

lemma (in reall) Real ZF_1_4_L6:
assumes Al: k € int m € int and A2: m” < kB
shows m<k
proof -
{ assume A3: (m,k) ¢ IntegerOrder
with A1 have (k,m) € IntegerOrder
by (rule int0.Int_ZF_2_L19)
then have k¥ < m® using Real_ZF_1_4_L5
by simp
with A2 have m” = k% by (rule real_ord_antisym)
with A1 have k = m using Real_ZF_1_4_14
by auto
moreover from A1 A3 have k#m by (rule int0O.Int_ZF_2_L19)
ultimately have False by simp
} then show m<k by auto
qed

The floor function is well defined and has expected properties.

lemma (in reall) Real_ZF_1_4_L7: assumes Al: acR
shows
IsBoundedAbove({m € int. mf < a},IntegerOrder)
{m € int. mf* < a} # 0
la] € int
8] < a
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proof -
let A = {m € int. mf < a}
from Al obtain K where I: Kcint and II: a < (K©)
using Real _ZF_1_4_L2 by auto
{ fix n assume n € A
then have III: n € int and IV: n < a
by auto
from IV II have (nf®) < (k%)
by (rule real_ord_transitive)
with I IIT have n<K using Real _ZF_1_4_L6
by simp
} then have VneA. (n,K) € IntegerOrder
by simp
then show IsBoundedAbove(A,IntegerOrder)
by (rule Order_ZF_3_L10)
moreover from Al show A # 0 using Real ZF_1_4_L3
by simp
ultimately have Maximum(IntegerOrder,A) € A
by (rule intO.int_bounded_above_has_max)
then show |a| € int [a|f < a by auto
qed

Every integer whose embedding is less or equal a real number a is less or
equal than the floor of a.

lemma (in reall) Real _ZF_1_4_L8:
assumes Al: m € int and A2: n” < a
shows m < |a]
proof -
let A = {m € int. nf < a}
from A2 have IsBoundedAbove(A,IntegerOrder) and A#0
using Real_ZF_1_2_L15 Real_ZF_1_4_L7 by auto
then have Vx€A. (x,Maximum(IntegerOrder,A)) € IntegerOrder
by (rule intO.int_bounded_above_has_max)
with A1 A2 show m < |a] by simp
qed

Integer zero and one embed as real zero and one.

lemma (in reall) int_O_1_are_real_zero_one:
shows 0% =0 1,7 =1
using intl.Int_ZF_2_5_L7 BoundedIntMaps_def
real_one_cl_identity real_zero_cl_bounded_map
by auto

Integer two embeds as the real two.

lemma (in reall) int_two_is_real_two: shows 2% = 2
proof -
have 2ZR = ]_ZR + ].ZR
using intO.int_zero_one_are_int Real _ZF_1_4_L1A
by simp
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also have ... = 2 using int_0_1_are_real_zero_one
by simp
finally show 277 = 2 by simp
qed

A positive integer embeds as a positive (hence nonnegative) real.

lemma (in reall) int_pos_is_real_pos: assumes Al: peZ,
shows
pf e R
0 < p”
p € Ry
proof -
from A1 have I: p € int 0z < p 0z # p
using PositiveSet_def by auto
then have p €¢ R 077 < pf
using real_int_is_real Real_ZF_1_4_L5 by auto
then show p? ¢ R 0 < p%
using int_0_1_are_real_zero_one by auto
moreover have 0 # p*
proof -
{ assume 0 = p
with I have False using int_O_1_are_real_zero_one
int0.int_zero_one_are_int Real _ZF_1_4_L4 by auto
} then show 0 # p® by auto
qed
ultimately show p® € R, using PositiveSet_def
by simp
qed

R

The ordered field of reals we are constructing is archimedean, i.e., if x,y are

its elements with y positive, then there is a positive integer M such that
x < MPy. This is Lemma 14 ii) in [2].

lemma (in reall) Arthan_Lemmal4ii: assumes Al: xR y € R,
shows IMeZ,. x < My
proof -
from A1 have
iceZ,. x < ¢ and IDcZ,. y! < DF
using Real _ZF_1_3_L1 Arthan_Lemmal4i by auto

then obtain C D where
I: CEZ, and II: x < C¥ and
III: DEZ, and IV: y~! < DF
by auto
let M = C-D
from I III have
T: MeZ, cfeR DFeR
using int0.pos_int_closed_mul_unfold PositiveSet_def real_int_is_real
by auto
with A1 I III have cF.(Dfty) = My
using PositiveSet_def Real ZF_1_L6A Real _ZF_1_4_L1C
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by simp

moreover from A1 I II IV have
x < cf.(pfy)
using int_pos_is_real_pos Real_ZF_1_3_L2 Real _ZF_1_2_L25
by auto

ultimately have x < M.y
by auto

with T show thesis by auto

qed

Taking the floor function preserves the order.

lemma (in reall) Real_ZF_1_4_L19: assumes Al: a<b
shows |a| < [b]|
proof -
from A1 have T: a€lR using Real_ZF_1_2_L15
by simp
with A1 have |a|® < a and a<b
using Real_ZF_1_4_L7 by auto
then have |a]® < b by (rule real_ord_transitive)
moreover from T have |a| € int using Real ZF_1_4_L7
by simp
ultimately show |a| < |b| using Real ZF_1_4_L8
by simp
qed

If S is bounded above and p is a positive intereger, then I'(S,p) is well
defined.

lemma (in reall) Real_ZF_1_4_L10:
assumes Al: IsBoundedAbove(S,0OrderOnReals) S#0 and A2: peZ.
shows
IsBoundedAbove ({|pfx|. x€S},IntegerOrder)
res,p) € {|pfx|. xes?}
I's,p) € int
proof -
let A = {|p¥x|. x€8}
from Al obtain X where I: VxeS. x<X
using IsBoundedAbove_def by auto
{ fix m assume m € A
then obtain x where x€S and II: m = |pfx]
by auto
with I have x<X by simp
moreover from A2 have 0 < p using int_pos_is_real_pos
by simp
ultimately have p®-x < pfX using Real_ZF_1_2_L14
by simp
with II have m < |p®X| using Real ZF_1_4_L9
by simp
} then have VmeA. (m,|pX]) € IntegerOrder
by auto
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then show II: IsBoundedAbove(A,IntegerOrder)
by (rule Order_ZF_3_L10)

moreover from A1l have III: A # 0 by simp

ultimately have Maximum(IntegerOrder,A) € A
by (rule int0.int_bounded_above_has_max)

moreover from II III have Maximum(IntegerOrder,A) € int
by (rule intO.int_bounded_above_has_max)

ultimately show I'(S,p) € {|pfx|. x€S} and I'(S,p) € int
by auto

qed

If p is a positive integer, then for all s € S the floor of p - x is not greater
that I'(S, p).

lemma (in reall) Real ZF_1_4_L11:
assumes Al: IsBoundedAbove(S,OrderOnReals) and A2: x€S and A3: peZ.,
shows |[pfx| < I'(S,p)
proof -
let A = {|p¥x|. x€8}
from A2 have S#0 by auto
with A1 A3 have IsBoundedAbove(A,IntegerOrder) A # 0
using Real_ZF_1_4_L10 by auto
then have Vx€A. (x,Maximum(IntegerOrder,A)) € IntegerOrder
by (rule intO.int_bounded_above_has_max)
with A2 show |pf-x| < I'(S,p) by simp
qed

The candidate for supremum is an integer mapping with values given by I'.

lemma (in reall) Real_ZF_1_4_L12:
assumes Al: IsBoundedAbove(S,0OrderOnReals) S##0 and
A2: g = {(p,I'(8,p)). peZ}
shows
g : Z,—int
VneZ,. gn) = I'(S,n)
proof -
from Al have VneZ, . I'(S,n) € int using Real_ZF_1_4_L10
by simp
with A2 show I: g : Z,—int using ZF_fun_from_total by simp
{ fix n assume neZ,
with A2 I have g(n) = I'(S,n) using ZF_fun_from_tot_val
by simp
} then show VneZ,. g(n) = I'(S,n) by simp
qed

Every integer is equal to the floor of its embedding.

lemma (in reall) Real_ZF_1_4_L14: assumes Al: m € int
shows |mf?| = m

proof -
let A = {n € int. nf® < n® }
have antisym(IntegerOrder) using int0O.Int_ZF_2_L4
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by simp
moreover from Al have m € A
using real_int_is_real real_ord_refl by auto
moreover from A1l have Vn € A. (n,m) € IntegerOrder
using Real_ZF_1_4_16 by auto
ultimately show |[m| = m using Order_zF_4_L14
by auto
qed

Floor of (real) zero is (integer) zero.

lemma (in reall) floor_01_is_zero_one: shows
0] =0, 1] =1,
proof -
have [(02)%] = 07 and [(12)F] = 14
using intO.int_zero_one_are_int Real _ZF_1_4_L14
by auto
then show |[0| = 0z and |[1] = 1
using int_0_1_are_real_zero_one
by auto
qed

Floor of (real) two is (integer) two.

lemma (in reall) floor_2_is_two: shows [2] = 24
proof -
have |(27)%] = 24
using int0.int_two_three_are_int Real ZF_1_4_L14
by simp
then show [2] = 27 using int_two_is_real_two
by simp
qed

Floor of a product of embeddings of integers is equal to the product of
integers.

lemma (in reall) Real ZF_1_4_L14A: assumes Al: m € int k € int
shows [mfkf| = mk
proof -
from A1l have T: mk € int
using int0.Int_ZF_1_1_L5 by simp
from A1 have |[m*kf| = |(mk)?| using Real_ZF_1_4_L1C
by simp
with T show |m®kf| = mk using Real_ZF_1_4_L14
by simp
qed

Floor of the sum of a number and the embedding of an integer is the floor
of the number plus the integer.

lemma (in reall) Real_ZF_1_4_L15: assumes Al: x€R and A2: p € int

shows |x + pf| = |x] + p
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proof -
let A =1{n € int. nf® < x + pf}
have antisym(IntegerOrder) using int0O.Int_ZF_2_L4
by simp
moreover have |x| + p € A
proof -
from A1 A2 have |x| < x and p € R
using Real _ZF_1_4_L7 real_int_is_real by auto
then have [x|® + pff < x + pf
using add_num_to_ineq by simp
moreover from A1 A2 have (|x| + p)f = |x|F + pf
using Real ZF_1_4_L7 Real ZF_1_4_L1A by simp
ultimately have (|x] + p)® < x + pf
by simp
moreover from Al A2 have |x| + p € int
using Real _ZF_1_4_L7 intO0.Int_ZF_1_1_L5 by simp
ultimately show |x| + p € A by auto
qed
moreover have VneA. n < |x| + p
proof
fix n assume n€cA
then have I: n € int and nf* < x + pf
by auto
with A1 A2 have nft - pR < x
using real_int_is_real Real _ZF_1_2_L19
by simp
with A2 I have |(n-p)®| < |x]
using Real_ZF_1_4_L1B Real_ZF_1_4_L9
by simp
moreover
from A2 I have n-p € int
using int0.Int_ZF_1_1_L5 by simp
then have |(n-p)*| = n-p
using Real_ZF_1_4_L14 by simp
ultimately have n-p < |x]
by simp
with A2 I show n < [x] + p
using int0.Int_ZF_2_L9C by simp
qed
ultimately show |x + pf] = |x] + p
using Order_ZF_4_L14 by auto
qed

Floor of the difference of a number and the embedding of an integer is the
floor of the number minus the integer.

lemma (in reall) Real ZF_1_4_L16: assumes Al: x€R and A2: p € int
shows |x - pf| = |x] - p
proof -

from A2 have |x - pf| = |x + (-p)F]
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using Real _ZF_1_4_L1 by simp
with A1 A2 show |x - pf| = |x] - p
using intO0.Int_ZF_1_1_L4 Real_ZF_1_4_L15 by simp

qed

The floor of sum of embeddings is the sum of the integers.

lemma (in reall) Real ZF_1_4_L17: assumes m € int n € int
shows [(@f) + nff| =m +n
using prems real_int_is_real Real_ZF_1_4_L15 Real _ZF_1_4_L14

by simp

A lemma about adding one to floor.

lemma (in reall) Real_ZF_1_4_L17A: assumes Al: acR
shows 1 + |a|ff = (17 + [a)F
proof -
have 1 + |a|ff = 1,7 + |a]®
using int_0_1_are_real_zero_one by simp
with A1 show 1 + [a|ff = (17 + |a)®
using intO.int_zero_one_are_int Real ZF_1_4_L7 Real_ZF_1_4_L1A
by simp
qed

The difference between the a number and the embedding of its floor is
(strictly) less than one.

lemma (in reall) Real _ZF_1_4_L17B: assumes Al: aclR
shows
a-laf <1
a< (1z + |apF
proof -
from Al have Ti: |a| € int [|a]f € R and
T2: 1e R a- [a|f e R
using Real _ZF_1_4_L7 real_int_is_real Real _ZF_1_16 Real_ZF_1_14
by auto
{ assume 1 < a - |af
with A1 T1 have [1z% + [a|f| < |a]
using Real_ZF_1_2_L21 Real_ZF_1_4_L9 int_0O_1_are_real_zero_one
by simp
with T1 have False
using intO.int_zero_one_are_int Real ZF_1_4_L17
int0.Int_ZF_1_2_L3AA by simp
} then have I: (1 < a - |a]®) by auto
with T2 show II: a - |a]® < 1
by (rule Real_ZF_1_2_L20)
with A1 T1 I II have
a<1+ LaJR
using Real _ZF_1_2_126 by simp
with A1 show a < (17 + [a])®
using Real_ZF_1_4_L17A by simp
qed

R
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The next lemma corresponds to Lemma 14 iii) in [2]. It says that we can
find a rational number between any two different real numbers.

lemma (in reall) Arthan_Lemmal4iii: assumes Al: x<y
shows JMcint. IN€Z,. xNF < ME A ME < yNF
proof -
from A1 have (y-x)~! € R, using Real _ZF_1_3_L3
by simp
then have
INeZ,. (y-x)~! < nf
using Arthan Lemmal4i PositiveSet_def by simp
then obtain N where I: NcZ, and II: (y-x)~! < NF
by auto
let M = 17 + |xNF|
from A1 I have
Ti: xcR NP ¢ R Nf € R, xNF ¢ R
using Real_ZF_1_2_L15 PositiveSet_def real_int_is_real
Real_ZF_1_L6 int_pos_is_real_pos by auto
then have T2: M € int using
int0.int_zero_one_are_int Real_ZF_1_4_L7 intO.Int_ZF_1_1_L5
by simp
from T1 have III: x-N < ME
using Real_ZF_1_4_L17B by simp
from T1 have (1 + [xNE|F) < (1 + xNF)
using Real ZF_1_4_ L7 Real_ZF_1_L4 real_ord_transl_inv
by simp
with T1 have M? < (1 + x.N%)
using Real_ZF_1_4_L17A by simp
moreover from A1 II have (1 + xNF) < y.NF
using Real_ZF_1_3_L5 by simp
ultimately have M < y.N®
by (rule real_strict_ord_transit)
with I T2 III show thesis by auto
qed

Some estimates for the homomorphism difference of the floor function.

lemma (in reall) Real_ZF_1_4_L18: assumes Al: xR yeR
shows
abs([x+y| - |x| - |y]) < 2z
proof -
from A1 have T:
x| e R |y/* € R
x+y - (|x)®) e R
using Real _ZF_1_4_L7 real_int_is_real Real _ZF_1_L6
by auto
from A1 have
0 <x- (x| + G- y/*»
x - (x]®) + vy - (y/®) <2
using Real_ZF_1_4_L7 Real _ZF_1_2_L16 Real _ZF_1_2_L17

Real_ZF_1_4_L17B Real_ZF_1_2_L18 by auto
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moreover from Al T have
x - (x)B) + (v - (y)®) = =x+y - (5B - (y/™
using Real_ZF_1_L7A by simp
ultimately have
0 < x+y - ([x]™ - (ly]™
xty - (%)M - (y]™ < 2
by auto
then have
0] < [x+y = ([x]™ - ([y]™]
[x+y - (%] - (y/D] < [2]
using Real _ZF_1_4_19 by auto
then have
0z < [x+y - ([x]™ - (|y]™]
lx+y = ([x]™) - (ly]™] < 22
using floor_01_is_zero_one floor_2_is_two by auto
moreover from A1l have
[x+y - (=] - (y]™] = [x+y] - [x] - L]
using Real _ZF_1_16 Real_ZF_1_4_L7 real_int_is_real Real_ZF_1_4_L16
by simp
ultimately have
07 < [x+y] - [x] - |yl
x+y) - %] - ly) < 22
by auto
then show abs(|x+y| - |x] - |y]) < 2z
using int0.Int_ZF_2_L16 by simp
qed

Suppose S # () is bounded above and I'(S,m) = |m® - z| for some positive
integer m and x € S. Then if y € S,z < y we also have I'(S,m) = [mf-y|.

lemma (in reall) Real_ZF_1_4_L20:
assumes Al: IsBoundedAbove(S,0OrderOnReals) S##0 and
A2: neZ, x€S and
A3: I'(S,n) = |nf'x] and
Ad: yeS x<y
shows I'(S,n) = |[nf.y]
proof -
from A2 A4 have [nfx| < [(nf).y]
using int_pos_is_real_pos Real_ZF_1_2_L14 Real_ZF_1_4_L9
by simp
with A3 have (I'(S,n),|(n®)y|) € IntegerOrder
by simp
moreover from Al A2 A4 have (|nfiy|,['(S,n)) € IntegerOrder
using Real_ZF_1_4_L11 by simp
ultimately show I'(S,n) = |nf'y]|
by (rule int0.Int_ZF_2_L3)
qed

The homomorphism difference of n +— T'(S,n) is bounded by 2 on positive
integers.
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lemma (in reall) Real_ZF_1_4_L21:
assumes Al: IsBoundedAbove(S,OrderOnReals) S#0 and
A2: m€Z+ DEZ+
shows abs(I'(S,m+n) - I'(S,m) - I'(S,n)) < 24
proof -
from A2 have T: m+n € Z, using int0O.pos_int_closed_add_unfolded
by simp
with A1 A2 have
r¢s,m) € {|mfx|. x€s} and
r'¢s,n) € {|nfx|. x€S} and
I'(S,m+n) € {[(m+n)®x|. x€S}
using Real_ZF_1_4_L10 by auto

then obtain a b ¢ where I: acS beS ce€S

and II:

r(s,m) = [mf*a]
r¢s,n) = |nfb|
'(S,m+n) = [(m+n)c|
by auto

let d = Maximum(OrderOnReals,{a,b,c})
from A1 I have aclR beR ceR
using Real_ZF_1_2_123 by auto
then have IV:
d {a,b,c}
R
d
d
<d
using Real_ZF_1_2_L24 by auto
with I have V: d € S by auto
from A1 T I II IV V have ['(S,m+n) = |(m+n)?.d]
using Real_ZF_1_4_L20 by blast

O T p QA
AINIA M M

also from A2 have ... = [((@®)+(@f))d]
using Real _ZF_1_4_L1A PositiveSet_def by simp
also from A2 IV have ... = |[(@f).d + (@%).d]
using PositiveSet_def real_int_is_real Real _ZF_1_L7
by simp
finally have ['(S,m+n) = |@®)-d + (af*)-4]
by simp

moreover from A1 A2 I II IV V have I'(S,m) = |[m*.d]
using Real_ZF_1_4_120 by blast

moreover from Al A2 I II IV V have I'(S,n)
using Real_ZF_1_4_L20 by blast

|7t
moreover from A1 T I II IV V have I'(S,m+n) = |(m+n)®d]
using Real_ZF_1_4_L20 by blast
ultimately have abs(I'(S,m+n) - I'(S,m) - I'(S,n)) =
abs(| ()4 + @) d] - [m®d] - [nRd])
by simp
with A2 IV show
abs(I'(S,m+n) - I'(S,m) - I'(S,n)) < 2z
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using PositiveSet_def real_int_is_real Real_ZF_1_L6
Real_ZF_1_4_L18 by simp
qed

The next lemma provides sufficient condition for an odd function to be an
almost homomorphism. It says for odd functions we only need to check that
the homomorphism difference (denoted ¢ in the reall context is bounded
on positive integers. This is really proven in Int_ZF_2.thy, but we restate
it here for convenience. Recall from Group_ZF_3.thy that 0ddExtension of a
function defined on the set of positive elements (of an ordered group) is the
only odd function that is equal to the given one when restricted to positive
elements.

lemma (in reall) Real_ZF_1_4_L21A:
assumes Al: f:Z,—int Va€Z,. VbeZ,. abs(d(f,a,b)) < L
shows 0ddExtension(int,IntegerAddition,IntegerOrder,f) € S
using Al intl.Int_ZF_2_1_L24 by auto

The candidate for (a representant of) the supremum of a nonempty bounded
above set is a slope.

lemma (in reall) Real _ZF_1_4_L22:
assumes Al: IsBoundedAbove(S,OrderOnReals) S#0 and
A2: g = {(p,I'(8,p)). pEZ,}
shows 0ddExtension(int,IntegerAddition,IntegerOrder,g) € S
proof -
from A1 A2 have g: Z,—int by (rule Real_ZF_1_4_L12)
moreover have VmeZ,. VneZ,. abs(i(g,m,n)) < 2z
proof -
{ fix m n assume A3: m€Z, neZ,
then have mtn € Z, me€Z, neZ,
using int0O.pos_int_closed_add_unfolded
by auto
moreover from Al A2 have VneZ,. g(n) = I'(S,n)
by (rule Real_ZF_1_4_L12)
ultimately have §(g,m,n) = I'(S,m+n) - I'(S,m) - I'(8,n)
by simp
moreover from Al A3 have
abs(I'(S,m+n) - I'(S,m) - I'(S,n)) < 24
by (rule Real ZF_1_4_L21)

ultimately have abs(d(g,m,n)) < 2z

by simp
} then show VmeZ,. VneZ,. abs(i(g,m,n)) < 24
by simp
qed
ultimately show thesis by (rule Real_ZF_1_4_L21A)
qed

A technical lemma used in the proof that all elements of S are less or equal
than the candidate for supremum of S.
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lemma (in reall) Real ZF_1_4_L23:
assumes Al: £ € S and A2: N € int M € int and
A3: VneZ,. Mn < £(N-n)
shows MF < [£]-(Nf)
proof -
let M° = {(n, Mn) . n € int}
let N = {(n, Nn) . n € int}
from A1 A2 have T: M¥ € § N € § foN € S
using intl.Int_ZF_2_5_L1 intl.Int_ZF_2_1_L11 SlopeOp2_def
by auto
moreover from A1 A2 A3 have M° ~ foN® Vv foN® + (-M%) € S,
using intl.Int_ZF_2_5_L8 SlopeOp2_def SlopeOpl_def Slopes_def
BoundedIntMaps_def SlopeEquivalenceRel_def PositiveIntegers_def
PositiveSlopes_def by simp
ultimately have [M°] < [foN®] using Real_ZF_1_2_L12
by simp
with A1 T show M < [£]-(N®) using Real ZF_1_1_14
by simp
qed

A technical lemma aimed used in the proof the candidate for supremum of
S is less or equal than any upper bound for S.

lemma (in reall) Real ZF_1_4_L23A:
assumes Al: f € S and A2: N € int M € int and
A3: VneZ,. £f(Non) < Mn
shows [£f]-(Nf) < MF
proof -
let M = {(n, Mn) . n € int}
let N = {(n, Nn) . n € int}
from A1 A2 have T: M° € S N € S foN® € S
using intl.Int_ZF_2_5_L1 intl.Int_ZF_2_1_L11 SlopeOp2_def
by auto
moreover from A1 A2 A3 have
foll® ~ M% v M% + (-(foN%)) € Sy
using intl.Int_ZF_2_5_L9 SlopeOp2_def SlopeOpl_def Slopes_def
BoundedIntMaps_def SlopeEquivalenceRel_def PositiveIntegers_def
PositiveSlopes_def by simp
ultimately have [foN°] < [M®] using Real_ZF_1_2_L12
by simp
with A1 T show [£]-(N®)< MF using Real ZF_1_1_14
by simp
qed

The essential condition to claim that the candidate for supremum of S is
greater or equal than all elements of S.
lemma (in reall) Real ZF_1_4_L124:

assumes Al: IsBoundedAbove(S,0OrderOnReals) and

A2: x<y yeS and
Ad: N e Z, M € int and

447



A5: MR < y.NT and A6: p € Z,
shows pM < T'(S,p-N)
proof -

from A2 A4 A6 have T1:
NP e Ry yeR pf' € Ry
pN € Z+ (p-N)R S ]R+
using int_pos_is_real_pos Real _ZF_1_2_L15
int0.pos_int_closed_mul_unfold by auto

with A4 A6 have T2:
peint pfeR NEecR NF#£0 MEER
using real_int_is_real PositiveSet_def by auto

from T1 A5 have [(p-N)-(ME.-(NE)~1)| < |(pN) -y
using Real _ZF_1_3_L4A Real _ZF_1_3_L7 Real_ZF_1_4_19
by simp

moreover from Al A2 T1 have |(p-N)F.y| < I'(S,p-N)
using Real_ZF_1_4_L11 by simp

ultimately have I: |(pN)Z (ME.-(nF)~1)| < T'(S,p:N)
by (rule int_order_transitive)

from A4 A6 have (p-N)T.-(ME.(nF)~1) = pR.Nf.(ME.(nF)—1)
using PositiveSet_def Real _ZF_1_4_L1C by simp

with A4 T2 have |(p-N)f-(ME-(WF)~1)| = pM
using Real ZF_1_3_L8 Real _ZF_1_4_L14A by simp

with I show p-M < I'(S,p-N) by simp

qed

An obvious fact about odd extension of a function p — I'(s,p) that is used
a couple of times in proofs.

lemma (in reall) Real ZF_1_4_L24A:
assumes Al: IsBoundedAbove(S,0OrderOnReals) S#0 and A2: p € Z,
and A3:
h = OddExtension(int,IntegerAddition,IntegerOrder,{(p,['(S,p)). p€Z.:})
shows h(p) = I'(S,p)
proof -
let g = {(p,I'(8,p)). peZ;}
from Al have I: g : Z, —int using Real ZF_1_4_L12
by blast
with A2 A3 show h(p) = I'(S,p)
using intO0.Int_ZF_1_5_L11 ZF_fun_from_tot_val
by simp
qed

The candidate for the supremum of S is not smaller than any element of S.

lemma (in reall) Real_ZF_1_4_L25:
assumes Al: IsBoundedAbove(S,0OrderOnReals) and
A2: —HasAmaximum(OrderOnReals,S) and
A3: x€S and A4:
h = OddExtension(int,IntegerAddition,IntegerOrder,{(p,['(S,p)). pEZ.:})
shows x < [h]

proof -
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from A1 A2 A3 have
S € R —HasAmaximum(OrderOnReals,S) x€S
using Real_ZF_1_2_123 by auto
then have JyeS. x<y by (rule Real_ZF_1_2_L27)
then obtain y where I: yeS and II: x<y
by auto
from II have
JMcint. INEZ,. xNB < ME A ME < yNF
using Arthan_Lemmal4iii by simp
then obtain M N where III: M € int Ne&Z, and
: xNE < MB MR <yt
by auto
from II III IV have V: x < ME.(nf)~!
using int_pos_is_real_pos Real_ZF_1_2_L15 Real_ZF_1_3_L4
by auto
from A3 have VI: S#0 by auto
with A1 A4 have T1: h € S using Real_ZF_1_4_L22
by simp
moreover from III have N € int M € int
using PositiveSet_def by auto
moreover have VneZ, . Mn < h(N-n)
proof
let g = {(p,I'(S,p)). peZ,}
fix n assume A5: neZ,
with IIT have T2: Nn € Z,
using int0.pos_int_closed_mul_unfold by simp
from IITI A5 have
Nn = nN and n'M = Mn
using PositiveSet_def intO.Int_ZF_1_1_L5 by auto
moreover
from A1 I II III IV A5 have
IsBoundedAbove (S,0rderOnReals)
x<y ye€ES
NeZ, Mec int
Mt < yNF n e Z,
by auto
then have n'M < I'(S,nN) by (rule Real ZF_1_4_124)
moreover from A1 A4 VI T2 have h(N-n) = I'(S,Nn)
using Real _ZF_1_4_L24A by simp
ultimately show M-n < h(N-n) by auto
qed
ultimately have M? < [h]-N using Real_zF_1_4_L23
by simp
with III T1 have ME.(nF)~! < [n]
using int_pos_is_real_pos Real_ZF_1_1_L3 Real_ZF_1_3_L4B
by simp
with V show x < [h] by (rule real_ord_transitive)
qed

The essential condition to claim that the candidate for supremum of S is
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less or equal than any upper bound of S.
lemma (in reall) Real_ZF_1_4_L26:

assumes Al: IsBoundedAbove(S,0OrderOnReals) and
A2: x<y x€S and
Ad: N € Zy M € int and
A5: yNf' < MP and A6: p € Z,
shows |(N-p)F-x| < Mp
proof -
from A2 A4 A6 have T:
pN € Z, p € int N € int
pPeRypP e R NP e R x€R y< R
using int0O.pos_int_closed_mul_unfold PositiveSet_def
real_int_is_real Real_ZF_1_2_L15 int_pos_is_real_pos
by auto
with A2 have (pN)Fx < (pM)Ey
using int_pos_is_real_pos Real_ZF_1_2_L14A
by simp
moreover from A4 T have I:
(pN)F = ph.NE
(p~M)R - pR-MR
using Real_ZF_1_4_L1C by auto
ultimately have (p-N)7.x < pf.Nf.y
by simp
moreover
from A5 T I have p% (y-N%) < (pM)
using Real_ZF_1_3_L7 by simp
with T have pf*Nf.y < (p-M)® using Real_zF_1_1_L9
by simp
ultimately have (p-N)f.x < (p-M)%
by (rule real_strict_ord_transit)
then have |(pM)f.x| < |(pME|
using Real _ZF_1_4_19 by simp

moreover

from A4 T have p:M € int using int0.Int_ZF_1_1_L5
by simp

then have |(p-M)®| = p-M using Real _ZF_1_4_L14
by simp

moreover from A4 A6 have p-N = N-p and pM = Mp
using PositiveSet_def intO.Int_ZF_1_1_L5 by auto
ultimately show |(N-p)f-x|] < M-p by simp
qed

A piece of the proof of the fact that the candidate for the supremum of S
is not greater than any upper bound of S, done separately for clarity (of
mind).
lemma (in reall) Real ZF_1_4_L27:
assumes IsBoundedAbove(S,0rderOnReals) S#0 and
h = OddExtension(int,IntegerAddition,IntegerOrder,{(p,['(S,p)). pEZ;})
and p € Z4
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shows 3x€S. h(p) = |pPx|
using prems Real ZF_1_4_L10 Real_ZF_1_4_L24A by auto

The candidate for the supremum of S is not greater than any upper bound
of S.

lemma (in reall) Real _ZF_1_4_L28:
assumes Al: IsBoundedAbove(S,0OrderOnReals) S0
and A2: VxeS. x<y and A3:
h = OddExtension(int,IntegerAddition,IntegerOrder,{(p,['(S,p)). peZ})
shows [h] < y
proof -
from A1 obtain a where acS by auto
with A1 A2 A3 have T: yeR h € § [h] € R
using Real_ZF_1_2_L15 Real _ZF_1_4_122 Real _ZF_1_1_L3
by auto
{ assume —([h] < y)
with T have y < [h] using Real ZF_1_2_128
by blast
then have IMcint. IN€Z,. y-NI < M A MF < [n].NF
using Arthan_Lemmal4iii by simp
then obtain M N where I: Meint NeZ, and
II: y-NB < MR MR < [n]-.NE

by auto

from I have III: N® € R, using int_pos_is_real_pos
by simp

have VpeZ,. h(N-p) < Mp

proof

fix p assume A4: peZ,
with A1 A3 I have 3x€S. h(N-p) = [(N-p) & x|
using intO.pos_int_closed_mul_unfold Real ZF_1_4_L27
by simp
with A1 A2 I II A4 show h(N-p) < Mp
using Real_ZF_1_4_126 by auto
qed
with T I have [h]-NF < MF
using PositiveSet_def Real _ZF_1_4_L23A
by simp
with T III have [h] < MFE.(nf)-!
using Real_ZF_1_3_L4C by simp
moreover from T II III have M (Nf)~! < [h]
using Real_ZF_1_3_L4A by simp
ultimately have False using Real_ZF_1_2_L29 by blast
} then show [h] < y by auto
qed

Now we can prove that every nonempty subset of reals that is bounded above
has a supremum.

lemma (in reall) real_order_complete:
assumes Al: IsBoundedAbove(S,OrderOnReals) S#0

451



shows HasAminimum(OrderOnReals,(|a€S. OrderOnReals{a})
proof (cases HasAmaximum(OrderOnReals,S))
assume HasAmaximum(OrderOnReals,S)
with A1 show HasAminimum(OrderOnReals,(|a€S. OrderOnReals{al})
using Real_ZF_1_2_L10 IsAnOrdGroup_def IsPartOrder_def
Order_ZF_5_L6 by simp
next assume A2: —HasAmaximum(OrderOnReals,S)
let h = 0ddExtension(int,IntegerAddition,IntegerOrder,{(p,I'(S,p)). peZ})
let r = OrderOnReals
from A1 have antisym(OrderOnReals) S#0
using Real_ZF_1_2_L10 IsAnOrdGroup_def IsPartOrder_def by simp
moreover from Al A2 have Vx€S. (x,[h]) € r
using Real_ZF_1_4_125 by simp
moreover from Al have Vy. (VxeS. (x,y) € r) — ([hl,y) € r
using Real_ZF_1_4_128 by simp
ultimately show HasAminimum(OrderOnReals,()|acS. OrderOnReals{al})
by (rule Order_ZF_5_L5)
qed

Finally, we are ready to formulate the main result: that the construction
of real numbers from the additive group of integers results in a complete
ordered field.

theorem eudoxus_reals_are_reals: shows
IsAmodelOfReals (RealNumbers,RealAddition,RealMultiplication,OrderOnReals)
using reall.reals_are_ord_field reall.real_order_complete
IsComplete_def IsAmodelOfReals_def by simp

This completes the construction. It was fun.

end
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29 Complex_ZF.thy

theory Complex_ZF imports OrderedField_ZF
begin

The goal of this theory is to define complex numbers and prove that the
Metamath complex numbers axioms hold.

29.1 From complete ordered fields to complex numbers

This section consists mostly of definitions and a proof context for talking
about complex numbers.

Suppose we have a set R with binary operations A and M and a relation
r such that the quadruple (R, A, M, r) forms a complete ordered field. The
next definitions take (R, A, M,r) and construct the sets that represent the
structure of complex numbers: the carrier (C = R x R), binary oparations
of addition and multiplication of complex numbers and the order raletion
on R = R x 0. The ImCxAdd, ReCxAdd, ImCxMul, ReCxMul are helper meta-
functions representing the imaginary part of a sum of complex numbers,
the real part of a sum of real numbers, the imaginary part of a product of
complex numbers and the real part of a product of real numbers, respectively.
The actual operations (subsets of (R x R) x R are named CplxAdd and
CplxMul.

When R is an ordered field, it comes with an order relation. This induces
a natural strict order relation on {(z,0) : x € R} € R x R. We call
the set {(z,0) : x € R} ComplexReals(R,A) and the strict order relation
CplxROrder (R,A,r). The order on the real axis of complex numbers is de-
fined as the relation induced on it by the canonical projection on the first
coordinate and the order we have on the real numbers. OK, lets repeat this
slower. We start with the order relation r on a (model of) real numbers. We
want to define an order relation on a subset of complex numbers, namely on
R x {0}. To do that we use the notion of a relation induced by a mapping.
The mapping here is f : R x {0} — R, f(x,0) = x which is defined under a
name of SliceProjection in func_ZF.thy. This defines a relation r; (called
InducedRelation(f,r), see func_ZF) on R x {0} such that ({x,0), (y,0) € r;
iff (z,y) € r. This way we get what we call CplxROrder (R,A,r). However,
this is not the end of the story, because Metamath uses strict inequalities,
rather than weak ones like IsarMathLib (mostly). So we need to take the
strict version of this order relation. This is done in the syntax definition of
<g in the definition of complex0 context.

constdefs
ReCxAdd(R,A,a,b) = A{fst(a),fst(b))
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ImCxAdd(R,A,a,b) = A(snd(a),snd(b))

CplxAdd(R,A) =
{(p, ( ReCxAdd(R,A,fst(p),snd(p)),ImCxAdd(R,A,fst(p),snd(p)) ) ).
pE(RXR) X (RXR)}

ImCxMul(R,A,M,a,b) = A(M{fst(a),snd(b)), M{snd(a),fst(b)) )

ReCxMul(R,A,M,a,b) =
A(M(fst(a),fst(b)),GroupInv(R,A) (M{snd(a),snd(b))))

CplxMul (R,A,M) =
{ (p, (ReCxMul(R,A,M,fst(p),snd(p)),ImCxMul(R,A,M,fst(p),snd(p))) ).

p € (RxR)x(RXR)}
ComplexReals(R,A) = Rx{TheNeutralElement(R,A)}

CplxROrder (R,A,r) =
InducedRelation(SliceProjection(ComplexReals(R,A)),r)

The next locale defines proof context and notation that will be used for
complex numbers.

locale complex0 =
fixes R and A and M and r
assumes R_are_reals: IsAmodelOfReals(R,A,M,r)

fixes complex (C)
defines complex_def[simp]l: € = RXR

fixes rone (1p)
defines rone_def [simp]: 1z = TheNeutralElement (R,M)

fixes rzero (0Og)
defines rzero_def [simp]: Or = TheNeutralElement(R,A)

fixes one (1)
defines one_def[simpl: 1 = (1, Ogr)

fixes zero (0)
defines zero_def[simp]l: 0 = (0g, Og)

fixes iunit (i)
defines iunit_def([simpl: i = (Og,1Rr)

fixes creal (R)
defines creal_def[simp]l: R = {(r,0g). reR}

fixes ca (infixl + 69)
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defines ca_def([simp]l: a + b = CplxAdd(R,A)(a,Db)

fixes cm (infixl - 71)
defines cm_def[simpl: a - b = CplxMul(R,A,M)(a,b)

fixes rmul (infixl - 71)
defines rmul_def[simp]: a - b = M(a,b)

fixes radd (infixl + 69)
defines radd_def[simp]: a + b = A(a,b)

fixes rneg :: i=i (- _ 70)
defines rneg_def[simp]: - a = GroupInv(R,A)(a)

fixes lessr (infix < 68)
defines lessr_def [simp]:
a <g b = (a,b) € StrictVersion(CplxROrder (R,A,r))

fixes cpnf (4o00)
defines cpnf_def [simp]: 400 = C

fixes cmnf (—o0)
defines cmnf_def[simpl: —co = {C}

fixes cxr (IR*)
defines cxr_def[simp]: R* = R U {4o00,—00}

fixes cltrrset (<)

defines cltrrset_def [simp]:

< = StrictVersion(CplxROrder(R,A,r)) U
{(—00,+0)} U (Rx{+o0}) U ({—oco}xR )

29.2 Axioms of complex numbers

In this section we will prove that all Metamath’s axioms of complex numbers
hold in the complex0 context.

The next lemma lists some contexts that are valid in the complex0 context

lemma (in complex0) valid_cntxts: shows
field1(R,A,M,r)
fieldO(R,A,M)
ringl(R,A,M,r)
group3(R,A,r)
ringO(R,A,M)
M {is commutative on} R
groupO(R,A)
proof -
from R_are_reals have I: IsAnOrdField(R,A,M,r)
using IsAmodelOfReals_def by simp
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then show field1(R,A,M,r) using OrdField_ZF_1_L2 by simp

then show ringl(R,A,M,r) and I: fieldO(R,A,M)
using fieldl.axioms ringl_def fieldl.OrdField_ZF_1_L1B
by auto

then show group3(R,A,r) using ringl.OrdRing ZF_1_L4
by simp

from I have IsAfield(R,A,M) using field0.Field_ZF_1_L1
by simp

then have IsAring(R,A,M) and M {is commutative on} R
using IsAfield_def by auto

then show ring0(R,A,M) and M {is commutative on} R
using ring0_def by auto

then show groupO(R,A) using ringO.Ring ZF_1_L1
by simp

qed

The next lemma shows the definition of real and imaginary part of complex
sum and product in a more readable form using notation defined in complex0

locale.

lemma (in complex0) cplx_mul_add_defs: shows

ReCxAdd(R,A,(a,b),(c,d)) = a + ¢
ImCxAdd(R,A,(a,b),{c,d)) = b + d
ImCxMul(R,A,M,{a,b),(c,d)) = ad + bc
ReCxMul(R,A,M,(a,b),(c,d)) = ac + (-b-d)

proof -
let z; = (a,b)
let zo = (c,d)
have ReCxAdd(R,A,z1,25) = A{fst(z),fst(zs))
by (rule ReCxAdd_def)
moreover have ImCxAdd(R,A,z1,z2) = A(snd(z;),snd(zs))

by (rule ImCxAdd_def)
moreover have
ImCxMul (R,A,M,z1,22) = A(M<fst(z1),snd(z3)>,M<snd(z1),fst(z2)>)
by (rule ImCxMul_def)
moreover have
ReCxMul(R,A,M,z,2z9) =
A(M<fst(z1),fst(z2)>,GroupIlnv(R,A) (M(snd(z1),snd(z2))))
by (rule ReCxMul_def)
ultimately show

ReCxAdd(R,A,z;,22) = a + c
ImCxAdd(R,A, {(a,b),{c,d)) = b + d

ImCxMul (R,A,M,(a,b),(c,d)) = a-d + b-c
ReCxMul (R,A,M,(a,b),(c,d)) = ac + (-b-d)
by auto

qed

Real and imaginary parts of sums and products of complex numbers are

real.

lemma (in complex0) cplx_mul_add_types:
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assumes Al: z; € C zo € C
shows

ReCxAdd(R,A,z;,22) € R
ImCxAdd(R,A,z;,22) € R
ImCxMul (R,A,M,z1,22) € R
ReCxMul(R,A,M,z1,29) € R

proof -
let a = fst(zy)
let b = snd(z1)
let ¢ = fst(zy)

let d = snd(zy)

from A1 have a € R b€ R c € R d4d€R
by auto

then have
a+cecR
b+de&R
ad + boc € R
a-c + (- bd) € R
using valid_cntxts ring0.Ring ZF_1_L4 by auto

with A1 show
ReCXAdd(R.,A,Zl,ZQ) € R
ImCxAdd(R,A,zq,2z2) € R
ImCxMul(R,A,M,z1,22) € R
ReCxMul(R,A,M,z;,22) € R
using cplx_mul_add_defs by auto

qed

Complex reals are complex. Recall the definition of R in the complex0 locale.

lemma (in complex0) axresscn: shows R C C
using valid_cntxts groupO.groupO_2_L2 by auto

Complex 1 is not complex 0.

lemma (in complex0) axlneO: shows 1 # 0
proof -
have IsAfield(R,A,M) using valid_cntxts field0.Field_ZF_1_L1
by simp
then show 1 # 0 using IsAfield_def by auto
qed

Complex addition is a complex valued binary operation on complex numbers.

lemma (in complex0) axaddopr: shows CplxAdd(R,A): C x C — C
proof -
have Vp € CxC. (ReCxAdd(R,A,fst(p),snd(p)),ImCxAdd(R,A,fst(p),snd(p)))
e C
using cplx_mul_add_types by simp
then have
{(p,<ReCxAdd(R,A,fst(p),snd(p)),ImCxAdd(R,A,fst(p),snd(p))> ). p €
CxC}: CxC — C
by (rule ZF_fun_from_total)
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then show CplxAdd(R,A): € x € — C using CplxAdd_def by simp
qed

Complex multiplication is a complex valued binary operation on complex
numbers.

lemma (in complex0) axmulopr: shows CplxMul(R,A,M): C x C — C
proof -
have Vp € CxC.
(ReCxMul (R,A,M,fst(p),snd(p)),ImCxMul (R,A,M,fst(p),snd(p))) € C
using cplx_mul_add_types by simp
then have
{(p, (ReCxMul (R,A,M,fst(p),snd(p)),ImCxMul (R,A,M,fst(p),snd(p)))).
p € CxC}: CxC — C by (rule ZF_fun_from_total)
then show CplxMul(R,A,M): € x € — C using CplxMul_def by simp
qed

What are the values of omplex addition and multiplication in terms of their
real and imaginary parts?

lemma (in complex0) cplx_mul_add_vals:
assumes Al: acR beR ceR deR
shows
(a,b) + (c,d) = (a + c, b+ d)
(a,b) - {(c,d) = (a-c + (-b:d), a-d + b-c)

proof -
let S = CplxAdd(R,A)
let P = CplxMul(R,A,M)

let p = ( (a,b), (c,d) )
have S : C x C - C p € C x C using axaddopr by auto
moreover have

S = {(p, <ReCxAdd(R,A,fst(p),snd(p)),ImCxAdd(R,A,fst(p),snd(p))>).

peC x C}
using CplxAdd_def by simp
ultimately have S(p) = (ReCxAdd(R,A,fst(p),snd(p)),ImCxAdd(R,A,fst(p),snd(p)))
by (rule ZF_fun_from_tot_val)
then show (a,b) + (c,d) = (a + c, b + d)
using cplx_mul_add_defs by simp
have P : C x C - C p € C x C using axmulopr by auto
moreover have
P = {(p, (ReCxMul(R,A,M,fst(p),snd(p)),ImCxMul(R,A,M,fst(p),snd(p)))

pe C x C}
using CplxMul_def by simp

ultimately have
P(p) = (ReCxMul(R,A,M,fst(p),snd(p)),ImCxMul (R,A,M,fst(p),snd(p)))
by (rule ZF_fun_from_tot_val)

then show (a,b) - (c,d) = (ac + (-b-d), a-d + bc)
using cplx_mul_add_defs by simp

qed
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Complex multiplication is commutative.

lemma (in complex0) axmulcom: assumes Al: a € C b € C
shows ab = b-a
using prems cplx_mul_add_vals valid_cntxts ring0.Ring ZF_1_L4
field0.field_mult_comm by auto

A sum of complex numbers is complex.

lemma (in complex0) axaddcl: assumes a € C b € C
shows a+b € C
using prems axaddopr apply_funtype by simp

A product of complex numbers is complex.

lemma (in complex0) axmulcl: assumes a € C b € C
shows ab € C
using prems axmulopr apply_funtype by simp

Multiplication is distributive with respect to addition.

lemma (in complex0) axdistr:
assumes Al: a € C be C ceC
shows a-(b + ¢c) = ab + ac

proof -
let a, = fst(a)
let a; = snd(a)
let b, = fst(b)
let b; = snd(b)
let ¢, = fst(c)
let ¢; = snd(c)

from A1 have T:

a. € R a, € R b, €R b, €R ¢, €R ¢; €R

b,+c, € R b;+c; € R

a, b, + (-a;-b;) € R

a,-c, + (-a;.¢c;) € R

a,b; + a;b, € R

a,-c; + a'c, €R

using valid_cntxts ring0.Ring ZF_1_L4 by auto
with A1 have a-(b + ¢c) =

(ap-(bptc,) + (-a;-(bi+c)) ,a,-(b+c;) + a;-(bytc,))

using cplx_mul_add_vals by auto
moreover from T have

a, (by+c,.) + (-a;-(bj+c;)) =

ar-b, + (-a;:b;) + (ayc, + (-a;:¢;))

and

a,-(bj+c;) + a;-(by+c,) =

ar-b; + a;b, + (ar'Ci + ai'c'r)

using valid_cntxts ring0.Ring ZF_2_16 by auto
moreover from A1 T have

(arby + (-a;-b;) + (ar-c, + (-a;:¢y)),

a,b; + a; b, + (a,c; + a;c.)) =
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ab + a-c
using cplx_mul_add_vals by auto
ultimately show a-(b + ¢c) = ab + a-c
by simp
qed

Complex addition is commutative.

lemma (in complex0) axaddcom: assumes a € C b € C
shows a+b = bta
using prems cplx_mul_add_vals valid_cntxts ring0O.Ring ZF_1_L4

by auto
Complex addition is associative.

lemma (in complex0) axaddass: assumes Al: a € C be C c e C
shows a + b+ c =a + (b + ¢)

proof -
let a, = fst(a)
let a; = snd(a)
let b, = fst(b)
let b; = snd(b)
let ¢, = fst(c)
let ¢; = snd(c)

from A1 have T:
ar, € R a; € R b, €R b €R ¢, €R ¢c; €R
a,+b, € R a;+b; € R
b,+tc, € R b;+c; € R
using valid_cntxts ring0.Ring ZF_1_L4 by auto
with A1 have a + b + ¢ = (a,+b,+c,,a;+b;+c;)
using cplx_mul_add_vals by auto

also from A1 T have ... = a + (b + ¢)
using valid_cntxts ring0.Ring ZF_1_L11 cplx_mul_add_vals
by auto
finally show a + b + ¢ = a + (b + ¢)
by simp
qed

Complex multiplication is associative.

lemma (in complex0) axmulass: assumes Al: a € C be €C c e C
shows a - b-c=a - (b - c)
proof -
let a, = fst(a)
let a; = snd(a)
let b, = fst(b)
let b; = snd(b)
let ¢, = fst(c)
let ¢; = snd(c)
from A1 have T:
a- €R a;, € R b, €R b, e€R ¢, €R ¢c; €R
a,b, + (-a;;b;) € R
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a,b; + a;’b, € R
bq-c, + (-bj-c;) € R
b,-c; + b;:c, € R
using valid_cntxts ring0.Ring ZF_1_L4 by auto
with A1 have a - b - ¢ =
<(aT-br + (-a;'b)))-c, + (-(ayb; + a;'by)c;),
(a; by + (-a;'b;))-c; + (arb; + a;by)-c,)
using cplx_mul_add_vals by auto
moreover from A1 T have
(ap-(bp-cr + (=bjc;)) + (-a;-(byc; + bicp)),
ar-(by-c; + bi-c,) + a;-(bpc, + (-bicy))) =
a- (- c)
using cplx_mul_add_vals by auto
moreover from T have
a,-(by-c, + (-b;-c;)) + (-a;-(byc; + b))
(ar'br + (_ai'bi))'cr + (_(ar'bi + ai'br)'ci)
and
a,-(by-c; + bjc.) + a;-(brc, + (-bjrc;)) =
(ar-b, + (-a;-b3))-c; + (arb; + a;by)-c,
using valid_cntxts ring0.Ring ZF_2_L6 by auto
ultimately show a - b - c=a - (b - ¢)
by auto
qed

Complex 1 is real. This really means that the pair (1,0) is on the real axis.
lemma (in complex0) axlre: shows 1 € R

using valid_cntxts ring0.Ring ZF_1_L2 by simp
The imaginary unit is a ”square root” of —1 (that is, 2 + 1 = 0).

lemma (in complex0) axi2ml: shows ii + 1 =0
using valid_cntxts ring0.Ring_ZF_1_L2 ring0.Ring ZF_1_L3
cplx_mul_add_vals ring0.Ring_ZF_1_L6 groupO.groupO_2_L6
by simp

0 is the neutral element of complex addition.

lemma (in complex0) ax0id: assumes a € C
shows a + 0 = a
using prems cplx_mul_add_vals valid_cntxts
ring0.Ring_ZF_1_L2 ring0.Ring ZF_1_L3
by auto

The imaginary unit is a complex number.

lemma (in complex0) axicn: shows i € C
using valid_cntxts ring0.Ring ZF_1_L2 by auto

All complex numbers have additive inverses.

lemma (in complex(0) axnegex: assumes Al: a € C
shows 3xcC. a+x =0
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proof -
let a, = fst(a)
let a; = snd(a)
let x = (-a,, -a;)
from A1 have T:

a- €R a; €R (-a) €R (-a) €R
using valid_cntxts ring0.Ring ZF_1_L3 by auto

then have x € C using valid_cntxts ring0.Ring ZF_1_L3

by auto

moreover from A1 T have a + x = 0

using cplx_mul_add_vals valid_cntxts ring0.Ring_ ZF_1_L3
by auto

ultimately show dx€C. a + x =0

qed

by auto

A non-zero complex number has a multiplicative inverse.

lemma (in complex(0) axrecex: assumes Al: a € C and A2: a#0
shows 3xcC. ax =1
proof -
let a, = fst(a)
let a; = snd(a)
let m = a,-a, + a;-a;
from A1 have T1: a, € R a; € R by auto
moreover from A1l A2 have a, # Or V a; # Op

by auto

ultimately have dceR. mc = 1y

using valid_cntxts fieldl.0OrdField_ZF_1_L10
by auto

then obtain ¢ where I: c€R and II: mc = 1y

by auto

let x = (a,-c, -a;-c)
from T1 I have T2: a,.c € R (-a;c) € R

using valid_cntxts ringO.Ring ZF_1_L4 ring0.Ring_ ZF_1_L3
by auto

then have x € C by auto
moreover from A1 T1 T2 I II have ax =1

using cplx_mul_add_vals valid_cntxts ringO.ring_rearr_3_elemA
by auto

ultimately show JxeC. a:x = 1 by auto

qed

Complex 1 is a right neutral element for multiplication.

lemma (in complex0) axlid: assumes Al: a € C
shows a'l = a
using prems valid_cntxts ring0.Ring ZF_1_L2 cplx_mul_add_vals

ring0.Ring_ZF_1_L3 ring0.Ring ZF_1_L6 by auto

A formula for sum of (complex) real numbers.
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lemma (in complex0) sum_of_reals: assumes aclR belR
shows
a+ b= (fst(a) + fst(b),0R)
using prems valid_cntxts ring0.Ring ZF_1_L2 cplx_mul_add_vals
ring0.Ring_ZF_1_L3 by auto

The sum of real numbers is real.

lemma (in complex0) axaddrcl: assumes Al: aclR belR
shows a + b € R
using prems sum_of_reals valid_cntxts ring0.Ring ZF_1_1L4
by auto

The formula for the product of (complex) real numbers.

lemma (in complex0) prod_of_reals: assumes Al: aclR belR
shows a - b = (fst(a)-fst(b),0R)
proof -
let a, = fst(a)
let b, = fst(b)
from A1 have T:
a- € Rb. € R 0gp €R a b, €R
using valid_cntxts ringO.Ring ZF_1_L2 ring0.Ring ZF_1_L4
by auto
with Al show a - b = (a,'b,,0R)
using cplx_mul_add_vals valid_cntxts ringO.Ring ZF_1_L2
ring0.Ring_ZF_1_L6 ring0.Ring_ZF_1_L3 by auto
qed

The product of (complex) real numbers is real.

lemma (in complex0) axmulrcl: assumes acR belR
shows a - b € R
using prems prod_of_reals valid_cntxts ring0.Ring ZF_1_L4
by auto

The existence of a real negative of a real number.

lemma (in complex0) axrnegex: assumes Al: aclR
shows 3 x € R. a+x =0
proof -
let a, = fst(a)
let x = (-a,,0R)
from A1 have T:
a, € R (-a,) € R Orp €R
using valid_cntxts ringO.Ring ZF_1_L3 ring0.Ring ZF_1_L2
by auto
then have x€ R by auto
moreover from A1 T have a + x = 0
using cplx_mul_add_vals valid_cntxts ringO.Ring ZF_1_L3
by auto
ultimately show Jdx€R. a + x = 0 by auto
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qed

Each nonzero real number has a real inverse

lemma (in complex0) axrrecex:
assumes Al: a€ R a#0
shows JdxcR. a - x =1
proof -
let Rp = R-{0gr%}
let a, = fst(a)
let y = GroupInv(Rg,restrict(M,RoxRg)) (a,)
from A1 have T: (y,0gr) € R using valid_cntxts field0.Field_ZF_1_L5
by auto
moreover from Al T have a - (y,0g) = 1
using prod_of_reals valid_cntxts
field0.Field _ZF_1_L5 field0.Field_ZF_1_L6 by auto
ultimately show 3 x € R. a - x = 1 by auto
qed

Our R symbol is the real axis on the complex plane.

lemma (in complex0) real_means_real_axis: shows IR = ComplexReals(R,A)
using ComplexReals_def by auto

The CplxROrder thing is a relation on the complex reals.

lemma (in complex0) cplx_ord_on_cplx_reals:
shows CplxROrder(R,A,r) C RxR
using ComplexReals_def slice_proj_bij real_means_real_axis
CplxROrder_def InducedRelation_def by auto

The strict version of the complex relation is a relation on complex reals.

lemma (in complex0) cplx_strict_ord_on_cplx_reals:
shows StrictVersion(CplxROrder(R,A,r)) C RxR
using cplx_ord_on_cplx_reals strict_ver_rel by simp

The CplxROrder thing is a relation on the complex reals. Here this is for-
mulated as a statement that in complex0 context a < b implies that a,b are
complex reals

lemma (in complex0) strict_cplx_ord_type: assumes a <g b
shows acR belR
using prems CplxROrder_def def_of_strict_ver InducedRelation_def
slice_proj_bij ComplexReals_def real_means_real_axis
by auto

A more readable version of the definition of the strict order relation on the
real axis. Recall that in the complex0 context r denotes the (non-strict)
order relation on the underlying model of real numbers.

lemma (in complex0) def_of_real_axis_order: shows
(x,0r) <r (y,0r) < (x,y) € T A x#y
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proof
let £ = SliceProjection(ComplexReals(R,A))
assume Al: (x,0p) <g (y,0g)
then have ( £f(x,0g), f(y,0r) ) € r A x # y
using CplxROrder_def def_of_strict_ver def_of_ind_relA
by simp
moreover from Al have (x,0g) € R (y,0p) € R
using strict_cplx_ord_type by auto
ultimately show (x,y) € r A x#y
using slice_proj_bij ComplexReals_def by simp
next assume Al: (x,y) € r A x#y
let £ = SliceProjection(ComplexReals(R,A))
have f : R — R
using ComplexReals_def slice_proj_bij real_means_real_axis
by simp
moreover from Al have T: (x,0g) € R (y,0gr) € R
using valid_cntxts ringl.OrdRing ZF_1_L3 by auto
moreover from Al T have { £(x,0g), £(y,0gr) ) € ¢
using slice_proj_bij ComplexReals_def by simp
ultimately have ( (x,0g), (y,0r) ) € InducedRelation(f,r)
using def_of_ind_relB by simp
with A1 show (x,0gr) <gr (y,0R)
using CplxROrder_def def_of_strict_ver
by simp
qed

The (non strict) order on complex reals is antisymmetric, transitive and
total.

lemma (in complex0) cplx_ord_antsym_trans_tot: shows
antisym(CplxROrder(R,A,r))
trans (CplxROrder(R,A,r))
CplxROrder (R,A,r) {is total on} R
proof -
let £ = SliceProjection(ComplexReals(R,A))
have f € ord_iso(R,CplxROrder(R,A,r),R,r)
using ComplexReals_def slice_proj_bij real_means_real_axis
bij_is_ord_iso CplxROrder_def by simp
moreover have CplxROrder(R,A,r) C RxR
using cplx_ord_on_cplx_reals by simp
moreover have I:
antisym(r) r {is total on} R trans(r)
using valid_cntxts ringl.OrdRing_ZF_1_L1 IsAnOrdRing_def
IsLinOrder_def by auto
ultimately show
antisym(CplxROrder(R,A,r))
trans (CplxROrder (R,A,r))
CplxROrder (R,A,r) {is total on} R
using ord_iso_pres_antsym ord_iso_pres_tot ord_iso_pres_trans
by auto
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qed

The trichotomy law for the strict order on the complex reals.

lemma (in complex0) cplx_strict_ord_trich:
assumes a € R b € R
shows Exactly_1_of_3_holds(a<gb, a=b, b<ga)
using prems cplx_ord_antsym_trans_tot strict_ans_tot_trich
by simp

The strict order on the complex reals is kind of antisymetric.

lemma (in complex0) pre_axlttri: assumes Al: a € R b e R
shows a <g b «+— —(a=b V b < a)
proof -
from A1 have Exactly_1_of_3_holds(a<gb, a=b, b<pa)
by (rule cplx_strict_ord_trich)
thus a <g b «— —=(a=b V b < a)
by (rule Foll_L8A)
qed

The strict order on complex reals is transitive.

lemma (in complex0) cplx_strict_ord_trans:
shows trans(StrictVersion(CplxROrder(R,A,r)))
using cplx_ord_antsym_trans_tot strict_of_transB by simp

The strict order on complex reals is transitive - the explicit version of

cplx_strict_ord_trans.

lemma (in complex0) pre_axlttrn:
assumes Al: a <g b b <p c
shows a < ¢
proof -
let s = StrictVersion(CplxROrder(R,A,r))
from A1l have
trans(s) (a,b) € s A (b,c) € s
using cplx_strict_ord_trans by auto
then have (a,c) € s by (rule Foll_L3)
then show a <r ¢ by simp
qed

The strict order on complex reals is preserved by translations.

lemma (in complex0) pre_axltadd:
assumes Al: a <g b and A2: ¢ € R
shows c+a < c+b
proof -
from A1 have T: a€cR DbeR using strict_cplx_ord_type
by auto
with A1 A2 show c+a <p c+b
using def_of_real_axis_order valid_cntxts
group3.group_strict_ord_transl_inv sum_of_reals
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by auto
qed

The set of positive complex reals is closed with respect to multiplication.

lemma (in complex0) pre_axmulgtO: assumes Al: 0 <g a O <g b
shows 0 <R ab
proof -
from A1l have T: a€cR beR using strict_cplx_ord_type
by auto
with A1 show 0 <R ab
using def_of_real_axis_order valid_cntxts fieldl.pos_mul_closed
def_of_real_axis_order prod_of_reals
by auto
qed

The order on complex reals is linear and complete.

lemma (in complex0) cmplx_reals_ord_lin_compl: shows
CplxROrder(R,A,r) {is complete}
IsLinOrder (R,CplxROrder(R,A,r))
proof -
have SliceProjection(R) € bij(IR,R)
using slice_proj_bij ComplexReals_def real_means_real_axis
by simp
moreover have r C RxR using valid_cntxts ringl.OrdRing ZF_1_L1
IsAnOrdRing_def by simp
moreover from R_are_reals have
r {is complete} and IsLinQOrder(R,r)
using IsAmodelOfReals_def valid_cntxts ringl.0OrdRing ZF_1_L1
IsAnOrdRing_def by auto
ultimately show
CplxROrder(R,A,r) {is complete}
IsLinOrder (R,CplxROrder(R,A,r))
using CplxROrder_def real_means_real_axis ind_rel_pres_compl
ind_rel_pres_lin by auto
qed

The property of the strict order on complex reals that corresponds to com-
pleteness.

lemma (in complex0) pre_axsup: assumes Al: X C IR X # 0 and
A2: IxeR. VyeX. y <g x
shows
JdxeR. (VyeX. -(x <g y)) A (VyeR. (y <g x — (Jz€X. y <g 2)))
proof -
let s = StrictVersion(CplxROrder(R,A,r))
have
CplxROrder (R,A,r) C RxRR
IsLinOrder (R,CplxROrder(R,A,r))
CplxROrder (R,A,r) {is complete}
using cplx_ord_on_cplx_reals cmplx_reals_ord_lin_compl
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by auto

moreover note Al

moreover have s = StrictVersion(CplxROrder (R,A,r))
by simp

moreover from A2 have JuelR. VyeX. (y,u) € s
by simp

ultimately have
JxeR. ( VyeXx. (x,y) € s ) A
(VyeR. (y,x) € s — (Jz€X. (y,2) € 8))
by (rule strict_of_compl)

then show (3x€R. (VyeX. —(x <g y)) A
WVyeR. (y <g x — (Fz€X. y <g 2))))
by simp

qed

end
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30 MMI prelude.thy

theory MMI_prelude imports equalities
begin

In this theory file we define the context in which theorems imported from
Metamath are proven and prove the logic and set theory Metamath lemmas
that the proofs of Metamath theorems about real and complex numbers
depend on.

30.1 Importing from Metamath - how is it done

We are interested in importing the theorems about complex numbers that
start from the "recnt” theorem on. This is done mostly automatically by
the mmisar tool that is included in the IsarMathLib distribution. The tool
works as follows:

First it reads the list of (Metamath) names of theorems that are already
imported to IsarMathlib ("known theorems”) and the list of theorems that
are intended to be imported in this session ("new theorems”). The new
theorems are consecutive theorems about complex numbers as they appear
in the Metamath database. Then mmisar creates a ” Metamath script” that
contains Metamath commands that open a log file and put the stataments
and proofs of the new theorems in that file in a readable format. The tool
writes this script to a disk file and executes metamath with standard input
redirected from that file. Then the log file is read and its contents converted
to the Isar format. In Metamath, the proofs of theorems about complex
numbers depend only on 28 axioms of complex numbers and some basic
logic and set theory theorems. The tool finds which of these dependencies
are not known yet and repeats the process of getting their statements from
Metamath as with the new theorems. As a result of this process mmisar
creates files new_theorems.thy, new_deps.thy and new_known_theorems.txt.
The file new_theorems.thy contains the theorems (with proofs) imported
from Metamath in this session. These theorems are added (by hand) to the
current MMI_Complex_ZF_x.thy file. The file new_deps.thy contains the state-
ments of new dependencies with generic proofs by auto”. These are added
to the MMI_logis_and_sets.thy. Most of the dependencies can be proven au-
tomatically by Isabelle. However, some manual work has to be done for the
dependencies that Isabelle can not prove by itself and to correct problems
related to the fact that Metamath uses a metalogic based on distinct vari-
able constraints (Tarski-Megill metalogic), rather than an explicit notion of
free and bound variables.

The old list of known theorems is replaced by the new list and mmisar is
ready to convert the next batch of new theorems. Of course this rarely works
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in practice without tweaking the mmisar source files every time a new batch
is processed.

30.2 The context for Metamath theorems
We list the Metamth’s axioms of complex numbers and define notation here.

The next definition is what Metamath X € V is translated to. I am not
sure why it works, probably because Isabelle does a type inference and the

9 2

=" sign indicates that both sides are sets.

consts
IsASet :: i=o (_ isASet [90] 90)

defs
set_def [simp]: X isASet = X =X

The next locale sets up the context to which Metamath theorems about
complex numbers are imported. It assumes the axioms of complex numbers
and defines the notation used for complex numbers.

One of the problems with importing theorems from Metamath is that Meta-
math allows direct infix notation for binary operations so that the notation
afb is allowed where f is a function (that is, a set of pairs). To my knowl-
edge, Isar allows only notation £(a,b) with a possibility of defining a syntax
say a + b to mean the same as £(a,b) (please correct me if I am wrong here).
This is why we have two objects for addition: one called caddset that rep-
resents the binary function, and the second one called ca which defines the
a + b notation for caddset(a,b). The same applies to multiplication of real
numbers.

locale MMIsar0 =
fixes real (RR)
fixes complex (C)

fixes one :: i (1)
fixes zero :: i (0)
fixes iunit :: i (1)

fixes caddset (+)
fixes cmulset (-)
fixes lessrrel (<g)

fixes ca (infixl + 69)

defines ca_def: a + b = +(a,b)

fixes cm (infixl - 71)

defines cm_def: a - b = -(a,b)

fixes sub (infixl - 69)

defines sub_def: a-b=|)J {x€ C. b+x=2a}
fixes cneg :: i=i (-_ 95)

defines cneg_def: - a =0 - a
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fixes cdiv (infixl / 70)

defines cdiv_def: a /b= {x€C. b -x=a}l
fixes cpnf (4o00)

defines cpnf_def: +o0o0 = C

fixes cmnf (—o0)

defines cmnf_def: —oc = {C}

fixes cxr (R*)

defines cxr_def: R* = R U {400,—00}
fixes lessr (infix < 68)

defines lessr_def: a <g b = (a,b) € <g
fixes cltrrset (<)

defines cltrrset_def:

<= (<g N RxR) U {(—00,+00)} U
(Rx{+0c0}) U ({—oo}xR )

fixes cltrr (infix < 68)

defines cltrr_def: a < b = (a,b) € <
fixes 1sq (infix < 68)

defines 1sq_def: a < b = = (b < a)

assumes MMI_pre_axlttri:

Aec RABeR — (A <gB+— —(A=B V B <p A))

assumes MMI_pre_axlttrn:
AcRABeERACER — ((A<gBAB<gpC — A <p C)
assumes MMI_pre_axltadd:
AeRABeRACER — (A <g B — C+tA <g C+B)
assumes MMI_pre_axmulgtO:
AcRABER — (0 <gAANO<gB— 0 <pr AB)
assumes MMI_pre_axsup:

ACRANAF#OA (IxeR. VyeA. y <g x) —

(Ix€eR. (VyeA. = (x <g y)) AN (WVyeR. (y <g x — (Fz€A. y <g 2))))
assumes MMI_axresscn: R C C

assumes MMI_axlneO: 1 # O

assumes MMI_axcnex: C isASet

assumes MMI_axaddopr: + : ( € x C ) — C

assumes MMI_axmulopr: - : ( C x C ) — C

assumes MMI_axmulcom: A € C ABe€ C — A -B =B - A
assumes MMI_axaddcl: A€ C ABe C — A+B e C
assumes MMI_axmulcl: A€ C ABe€ C — A -B e C

assumes MMI_axdistr:
AeCABelCANCeC — AB+C) =AB+ AC
assumes MMI_axaddcom: A € C ABe€ C — A +B =B+ A
assumes MMI_axaddass:

AeCABeCACeEC —A+B+C=A+ (B+0C)
assumes MMI_axmulass:

AeCABeCANCelC —A-B-C=A-3B-0
assumes MMI_axlre: 1 € R

assumes MMI_axi2ml: i -i+1 =20

assumes MMI_ax0id: A € C — A+ 0 = A

assumes MMI_axicn: i € C
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assumes MMI_axnegex: A€ € — (3 xe€ C. (A+x) =0)
assumes MMI_axrecex: A € C ANA#0 — (I xe€C. A -x=1)
assumes MMI_axlid: A€ € — A -1 = A

assumes MMI_axaddrcl: A€c RABe€ R — A+BeR

assumes MMI_axmulrcl: A€ RAB € R — A-Be R

assumes MMI_axrnegex: A € R — (3 x € R. A +x=0)
assumes MMI_axrrecex: A€ R AA#0 — (dJxeR. A -x=1)

constdefs

StrictOrder (infix Orders 65)

R Orders A = Vx y z. (x€A A yeA A z€h) —

((x,y) € R «— ~(x=y V {y,x) € R)) A ({x,y) € R A (y,2) € R — (x,2)
€ R)

end
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31 Metamath_interface.thy

theory Metamath_interface imports Complex_ZF MMI_prelude
begin

This theory contains some lemmas that make it possible to use the theorems
translated from Metamath in a the complex0 context.

The next lemma states that we can use the theorems proven in the MMIsar0
context in the complex0 context. Unfortunately we have to use low level
Isabelle methods "rule” and ”unfold” in the proof, simp and blast fail on
the order axioms.

lemma (in complex0) MMIsar_valid:
shows MMIsarO(R,C,1,0,i,CplxAdd(R,A),CplxMul (R,A,M),
StrictVersion(CplxROrder(R,A,r)))
proof -
let real = R
let complex = C
let zero = 0
let one = 1
let iunit =
let caddset CplxAdd(R,A)
let cmulset CplxMul (R,A,M)
let lessrrel = StrictVersion(CplxROrder(R,A,r))
have R C C using axresscn by simp
moreover have 1 # 0 using axlne0 by simp
moreover have C isASet by simp
moreover have CplxAdd(R,A) : C x C — C
using axaddopr by simp
moreover have CplxMul(R,A,M) : C x C — C
using axmulopr by simp
moreover have
Vab.ae CAbeC — ab=Db:a
using axmulcom by simp
moreover have Va b. a € C A\be C — a+b e C
using axaddcl by simp
moreover have Vab. a € C A\ be C — a-b e C
using axmulcl by simp
moreover have
VabC.aeCAbeCACeC —
a-(b+C)=a-b+a-C
using axdistr by simp
moreover have Va b. a € C Ab e C —
a+b=>b+a
using axaddcom by simp
moreover have Ya b C. a € C Abe C ANCe C —
a+b+C=a+ (b+0C)
using axaddass by simp

i
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moreover have

YVabc.aceCAbeC AceC — abc = a(bc)
using axmulass by simp
moreover have 1 € R using axlire by simp
moreover have ii + 1 =0
using axi2ml by simp
moreover have Va. a € € — a + 0 = a
using ax0id by simp
moreover have i € C using axicn by simp
moreover have Va. a € € — (xeC. a + x = 0)

using axnegex by simp
moreover have Va. a € C A a # 0 — (JxeC. a - x = 1)
using axrecex by simp
moreover have Va. a € C — al = a
using axlid by simp
moreover have Vab. a ¢ RAbe R — a+beR
using axaddrcl by simp
moreover have Vab. a€c RAb e R — a b e R
using axmulrcl by simp
moreover have Va. a € R — (Ix€R. a + x = 0)
using axrnegex by simp
moreover have Va. a € R A a#0 — (Ix€R. a - x = 1)
using axrrecex by simp
ultimately have real C complex A
one #* zero A
complex isASet A
caddset € complex X complex — complex A
cmulset € complex X complex — complex A
(VA B. A € complex A B € complex —
cmulset (A, B) = cmulset (B, A)) A
(VA B. A € complex A B € complex — caddset (A, B) € complex) A
(VA B. A € complex A B € complex — cmulset (A, B) € complex) A
(VA B C.
A € complex A B € complex A C € complex —
cmulset (A, caddset (B, C)) =
caddset (cmulset (A, B), cmulset (A, C))) A
(VA B. A € complex A B € complex —
caddset (A, B) = caddset (B, A)) A
(VA B C.
A € complex AN B € complex A C € complex —
caddset (caddset (A, B), C) =
caddset (A, caddset (B, C))) A
(VA B C.
A € complex AN B € complex A C € complex —
cmulset (cmulset (A, B), C) =
cmulset (A, cmulset (B, C))) A
one € real A
caddset (cmulset (iunit, iunit), one) = zero A
(VA. A € complex — caddset (A, zero) = A) A
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iunit € complex A
(VA. A € complex — (Jx€complex. caddset (A, x) = zero)) A
(VA. A € complex A A # zero —
(3x€complex. cmulset (A, x) = one)) A
(VA. A € complex — cmulset (A, one) = A) A
(VA B. A € real A B € real — caddset (A, B) € real) A
(VA B. A € real A B € real — cmulset (A, B) € real) A
(VA. A € real — (Jx€real. caddset (A, x) = zero)) A
(VA. A € real A A # zero — (Ix€real. cmulset (A, x) = one))
by simp
moreover have (Va b. a € real A b € real —
(a, b) € lessrrel «— — (a =b V (b, a) € lessrrel))
proof -
have I:
Vab.a€e RAbeR — (a<grb+«— —(a=sb Vb < a))
using pre_axlttri by blast
{ fix a b assume a € real A b € real
with I have (a <g b +— —(a=b V b <p a))
by blast
hence
(a, b) € lessrrel «— - (a =b V (b, a) € lessrrel)
by simp
} thus (Va b. a € real A b € real —
({(a, b) € lessrrel «— — (a =b V (b, a) € lessrrel)))
by blast
qged
moreover have (Va b c.
a € real AN b € real A ¢ € real —
(a, b) € lessrrel A (b, c) € lessrrel — (a, c) € lessrrel)
proof -
have II: Vabc. ac  RAbc R Ace R —
((a<g D Ab<gpc) — ac<gc)
using pre_axlttrn by blast
{ fix a b c assume a € real A b € real A ¢ € real
with IT have (a <g b A b <g c) — a <g cC
by blast
hence
(a, b) € lessrrel A (b, c) € lessrrel — (a, c) € lessrrel
by simp
} thus (Va b c.
a € real Ab € real A ¢ € real —
(a, b) € lessrrel A (b, c) € lessrrel — (a, c) € lessrrel)
by blast
qed
moreover have (VA B C.
A € real N B € real AN C € real —
(A, B) € lessrrel —
(caddset (C, A), caddset (C, B)) € lessrrel)
using pre_axltadd by simp
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moreover have (VA B. A € real A B € real —
(zero, A) € lessrrel A (zero, B) € lessrrel —
(zero, cmulset (A, B)) € lessrrel)
using pre_axmulgtO by simp
moreover have
(WVA. A C real AN A # 0 A (dx€real. VyeA. (y, x) € lessrrel) —
(Ix€real.
(VyeA. (x, y) ¢ lessrrel) A
(Vy€real. (y, x) € lessrrel — (3z€A. (y, z) € lessrrel))))
using pre_axsup by simp
ultimately have
(VA B. A € real A B € real —
(A, B) € lessrrel «— — (A =B V (B, A) € lessrrel)) A
(VA B C.
A € real N B € real A C € real —
(A, B) € lessrrel A (B, C) € lessrrel — (A, C) € lessrrel) A
(VA B C.
A € real N B € real AN C € real —
(A, B) € lessrrel —
(caddset (C, A), caddset (C, B)) € lessrrel) A
(VAB. A € real AN B € real —
(zero, A) € lessrrel A (zero, B) € lessrrel —
(zero, cmulset (A, B)) € lessrrel) A
(WVA. A C real A A # 0 A (Ix€real. VyeA. (y, x) € lessrrel) —
(Ix€real.
(VyeA. (x, y) ¢ lessrrel) A
(Vyereal. (y, x) € lessrrel — (Iz€A. (y, z) € lessrrel)))) A
real C complex A
one # zero A
complex isASet A
caddset € complex X complex — complex A
cmulset € complex X complex — complex A
(VA B. A € complex A B € complex —
cmulset (A, B) = cmulset (B, A)) A
(VA B. A € complex A B € complex — caddset (A, B) € complex) A
(VA B. A € complex A B € complex — cmulset (A, B) € complex) A
(VA B C.
A € complex A B € complex A C € complex —
cmulset (A, caddset (B, C)) =
caddset (cmulset (A, B), cmulset (A4, C))) A
(VA B. A € complex A B € complex —
caddset (A, B) = caddset (B, A)) A
(VA BC. A € complex A B € complex A C € complex —
caddset (caddset (A, B), C) =
caddset (A, caddset (B, C))) A
(VA B C. A € complex A B € complex A C € complex —
cmulset (cmulset (A, B), C) = cmulset (A, cmulset (B, C))) A
one € real A
caddset (cmulset (iunit, iunit), one) = zero A
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(VA. A € complex — caddset (A, zero) = A) A
iunit € complex A
(VA. A € complex — (Jx€complex. caddset (A, x) = zero)) A
(VA. A € complex A A # zero —
(3x€complex. cmulset (A, x) = one)) A
(VA. A € complex — cmulset (A, one) = A) A
(VA B. A € real A B € real — caddset (A, B) € real) A
(VA B. A € real A B € real — cmulset (A, B) € real) A
(VA. A € real — (Ix€real. caddset (A, x) = zero)) A
(VA. A € real A A # zero — (IxE€real. cmulset (A, x) = one))
by (rule five_more_conj)
thus MMIsarO(RR,C,1,0,i,CplxAdd(R,A),CplxMul (R,A,M),

StrictVersion(CplxROrder(R,A,r))) by (unfold MMIsarO_def)

qed

In complex0 context the strict version of the order relation on complex reals
is a relation on complex reals.

end
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32 MMI examples.thy

theory MMI_examples imports MMI_Complex_ZF
begin

This theory contains 10 theorems translated from Metamath (with proofs).
It is included in the proof document as an illustration how a translated
Metamath proof looks like. The ”known_theorems.txt” file included in the
IsarMathLib distribution provides a list of all translated facts.

lemma (in MMIsarO) MMI_dividt:
shows (A€ CAA#A#0) — (A/A)=1
proof -
have S1: (A e CANA e C AA#0) —
(A/A)=(CA-(C1/A)) by (rule MMI_divrect)
from S1 have S2: ( (A€ CANA€C)ANA##0) —
(A/A)=C(CA-(C1/A)) by (rule MMI_3expa)
from S2 have S3: (A€ C ANA#0) —
(A/A)=(CA-(C1/A)) by (rule MMI_anabsan)
have S4: (A€ CAA#0) —
(A-(C1/4A)) =1 Dby (rule MMI_recidt)
from S3 S4 show (A€ C AA#0) — (A/A) =1 Dby (rule MMI_eqtrd)
qed

lemma (in MMIsarO) MMI_divOt:
shows (A€ CAA#0) — (0/A)=0
proof -
have S1: 0 € C by (rule MMI_Ocn)
(0 ¢

have S2: CAALeECAAL#0) —
(0/A)=(C0-(C1/A)) by (rule MMI_divrect)

from S1 S2 have S3: (A€ C ANA#0) —
(0/A)=(C0-(C1/A)) by (rule MMI_mp3anl)

have 84: (A€ CAA#0) — (1/A) € C by (rule MMI_recclt)
have s5: (1 /A)eC — (0-(C1/A))=0

by (rule MMI_mulO2t)

from S4 S5 have S6: (A€ C ANA#0) —
(0-(C1/4A)) =0 by (rule MMI_syl)

from S3 S6 show (A€ C AA#0) — (0/ A) =0 by (rule MMI_eqtrd)
qed

lemma (in MMIsarO) MMI_diveqOt:
shows (Ae CACeCAC#0) —
((CA/C)=0+— A=0)
proof -
have S1: (C € C A C #
from S1 have S2: ( C €
(CA/C)H =
(0/C)«— (A/C)=0) by (rule MMI_eqeq2d)
from S2 have S3: (A e CACeCAC#0) —

—

0) (0/C) =0 by (rule MMI_divOt)
CACH#0)
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(CA/C)H =

(0/C)«— (A/C)=0) by (rule MMI_3adantl)
have S4: 0 € C by (rule MMI_Ocn)

have s5: (A € C eCA(CelCACA0)) —
(CaAa/CcH)Y=(0/ ~—— A =0) by (rule MMI_diviit)

A0
Cc)
from S4 S5 have S6: (A€ C A (CeCACH#0)) —
Cc)
(A
C)

(CA/CH=C(C0/ «—— A =0 ) by (rule MMI_mp3an2)
from S6 have S7: eCACelCANAC#0) —
(CA/CH=C(C0/ «—— A =0) by (rule MMI_3impb)
from S3 S7show (A e CANCeCAC#0) —

((A/C)=0+—A=0) by (rule MMI_bitr3d)

qed

lemma (in MMIsarO) MMI_recrec: assumes Al: A € C and
A2: A £ 0
shows (1 / (1 /A) ) =A

proof -

from A1 have S1: A € C.

from A2 have S2: A # 0.

from S1 S2 have S3: (1 /A ) € C by (rule MMI_reccl)

have S4: 1 € C by (rule MMI_icn)

from A1 have S5: A € C.

have S6: 1 # 0 by (rule MMI_axlne0)

from A2 have S7: A # O.

from S4 S5 S6 S7 have 88: (1

from S3 S8 have S9: ( (1 / A

by (rule MMI_recid)

from S9 have S10: (A - ( (1 /A) - (C1/ C1/A)))) =
(A-1) by (rule MMI_opreq2i)

from A1 have S11: A € C.

from A2 have S12: A # 0.

# 0 by (rule MMI_divneO)

/ A
) 1/C1/74)))=1

)
(

from S11 S12 have S13: (A - (1 /A ) ) =1 by (rule MMI_recid)
from S13 have S14: ( (A - (1 /4A) ) - (1 / (C1/A))) =
(1-C1/7C1/A))) by (rule MMI_opreqli)

from A1 have S15: A € C.

from S3 have S16: (1 /A ) € C

from S3 have S17: (1 / A ) € C .

from S8 have S18: (1 /A ) # 0.

from S17 S18 have S19: (1 / (1 / A ) ) € C by (rule MMI_reccl)

from S15 S16 S19 have S20:
(CA-(C1/AD))-C1/C1/A))) =

(A-CC1/A)-C1/7C1/A)))) by (rule MMI_mulass)
from S19 have S21: (1 / (1 /A) ) € C .

from S21 have S22: (1 - (1 / (C1/A4A))) =

(1/(C1/A4A)) by (rule MMI_mulid2)

from S14 S20 S22 have S23:
(A-CC1/A)-C1/C1L/A)))) =

(1/ (C1/A)) by (rule MMI_3eqtr3)

from A1 have S24: A € C.
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from S24 have S25: ( A -1 ) = A by (rule MMI_mulidl)
from S10 S23 S25 show (1 / (1 / A ) ) = A by (rule MMI_3eqtr3)

qed

lemma (in MMIsarO) MMI_divid: assumes Al: A € C and
A2: A # 0
shows (A /A) =1

proof -

from A1 have S1: A

from A1 have S2: A

from A2 have S3: A # 0.

from S1 S2 83 have S4: (A /A ) =(CA-(C1/ A) ) by (rule MMI_divrec)

from A1 have S5: A € C.

from A2 have S6: A # O.
A
A

e C.
e C.

from S5 S6 have S7: (A - (1 / A ) ) =1 by (rule MMI_recid)
from S4 S7 show ( A/ A ) =1 by (rule MMI_eqtr)

qed

lemma (in MMIsar0O) MMI_divO: assumes Al: A € C and
A2: A #£ 0
shows (0 /A ) =0

proof -

from A1 have Si1: A €

from A2 have S2: A #

have S3: (A € C A A

from S1 S2 S3 show (
qed

C.
0.
#0) — (0 /A) =0 by (rule MMI_divOt)
0/ A) =0 by (rule MMI_mp2an)

lemma (in MMIsarO) MMI_divl: assumes Al: A € C
shows (A /1) =A
proof -
from A1 have S1: A € C.
from S1 have S2: (1 - A ) = A by (rule MMI_mulid2)
from A1 have S3: A € C.
have S84: 1 € C by (rule MMI_icn)
from A1 have S5: A € C.
have S6: 1 # 0 by (rule MMI_axlne0)
from S3 S4 85 S6 have S7: (A /1) =A«— (1 -4A) =A
by (rule MMI_divmul)
from S2 S7 show (A /1) = A by (rule MMI_mpbir)
qed

lemma (in MMIsar0O) MMI_divit:
shows A ¢ C — (A /1) =A
proof -
have S1: A =
if (AeC ,A,1) —
(A/ 1) =
(if (A€ C ,A,1) /1) by (rule MMI_opreql)
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have S2: A =

if (AeC ,A,1) —

A=if (A€ C , A, 1) by (rule MMI_id)
from S1 S2 have S3: A =

if (AeC ,A,1) —

(Cca/1) =

A —

(if (A€ C ,A,1)/
if (A€ C , A, 1)) by (rule MMI_eqeql2d)
have S4: 1 € C by (rule MMI_icn)
from S4 have S5: if (A€ C , A, 1)
from S5 have S6: (if (A€ C , A, 1
if (Ae C , A, 1) by (rule MMI_divl)
from S3 S6 show A € C — (A /1) = A by (rule MMI_dedth)

qed

1) =

€ C by (rule MMI_elimel)
) /1) =

lemma (in MMIsarO) MMI_divnegt:
shows (A€ C ABe CAB#0) —
(-(CA/B))=(C(C-A)/B)

proof -
have S1: (A€ CA(1/B)eC) —
(C-4)-C1/B)) =
(- CA-(C1/B))) by (rule MMI_mulneglt)
have 32: (B C AB#0) — (1 /B) € C by (rule MMI_recclt)
from S1 S2 have S3: (A€ C A (Be CAB#0)) —
((C-4A)-(C1/B)) =
(- (CA-(C1/B))) by (rule MMI_sylan2)
from S3 have S4: (A€ C AB€ CAB#0) —
(C-4A)-C1/B)) =
(- CA-(C1/B))) by (rule MMI_3impb)
have S5: ( (- A) e C ABeC AB#0) —
(C-A)/B) =
((-4A)-(C1/B)) by (rule MMI_divrect)
have S6: A €¢ C — ( - A ) € C by (rule MMI_negclt)
from S5 S6 have S7: (A€ C ABe€ C AB#0) —
(C-A)/B) =
((C-4)-(C1/B)) by (rule MMI_syl3anl)
have s8: (A€ C ABe C AB#0) —
(A/B)=(CA-(C1/B)) by (rule MMI_divrect)
from S8 have S9: (A e C ABe CAB#0) —
(-(CA/B)) =
(-CA-(C1/B))) by (rule MMI_negeqd)
from S4 S7 S9 show (A€ C ABe€e C AB#0) —
(-CA/B))=(C(C-4A)/B) by (rule MMI_3eqtrérd)
qed

lemma (in MMIsar0O) MMI_divsubdirt:
shows ( (A€ CABeCACeC)ANC#AOD) —
(CA-B)/C) =
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(CA/CH>-(CB/C)H)

proof -

have S1: ( (A€ CA(-B)eCACeC)ANCH#0) —
(CA+(-B))/C) =
((CA/C)+(C(-B)/C)) by (rule MMI_divdirt)

have S2: B € C — ( - B ) € C by (rule MMI_negclt)

from S1 S2 have S3: ( (A€ CABeCACeC)ACH#A0) —
CCA+( )) /C)H) =

((A/C)Y+ ((C=-B)/C)) by (rule MMI_syl3anl2)

have S4: (A€ C ABeC ) —

(A+ (-B))=(A-B) by (rule MMI_negsubt)

from S4 have S5: (A€ C ABeCACeC) —

(A+ (-B))=(CA-B) by (rule MMI_3adant3)

from S5 have S6: (A€ C ABe C ACe(C ) —
(CA+(-B))/C) =

( (A-B)/C) by (rule MMI_opreqld)

from S6 have S7: ( (A€ CABeCACeEC)ANCAO0) —
((A+(-B))/C) =

((A-B)/C) by (rule MMI_adantr)

have S88: (Be C ACeCANC#0) —
(-(B/C))=(CC-B) /C) by (rule MMI_divnegt)

from S8 have S9: (BeCACelC)YNC#A0) —
(-(B/C))=(C(C-B)/ by (rule MMI_3expa)

A

(

(

( )

from S9 have S10: ( (A€ CABeCACeC)ANCH#O0) —
) b

Q

(-(B/C))=(C(C-B)/C y (rule MMI_3adantll)

from S10 have S11: ( ( A € C A B 6@AC€@)AC#0)—>
(CA/CH+(-(CB/C))) =
(CA/C)Y+(C(=-B)/C)) by (rule MMI_opreq2d)

have S12: ( (A /C)e CA(B/C)eC) —
(CA/CH+(-(CB/C))) =

((CA/C)-(B/C)) by (rule MMI_negsubt)

have S13: (A € C A C € #0) —

y

C ANC
(A/C) e C by (rule MMI_divclt
from S13 have S14: ( (A€ CACeC )ANCH#0) —
(A/C) e C by (rule MMI_3expa)
from S14 have S15: ( (A€ C ABe C ACeC)AC#0) —
(A/C) € C by (rule MMI_3adantl2)
have S16: (Be C ACe C AC#0) —
(B/C) € C by (rule MMI_divclt)
from S16 have S17: ( (Be C ACe C ) ANC#0) —
(B/ C) € C by (rule MMI_3expa)
from S17 have S18: ( (A€ C ABe C ACeC)AC#0) —
(B/C) e C by (rule MMI_3adantll)
from S12 S15 S18 have S19: ( (A€ C ABe CACeC)AC#O

(CA/CH+(-(B/C)H)) =
(CA/C)-(CB/C)) by (rule MMI_sylanc)
from S11 S19 have S20: ( (A€ C ABeCACeC)ANCAO0) —
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B/ C) ) by (rule MMI_eqtr3d)
3878S20show ( (A CABeCACeEC)ANC#0) —

(-B)/C)) =

A/ C) +(
A/ C)-(

(
(

S

m

ro

i

) =
B/ C) ) by (rule MMI_3eqtr3d)

/ C
- (

qed

end
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33 Metamath _sampler.thy

theory Metamath_sampler imports Metamath_interface MMI_Complex_ZF_1
begin

This theory file contains some examples of theorems translated fro Meta-
math and formulated in the complex0 context.

Metamath uses the set of real numbers extended with +o0o0 and —oco. The
+oo and —oo symbols are defined quite arbitrarily as C and {C}, respec-
tively. The next lemma that corresponds to Metamath’s renfdisj states
that 400 and —oo are not elements of R.

lemma (in complex0) renfdisj: shows R N {4+o0c0,—0c0} = 0
proof -
let real = R
let complex = C
let one = 1
let zero = 0
let iunit =i
let caddset = CplxAdd(R,A)
let cmulset= CplxMul(R,A,M)
let lessrrel = StrictVersion(CplxROrder (R,A,r))
have MMIsarO
(real, complex, one, zero, iunit, caddset, cmulset, lessrrel)
using MMIsar_valid by simp
then have real N {complex, {complex}} = 0
by (rule MMIsarO.MMI_renfdisj)
thus R N {4+0c0,—0c0} = 0 by simp
qed

The order relation used most often in Metamath is defined on the set of
complex reals extended with 400 and —oo. The next lemma allows to use
Metamath’s xrltso that states that the < relations is a strict linear order on
the extended set.

lemma (in complex0) xrltso: < Orders R*
proof -
let real = R
let complex = C
let one = 1
let zero = 0
let iunit =i
let caddset = CplxAdd(R,A)
let cmulset= CplxMul(R,A,M)
let lessrrel = StrictVersion(CplxROrder (R,A,r))
have MMIsarO
(real, complex, one, zero, iunit, caddset, cmulset, lessrrel)
using MMIsar_valid by simp
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then have
(lessrrel N real x real U
{({complex}, complex)} U real x {complex} U

{{complex}} x real) Orders (real U {complex, {complexl}})

by (rule MMIsarO.MMI_xrltso)

moreover have lessrrel N real X real = lessrrel
using cplx_strict_ord_on_cplx_reals by auto

ultimately show < Orders R* by simp

qed

end
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